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ANALUSH SE APLA KLASMATA
(G. SMURLHS)

Me R[x] sumbolÐzoume ìla ta polu¸numa me pragmatikoÔc suntelestèc.

Orismìc 1: DÔo mh mhdenik� polu¸numa f, g ∈ R[x] lègontai pr¸ta
metaxÔ touc, an den èqoun koinoÔc par�gontec ektìc twn stajer¸n poluwnÔmwn.

Je¸rhma 1: E�n f, g ∈ R[x] mh mhdenik� kai pr¸ta metaxÔ touc, tìte
∃ k(x), λ(x) ∈ R[x] ¸ste

1 = k(x)f(x) + λ(x)g(x), ∀ x ∈ R.

Apìdeixh: Jètoume

J = { k · f + λ · g : k, λ ∈ R[x] }.

ParathroÔme ìti:

• f, g ∈ J .

• E�n p, q ∈ J, tìte p± q ∈ J .

• E�n p ∈ J, h ∈ R[x], tìte h · p ∈ J .

'Estw d elaqÐstou bajmoÔ mh mhdenikì polu¸numo tou sunìlou J .

Isqurismìc: To polu¸numo d eÐnai par�gontac k�je poluwnÔmou tou
sunìlou J .

Pr�gmati, èstw p ∈ J .
Apì thn tautìthta thc diaÐreshc, ∃ π(x), υ(x) ∈ R[x] ¸ste

p(x) = π(x)d(x) + υ(x), ∀ x ∈ R, deg(υ) < deg(d)   υ ≡ 0.

Tìte, υ = p − π · d ∈ J (bl. parat rhsh parap�nw). An to υ  tan mh
mhdenikì polu¸numo, tìte ja  tan èna mh mhdenikì polu¸numo tou sunìlou
J me bajmì mikrìtero apì to bajmì tou d (ATOPO!). 'Ara, υ ≡ 0, opìte
to d eÐnai par�gontac tou p ki ètsi apodeÐxame ton isqurismì.

'Epetai ìti to polu¸numo d eÐnai koinìc par�gontac twn f, g ta opoÐa
eÐnai pr¸ta metaxÔ touc. 'Ara, d(x) = c = stajer�, ∀x ∈ R.

'Epetai ìti 1 = 1
c
· c ∈ J (bl. trÐth parat rhsh parap�nw), pou eÐnai kai

h apodeiktèa. �
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Pìrisma 1: E�n f, g ∈ R[x] pr¸ta metaxÔ touc, tìte ∀h ∈ R[x], ∃ K(x), Λ(x) ∈
R[x] ¸ste

h(x) = K(x)f(x) + Λ(x)g(x), ∀ x ∈ R.

Je¸rhma 2: 'Estw p, ϕ, q1 ∈ R[x] me ϕ, q1 pr¸ta metaxÔ touc, m ∈ N
me m ≥ 1 kai Z to sÔnolo twn pragmatik¸n riz¸n twn ϕ, q1. Tìte,
∃ υ, p1 ∈ R[x] ¸ste

p(x)

[ϕ(x)]m · q1(x)
=

υ(x)

[ϕ(x)]m
+

p1(x)

[ϕ(x)]m−1 · q1(x)
, ∀x ∈ R \ Z

kai

deg(υ) < deg(ϕ)   υ ≡ 0.

Apìdeixh: Apì Pìrisma 1, ∃ K(x), Λ(x) ∈ R[x] ¸ste

p(x) = K(x)ϕ(x) + Λ(x)q1(x), ∀ x ∈ R.

Apì thn tautìthta thc diaÐreshc, ∃ π(x), υ(x) ∈ R[x] ¸ste

Λ(x) = π(x)ϕ(x) + υ(x), ∀ x ∈ R, deg(υ) < deg(ϕ)   υ ≡ 0.

'Eqoume,

p = K · ϕ + π · ϕ · q1 + υ · q1 = (K + π · q1) · ϕ+ υ · q1

=⇒ p = p1 · ϕ + υ · q1, ìpou p1 = K + π · q1 .

'Ara,

p(x)

[ϕ(x)]m · q1(x)
=
p1(x)ϕ(x) + υ(x)q1(x)

[ϕ(x)]m · q1(x)
=

p1(x)

[ϕ(x)]m−1 · q1(x)
+

υ(x)

[ϕ(x)]m
, ∀x ∈ R\Z.

�

Pìrisma 2: K�tw apì tic proôpojèseic tou Jewr matoc 2, ∃υ1 , υ2 , . . . υm , pm ∈
R[x] ¸ste

p(x)

[ϕ(x)]m · q1(x)
=
υ1(x)

ϕ(x)
+
υ2(x)

ϕ(x)2
+ . . .+

υm(x)

ϕ(x)m
+
pm(x)

q1(x)
, ∀x ∈ R \ Z

kai
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deg(υi) < deg(ϕ)   υi ≡ 0, i = 1, 2, . . .m.

Apìdeixh: ProkÔptei eÔkola me epagwg  sto m kai me qr sh tou Jewr -
matoc 2. �

Efarmog : Na analÔsete se apl� kl�smata th rht  sun�rthsh

p(x)

(x− 1)3 · (x2 + 1)2
, deg(p(x)) < 7.

LÔsh: Efarmìzoume to Pìrisma 2 gia

ϕ(x) = x− 1, q1(x) = (x2 + 1)2

kai paÐrnoume stajerèc A1, A2, A3 kai polu¸numo p3(x) ∈ R[x] ¸ste

p(x)

(x− 1)3 · (x2 + 1)2
=

A1

x− 1
+

A2

(x− 1)2
+

A3

(x− 1)3
+

p3(x)

(x2 + 1)2
, ∀x 6= 1. (1)

Epeid  deg(p(x)) < 7, h (1) dÐnei

lim
x→+∞

p3(x)

(x2 + 1)2
= 0. (2)

Sth sunèqeia efarmìzoume xan� to Pìrisma 2 sth rht  sun�rthsh

p3(x)

(x2 + 1)2

gia
ϕ(x) = x2 + 1, q1(x) = 1

kai paÐrnoume υ1 , υ2 ∈ R[x] bajmoÔ to polÔ 1 kai p4(x) ∈ R[x] me

p3(x)

(x2 + 1)2
=

υ1(x)

x2 + 1
+

υ2(x)

(x2 + 1)2
+
p4(x)

1
, ∀x ∈ R.

H teleutaÐa lìgw thc (2) dÐnei

lim
x→+∞

p4(x) = 0 =⇒ p4 ≡ 0

(shm. ìti to p4 eÐnai polu¸numo!).
Sunep¸c,
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p3(x)

(x2 + 1)2
=

υ1(x)

x2 + 1
+

υ2(x)

(x2 + 1)2
, ∀x ∈ R. (3)

Apì tic (1), (3) ki epeid  ta υ1 , υ2 ∈ R[x] eÐnai bajmoÔ to polÔ 1,
paÐrnoume

p(x)

(x− 1)3 · (x2 + 1)2
=

A1

x− 1
+

A2

(x− 1)2
+

A3

(x− 1)3
+
B1x+ Γ1

x2 + 1
+
B2x+ Γ2

(x2 + 1)2
,

ìpou B1, B2, Γ1, Γ2 ∈ R.


