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2 ’ 7 . 2 _ £ + Y —
Oépa 1. Abveton 1 ouvdptnon f: R? - R pe f(z,y) = proa av (z,y) # (0,0) xou £(0,0) =0.
0
(o) Aei€re é11 yio xde xotedduvon u = (u1,uz) € R? ye uf + u3 = 1 1 nopdywyoc %(O, 0) tnc f oto (0,0)
xatd Ty xotevuvon u undpyetL. (1,25 pov)
(B) Eivan 1 f Sragpopiown oto (0,0) ? (1,25 pov)
AVon :
(o) Eotw u = (u1,us) € R? ye |lul| = 1. Téte
of fw) —J(0) |kl
g5 o Ju) = g 0) L ity U U g 3
8u(0’0)_tlgr(l) t =13 t _u%+u§_u1+u2'
apot ||ul|? = u? 4+ u3 =1 (u povadieio).
(B) Aro 1o () yia u=e; = (1,0),
of
(0,0) = 2L 0,0) = 1,
£0.0 = 2L0.0)
xou avtiototya yoo u = ey = (0,1),
of
0,0) = =—(0,0) =1.
fy( ’ ) 892( ’ )

Ou deiouye ot N f dev elvan dragoplown oto (0,0) pe dvo tpdmoUC.
loc tpoémoc: Dvwpiloupe (Bh. Iépiopa 3.13 otic Ilpdyepes Xnpeadoes Avdlvong IT) 6t f ebvou Srapopioun
oto (0,0) av xou uévo av

f(z,y) = £(0,0) — f2(0,0)z — £,(0,0)y flz,y) —z—y

lim = lim =0,
(@,y)—(0,0) Va? 4 y? (zy)=(0,0) /22 + 4?2
Lood VoL,
13+y? —x—y 2 2
i  Enr Y, By Ty
()00 /22 412 (2.9)—(0,0) (22 4 y?)3/2
AXNNG tote av =y =t Yo npémel
23
1' —_— A 1. —_— =
50 V2t 07 150 |t] 0,

mou BéPoua dev 1oy Vel

20¢ tpomog: Ivwpiloupe (BA. Ipdtaon 3.14 ot Ilpdyepes Xnuadoeas Avdlvong II) ot av n f oy
draopion oo (0,0) téte Yo Enpene

(1) %(070) - fz(l’07y0)u1 =+ fy(x0>y0>’u2 = uy + us.

v x&e xateudivon u = (ug,uz) € R2.
0 f
‘Opwe ano 1o (o) éyovue 6Tt 8—f(0, 0) = u’ +u. Apa Vo énpene ud 4+ ud = uy + ug, Y1 Gha o Uy, up € R pe
u

u? + u3 = 1 Tou TpoYavae dev 1oy leL.



O¢pa 2. Troloyiote T0 toAudvupo Taylor e f(z,y) = In(z? +y?) té&nc 2 e xévtpo o (1,0) xou e&etdoTe

In(2? + y?)
; li —_— 2,5
oV UTEPYEL TO (rc,y)l—>m(1,0) G- 14 (2,5 pov)

AVom : ‘Eyoupe

2x 2y
fo(z,y) = ol fy(z,y) = PEN

2z 4+ y3) — 2z - 2z 2% — 222
fwc(xay) = ( Y ) 2 = Y 2
(z% +y?) (z% +y?)
2(z2 +y?) —2y-2y 222 —2y°
fyy(xvy) = 5 ) o2 =5 o2
(22 +y?) (22 +y?)

—2x - 2y dxy

fay(@,y) = (fa)y = (@2 + y2)2 == (22 + y2)2

Apa
° fx(1,0) =2, f,(1,0) =0, f2:(1,0)=-2, f,,(1,0)=2, f5,(1,0)=0
onéte 10 nohudvupo Taylor tne f(z,y) = In(2? + y?) té&nc 2 pe xévipo To (1,0) ebvou 10
Ta,) = £0,0)+ (1,00~ 1) + fy(1,0)y + 5 (Fae(1,0)(w — 17 + 262, (1,0)(x — Dy + Fyy (1, 0)9°)
=2 —1)—(z—1)*+¢*
Ano 1o Bedpnua Taylor (BA. Ocwenua 5.16 otic Ipdyepes nueadoeas Avddvong II) éyovye
- In(z? + %) — 2@z — 1) — (z — 1)2 + y?)
(2.9)=(1.0) (z = 1)? +y°

"Apa av UTAPYE TO lim ln(x2 * y2)
vV UT T —_—
¢ TPXE 0 )0y (x—1)2 4 y?

=0

téTE Yo UTHEYE XA TO

2x—1)— (x—1)2+¢?
i - D (@1 4y
(z,y)—(1,0) (x—1)2+y2
xaw Yo Aray (oo, ‘Opwe to mopandve dpto dev undpyet agod yio x = 1 4+ u ye u # 0, u — 0 xou y = 0 1o 6plo

loolTon e
2u — u? 2
lim Y 2u = lim () -1
u—0 u u—0 \ U
In(2? + y?)

t0 onolo dev urmdpyet. ‘Apa to  lim

5 oyeL.
(2.)—(1,0) (z — 1)2 + 92 EV UTAp)EL



Oépa 3. Bpeite xau tovourote o Tomxd axpdTate Tne ouvdptnone f : R?2 — R pe tono f(z,y) = 22° —
327 4 2% + 3y°. (2,5 pov.)

AVom : H f elvar C? ouvdptnon (wc mohumvupixs) xou dpo yiot v Bpolue Tor Tomixd oxpdtotd g Yo yer-
olgonoiooude to xpithplo deltepne napaydyou (Bh. Oewenuo 6.7 otic Ipdyepes nuadoeas Avilvong II).
‘Eyoupue

fl(x,y):6a:2—6x, f’y(xay):6y2+6y
Ta xplowa onueio tne f ebvon oL N'oelg Tou cucTHUATOG

62> — 6z =0
6y° 4+ 6y =0
Ano v npon e€lowon malpvouye = 0,1 xau ano v dettepn y = 0, —1. "Apa T xplowwa onuelo etvan to e€¥ic:
(0,0), (0,—1), (1,0) xou (1,—1)
Trohoyilouye tpa Tic Tapaydyous deltepns tdéne e f:
fao(x,y) =120 =6, fyy(2,y) =12y + 6, fay(2,9) = fya(z,y) =0

Apa
Az,y) = (122 — 6)(12y + 6)
Onodrte
(1) T 7o (0,0) ebvor A = =36 < 0 xou cuvende 1o (0,0) eivan caypoatind onpeio.
(2) Tw to (0,—1) etvon A =36 > 0, frz(0,—1) = —6 < 0 xou ouvende 610 (0, —1) 1 f €yel Tomxd péyisto.
(3) T to (1,0) ebvar A =36 > 0, fr(0,—1) = 6 > 0 xon cuverndec oto (1,0) n f €xer Tomxd eldyloTo.
(4) Tw to (1,—1) ebvan A = —36 < 0 xou ouvenie to (1, —1) eivon caypatind onueio.

Ocpa 4. Aceite 6Tt undpyel pa Topaywylown cuvdptnon wog petofintic f: U — R, énou U neployr tou 0,

TIOU VO LXAVOTIOLEL TIC OYECELS
2e5@) 4 f(x) =1, £(0) = 1 xou f'(0) = 0.
(2,5 pov)
AUom : Oplloupe v cuvdptnon dVo UeTofBANTHY
F(z,y) =2 +y—1, (z,y) € R?
H F etvoau C! ouvdptnon pe
Fo(z,y) = 2veY, Fy(z,y) =2%¥ +1
Enedh Fy (2, y) # 0 vy Ohat ot (7, y) € R? amo 10 Oedpnpa tne Hlemieyuévne Suvdptnone (BA. Oedpnua 7.1 otic
Ilpdyeipes Xnueadoas Avidvong II) éyoupe 6t n e€iowon F(z,y) = 0 Mvetow touxd yOpw ano xdde Aiorn te.
TNa z = 0 7 e&lowon F(0,y) = 0 diver y = 1 xou dpa 1o ornpeio (0, 1) etvon Mon e e&iowone F(0,y) = 0. Ondre
aro to Oemenua tne Memheypévne Luvdptnone yio xatddiniec teptoyéc (avowtd daothpata) U tou 0 xon V' tou
1 Yo umdpyer pa (Lovadinn) mapoywylown cuvdptnon wag petaintic f: U — V, ye tic WBiotteg
F(z, f(x) =0 22/ @ 4 f(z) =1, yiaxéde z € U

s

fo(0) =~ 20



