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EBvikO MeTaoBio MoAuTexveio




Texvikec Anodeiénc

O

EEavTANTIKN HEBODOC: NenepACTEVOC APIOPOC NEPINTWOEWYV.

O

Anodei&n via p — q:
B EuBewc: alTioAoyoupe OTI cupdnepacua g eneral ano unobeon p.
B AvTiBeTOoavaoTpopn: aiTIoOAOYOUHE OTI N apvnon Tn¢ unoBeonc (—p)
£NETAl AnNoO TNV Apvnon Tou cuunepaocuaToc (—q).
O IdidtThTap >qg=-—-g9 —> —p
O M.x. av n? nepITToC, TOTE N NEPITTOC.
B Anaywyn o€ atono: YNoBeToupde OTI —(p > q) =p A
Kal aITioAoyoUpe avTigaon.
O M.x. 70 /2 sival dppnroc (MuBayodpac).
O MaBnuaTtikn Enaywyn

B ExkpetraAAeuopaote diata&én pe minimal oToixeia o€ €va ocuvoAo,
Kal anod&IkVUOUNE 1I010TNTEC YIa TA OTOIXEIa TOU.

AlakpiTa MabnuaTika (Avoién 2023) Ma@nuaTik Enaywyn 2




Anoodeci&eic 'Ynapéng

O KaTtaokeuaoTikeg anodei&eic unapénc.
B AAyOpIBuOC KaTaoKeUNG Tou {NTOUHEVOU.
O Mn kaTaokeuaoTikec anodei&eic unapénc.
B Apxn nepioTepwvAa.
O Av m POAAec o€ n KOUTIa Kal m > n, () ()—)
uUnapxel KOUTi EXEl NEplooOTEPEC anod 1 pndaAesc.
B [liBavoTikn pébodoc.
O Av kaTi €xel OeTikn NBavoTnTa va eniAeyei ano
(kaTaAAnAo) dsiypaToxwpo, TOTE UNAPXEL.
B EnixeipnpaTa 100TIYiac Kal KaTageTrpnong.
O Kabe akukAikd kaTeubBuvopevo ypapnua
exel = 1 «kataBobpa» / minimal aToixeio.
O Kabe (un kateuBuvouevo) ypapnua EXEl APTIO
apiBuo Kopupwv NepITToU Badbuou.
O e kateuBuvopevo ypagpnua pe in-degree < 1 kai
out-degree < 1, av v pe in-degree(v) = 0O,
TOTE UNApPXEl KopuPn w pe out-degree(w) = 0.
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MaBnuaTtikn Enaywyn

O Anodeikvuoupe 0TI «P(n) aAnBeuel yia KABe QUOIKO N = Ny».

B AojIKN eEnaywyn: 0Aa Ta oToixeia (apiBunoipya) ansipou guvoAou
nou opileTal avadpopika exouv 1010TNTA P.
Apxn Madnuartiknc Enaymwync
O ‘Eotw P(n) pia npotaon nou eEaptdaTtal ano (puoiko apiduo n.
O Tia vdo P(n) aAnBeuel yia kabs QUOIKO n = n,, apkei voo:
®m Baon: to P(ny) aAnBeuel.
B Bnpa: yia kabBe n = n,, av P(n) aAnBeuel, ToTte P(n+1) aAnBeuel.
Apxn Ioxupng Madnupartikng Enaywyng
O Ta vdo P(n) aAnBeuel yia kabe n = n,, apkei vdo:
B Baon: to P(ny) aAnBeuel.

B Bnpa: yia kabe n = n,, av P(k) aAnBeuel yia kabe k € {ny, ..., n},
TOTE P(n+1) aAnBeu«l.
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'Opol Ml'ewpetpikne Mpoodou

O Na Oci&ete OTI yia kKGBen = 0, 1+2+...+2" = 2n+l — 1,
B [Ipotaon P(n) = «1+42+.. 42" = 2n+l — 15,
B Baon: AAnBeveiyian=0:2=1=2 -1,

B Enaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0O,
aAnBeuel P(n), dnA. OT1 14+2+...42" = 20+l — 1,

B Enaywyiko Bnpa: ©do aAnbeuel P(n+1),
ONA. OTI 1+42+.. 420420+l = 2n+2 _ 1,

—on+l_1
142422 4onyontl_ogntl 4 on+l
:2n+2_1
O NO&ovyiakaBer=1kan =0,
rn—|—1_1
l+r+ri+. 47" =
r—1
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Apuovikol ApiBuol

1 1
O Appovikog apiBuog taéng k: Hy =1+ -+ —+--- + —

2 3

1
k

00 Na deifete 0TI yiakaBen 20,1+ 5 < Hon < 1+n

B >uvenwg 1+ %loggk < H, < 1+log, k

B Avw ¢paypa, npotaon P(n) = «Hon < 1 +n»
B Bdaon: AAnBevel yian = 0: H;, =1 = 1+0.
O

Enaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0O,

aAnBeuel P(n), dnA. o1t Hon <1 +n
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Apuovikol ApiBuol

O Enaywyiko Bnua: ©do aAnbeuvel P(n+1),
OnA. o1t Honr < 1+ (n+1)

1 1 1

1
Hypir=1+-+.. .+ —
pir =14+ oo o
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Apuovikol ApiBuol

O Enaywyiko Bnua: ©do aAnbeuvel P(n+1),
OnA. o1t Honr < 1+ (n+1)

7 N\

Hyp =14~ bbb 4 —

1 1
<1
tnt o=t oy
:
=1+ (n+1)
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AlaIpeTOTNTA

O Na dei&eTe OT1 via KaBe n = 1, To n3+2n diaipeiTal ano 1o 3.
B Baon: AAnBevsl yia n = 1: To 3 diaipsiTal anod 1o 3.
B Enaywyikn unobeon: 'EoTtw OTI yvia (auBaipeTa eniAeypevo) n = 1,
To n3 + 2n diaipeital anod To 3.
B Enaywyiko BAua: ©do 1o (n+1)3 + 2(n+1) diaipeital anod To 3.
B [lpaypaTi,
(n+1P+2n+1)=0"+3n>+3n+1)+2(n+1)
=0+ 2n) +3(n*+n+1),
ornou kai o1 dUo opol diaipouvTal ano To 3 (0 19 Adyw TNC
ENAaywyIikneG unodeonc).
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[MAnBapiBuoc AuvapocuvoAou

O Noo yia kabe (nenepacuevo) cuvoAo A PE n OTOIXEIA, TO
dUVAPOOUVOAOD TOU A €XEl 2N OTOIXEIQ.
B MabnuaTikn enaywyn oto n (NAnBiko apibud cuvolou A).
B Baon: AAnBevel yia n = 0: P(®) = {T} kal |P(&)| = 29.
B Enaywyikn unobeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 0,
aAnBeuel OTI yia kKaGBe ouvoAo A pe |A| = n, |P(A)| = 2",
B Enaywyiko Bnua: 66o vYouvoAo A ue |A| = n+1, |P(A)| = 20+,

O

O
O

O

A (aubBaipeTa eniAeypevo) ouvoAo pe n+1 oToixeia.
Ocwpoupe x € A kai A, = A - {x} he |A,| = n.
KaBe unoouvoAo Tou A €iTE NEPIEXEI TO X EITE OXl.

>€ Kabe unoouvoAo S c A, avTIOTOIXOUV dUO UNOCUVOAQ ToU A:
To S Kar 170 S U {x}.

Apa [P(A)] = 2+ [P(A)] = 2 - 2n = 2n+1,
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AaBoc Xpwpua!

O Na Bpeite To AaBoc oTov NApaAKATW £NAYWYIKO CUAAOYIOUO.

O ©dJo0 via kaGbe n = 1, o kABe cUVOAO N AUTOKIVATWY,

OAQ Ta auTokKivnTa £xouV TO 010 XpwHa.

B Baon: Ioxteiyian =1,

B Enaywyikn unobeon: 'EoTtw OTI yia (auBaipeTa eniAeypevo) n = 1,
0€ KGBg oUVOAO N QUTOKIVNTWYV, OAQ EXOUV TO idI0 XpwHd.

B Enaywyiko Bnpa: ©do oe kabe ouvoAo n+1 auToKIVATWY,
OAa €xouVv To idI0 Xpwia.
O >uvoAo pe n+1 autokivnTa: A = {ay, 45, ..., Q,, Oy 1}

O Anod enay. undBeon, Ta h NPWTA AUTOKIVNTA £XOUV idl0 Xpwua,
Kal N TEAEUTAia auTokivnTa €Xouv 010 XpwHa:

tOLo Yowuo tOLo yowuo
{Ql,@z,...,@n,()fn+1} {Q17a27°'°7an7an—|—1}

O A@ouU GUVOAO h MPWTWV KAl CUVOAO N TEAEUTAIWV QUTOKIVITWV
£XOUV KOIVa OTOoIXEia, OAa Ta auTok. oTo A g€xouV id10 Xpwua!
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AaBoc Xpwpua!

O Enaywyiko Bnua: ©do o kabBe guvoAo n+1 auToKIvATWY,
OAa €xouv To idl0 Xpwia.
B >UvoAo pe n+1 autokivnTa: A = {a;, G5, ..., Q,, O 1)

B Ano enay. unobeon, Ta N NPWTA AUTOKIVNTA £xouV idl0 Xpwua, Kal
n TEAEUTAia auTokKivnTa £X0UV idI0 Xpwua:
(L0 yowuo Lo Yoo

{erl,Ckg,...,Ckn:Ckf,H_l} {a17a27---7&n7an+;}

B AQOoU GUVOAO N NPpWTWV KAl GUVOAO N TEAEUTAIWV AUTOKIVATWYV
EXOUV KOIVa OTOIXEId, OAa Ta auTok. oTo A gxouv id10 Xpwua!

O Tan =1, Ta dUo cuvoAa Oev £xouv Kolva oToixeia!
O Edw loxuel 0TI P(1) kai 611 P(n) —» P(n+1) yia kGbe n = 2.
B Aev ioxuel oTi P(1) —» P(2): auto kabioTa ocupnepaocua aBaciyo!
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PoAoc Enaywyiknc YnoBeonc

O Kanote xpnoipo va anodeiEoupe 1oxupoTepn npotaon P'(n).

B FEival duvaTto va pnv ioxuel ot P(n) > P(n+1), aAAad

va toxuel P(n) - P'(n+1), via i1oxupoTepn npotaon P'(n).
0 Noo. yiakaben = 1,
S :1+3+...+£<2
o2 22 on —

B Enaywyikn unoBeon S, < 2 dev ouvenayeral o S, < 2.

0 EukoAoTepo vO (enaywylka) OTI yia kabe n = 1,
1 2 no n+ 2

S =4+ — 4... — 9 _
2+22+ +2"”" 2™
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PoAoc Enaywyiknc YnoBeonc

O Kanote xpnoipo va anodeiEoupe 1oxupoTepn npotaon P'(n).
B FEival duvaTto va pnv ioxuel ot P(n) > P(n+1), aAAad
va toxuel P(n) - P'(n+1), via i1oxupoTepn npotaon P'(n).
O ZkakiEpa TAéNc n e HaUpo OTO KEVTPO: TETPAYWVN OKAKIEPA WE
2N x 2N TETPAYWVA, OAA AEUKO EKTOC AMO £va PJAUPO OTO KEVTPO.
O N.d.o. via kabe n = 0, AsUKQ TETPAYWVA OKAKIEPAC TAENC N ME
Haupo OTO KEVTPO KaAunTovTal anod nAakidla oxnuaToc L

(UN enikaAunTopeva).
n=20
j . [Thokidwo
Eﬂ oynuatoc L
=1 n=72

I
o
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxuel (dev undpxouv Asukda TETpaywva).

O Enaywyiko Bnua:
B >kakiepa Taé€nc n+1 Pe paupo OTO KEVTPO:
EVWOon 4 oKakIEpWV TA&ENC N JE NAUPO OTO KEVTPO,
3 yaupa yivovTtal Asukd, 1 paupo PYETAKIVEITAI OTO KEVTPO.
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxuel (dev undpxouv Asukda TETpaywva).

O Enaywyiko Bnua:
m P(0) > P(1), P(1) » P(2): 3 vea Aeuka kaAunTtovTal pe 1 nAakidio.

O P(2) - P(3);
B /\eukd OXI YEITOVIKA, JeETakivnoeic ennpealouv diaTtaén nAakidiwyv!
B Xpnon enaywylkng unoBeonc oxI npopavnc!

O AuokoAia Aoyw nepiopiopou OTI HAUpPo OTO KEVTPO!

5 n
:i | B
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PoAoc Enaywyiknc YnoBeonc

O ZkakiEpa TAa&NC N: TETPAYWVN OKAKIEPA PE 2" x 2" TETPAYWVA,
OAa AEUKQ €KTOC ano sva paupo (onoudnnoTe).

O N.d.o. via kabe n = 0, Aeukd TETpAYWVA OKAKIEPAC TAENC N

KaAunTovTal ano nAakidia oxnuatoc L (un enikaAuntopeva).

B [Ipotaon P/(n) ioxupotepn ano apxikn P(n).

B Baon: P(0) ioxuel TETpIMEVA.

B Enaywyikn unobeon: via (aubaipeTa eniAeypevo) n = 0, aAnbeuel oOTI
AEUKA TETPAYWVA ONOIAOONNOTE OKAKIEPAC TAENC N KaAunTovTal
ano nAakidia oxnuaToc L.
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PoAoc Enaywyiknc YnoBeonc

O Zkakiepa Taénc n+1: 4 okakiepec Taénc n (TeTapTnuopia).
B 1 pye paupo TETPAYWVO O avTioToixn B€on.
B 3 JE paupa TETPAYWVA O AKPA, WOTE YEITOVIKA KEVTPIKA
TETPAYWVA O€ OKakiepa n+1.
O Ano snaywylkn unoBeaon, Aeukd TETPAYWVA OE TETAPTNHOPIA
KaAunTovTal ano nAakidia L.

O Nea Asuka TeTpaywva oxnpaTtifouv L: kaAunTtovTal ge nAakidio.




Napadeiyua Ioxupnc Enaywync

O NO&o kaBe Tunua TouA. 18 goitnTwyv diapepileTal o€ OPNAdEC
4 1 7 poITNTWV.
B [a kaBe Quoiko n = 18, unapyxouv QUAIKOI K,, A: N = 4K, + 7A, .
O Baon: enaAnbeuvonyian = 18
O Enaywyikn unoBeon: yia (auBaipeTa eniAeyd.) QUOIKO n = 18
IOXUEI OTI YIa Kabe pualko m, 18 < m < n:
B YNAapxouv QUOIKOI K, A,: M = 4K, + 7\, .

I

O Enaywyiko Bnpa: ©00 unapxouv QUOIKOI K., 1, A, ¢:
n+1 =4k ., + 7A ;.

B Enay.unoBeonvyian -3, Kal K,y = K, 3+ 1 Kal Ay = A5t

=n—3

Akps + 1)+ A3 = (4kn_3+TA3) +4d=n+1

O Apkei Baon yia n = 18; MNati n = 21 ornv unoBeon;
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Kal AAAo AaBoc!

O ©dJdo oAol ol puaikoi apiBuoi gival apTiol(;)!
B Baon: ioxuel 0TI To O €ival apTioc.

B Enaywyikn unoBeon: yvia (aubaipeTa eniAeypevo) Quaolko n = 0,
IoXUEI OTI Y1 KGBe m, 0 < m < n, To M €ival apTioc.

B Enaywyiko Bnua: ©do To n+1 €ival apTioc.
O Enaywyikn unoBeon: 1o n kai 7o 1 €ival aptiol.
O Apa n+1 aptioc, wc abpoiopa duo apTiwv!
O Anodei&n BRuatoc dev IoxUel yia n = 0!

B Xpnoigonolei 0TI To 1 €ival aptioc xwpic anodei&n (oTn Baon) kai
XWPIC va euninTel oTNV ENAywyikn unobeon!
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