Exercis

I EXERCISES 3 L4

L] Show that L'(R) s nof reflexive

Proof

 We will show thai the (anonicol tmbeddmg
jr (R} — 1N

is not :;urjecrwe.

Connder the Divac funchionod defined by

5(3) z ﬁ (o) 6¢ Ch{:lﬁ),

This 15 a tonhnuous lincor funchional cn i,bU’F&) of norm !

B\ﬂ the Hoho-Bonach theorem 1} exiends to o wnfinvous heoy

funitignod on KOCR)

Claim:

€ %1545

we h

Theve 13 no funthion e L(R) such thos
fadx =90 Yqe( (R) | ()
jm g 0 0¢ s
Arzﬂum% by conhadichion suppese that such d functon |
- R Yhen A ¢ Y'oc C(IR) and
Lek ht}x] mm{mx\,aw ¥ el 1g“ffngmb
, qe ¢ |
oo, ig,S0ed g | ¢F
50 h\} the Lc’hfs%uﬁ Deminot e d COn\!ﬂ’(aGﬂ{“f’ Theorem
o .
ave

S fdx = Lim ){9ndx=l.4m3(e):o,
R

n < 00 vr Un
R ?

Bui 'n (k) let %al.ﬂom J{ fdx=1, 0 wnivodition.
1 -

Qe



Hert@ae ¢ | Let 1€peeo, "Hn&f ¢ 1% 15 houndrd and (_%
3 ne N
?ngﬁ? {
show thot {fnw‘—‘!ﬂa{ m P8

(1) Vndeed by Fateu's lemmo we have

Droofs  Frst we show thar {e P

C1ePdy € himinf LIy ¢ M
‘)ﬂ nu-?mf“}t

= { e P ().
We may assume {=0 it ceplace 4, hy f-f neN

For meMN et

Cm: { xe e \fh[x}\é \ \/ m,m?“)

Km:ﬁﬂ“—"'(m: ﬂn;:ca %

, . e
Jmece {hg—-ﬂ’v 0 . almost ol xS mmngs " neN

| /
M‘O{\Cﬂ '\hﬁ& 1 {,m\r bs ﬂﬁﬁdi’ﬂﬁﬁfﬂﬁa. -Hr\c-n UKm - Lp m\ L dense.
mend mzi

, N é
To see Hhs leb 3&[5;(,0.) Then gm}( %w?fd i 1P (1) ,%"i Ky mem

AN

S0 4o show dhat fy S0 o 10(Q) it suffices to sNOW

k=0  \ge UKy (x%)
jﬂww \/ﬂe |

my

' # - ] o
Bul 1§n%]\4<aa\,“(ﬁ)gtf(m grd .@h%‘iﬁ, 0. So

uam% H"h(‘ Cﬁtﬂm{nq_hfd; [‘Dn\fﬁ(ﬂfn(e 'f}‘hf_()ff'm | we J€€ Yhot f#)‘:)

holds: Hence w
| f _,_,_m,{ m £ .




Exercise. 32 | Lex H he o Hilherd space and Aed(H) . Show E

thot HzN(A) @ R{A"),

Proof: 1 suffices o show thal R (A*)Y = N(A).

We have
N(A) = {xeH: /—\(m:o}' = {xeH s (A0)h)=0 VheH}

{xeH (¢, A(h)=0 Vet p

= R
o2
txerdise LO: Let W be a Hilhert bpaca)Ac—:ﬂ(H)} HAILﬁé |
show that T-ATAY O
Prooks We have
| (1-AA) = T-(A) = [-AA,
= I“NA 1S Sflf'oldjOlrﬁ'
For any xet  we have
(1A}, ) = il (ATAGO, %)
Syt WA
2 hxn?o ;'\A“zilxl\z 2 0.
¥ il 0{,
oep

exercive 07 T let XY he Boanoch spetce ond A XY additive
| (that s, Atxto) = Ax) + Atu) \/x,ue)() an ol
conhinusu s at 0 Show that Act(xW).




Proofy On eccount of the additivity prepecty we haove | 4

Q’%plmhn«a

Alo) = 2 Alo)
£ Ato): O

Led {xn:“( c X ond casume that xp 2% Then %-%x—10

hem
tht conhnuity of AGCl ot O, we hove

Ax,-x) -~ 7 AoiE O
o Al = Alxn-%) 4 A — ALY
= Al —r AL
Let xe X, AeR We have

c-Alo) - Alx-%)+ A A('x),)

> ALY =-Amx

Using fhe addihwity of AC) [ we have.

Almx):z m Alx) \/me & .
Lt neN  me L Then

A = Alm s A(n T x) = AL X)

J
> A(% K = & AN,
(onsider %qﬂ‘T ¢ Y 5} qnwf?%’%m

g X A%

= AlQX) — AlAx)

“



eitf

=9 At — AlAX), 5
=5 AA[)():A(?\X) VXEX \/?\eIR/
= AcdY) o

Progosthion ¢ | . X 15 o Banach space ond Acd(X) with

nAMJ< l
(LA LA

then  1-A 15 an womorphsm ny0

ase 63 [Ley X be a Banoch space and { Ay c LX) are

Py

o

.
somorphtams such thot | A;*Hi (L YneMN and
A lﬂé&A- Show that A s an 1zomorphism

n

We tan {ind nee™N such that
I Ap-AN, <L \/ n7 1o
Then for ol nyng , we hove
- AAT, =AY (A AV, Ay i\iilA,,,;Allid}
= A{,: A somornphism

= A: A, A,;AA- s an tsomorphism too
o Mo



(:"XE[CI

Le

se F1tlet XN be Banach spaces ond Ae LOGY) s

mrjec’rw e. Consider (&YX nonempty  Show et

ALY e s dosed fE NAI+ L e X s dosed

Prooft = We have

N A+ C= AT (A (D))
Bud AT'(ACC)H s closed since Aed (XN} Therefore

N (A +C s closed
& Since by hypothests Al s surjechve
o
ACNMAIFQO ) = A(C)

Bud (NM'C\)LE— X open und since A s aw\']fc.h\r@

by the Upen N\ﬂr!pm% Theerem we hove thot

ALOY eY s open

= ALC) ¢ s choved .
QED

mmm——

@xer;usc B: et H be a Hilhert spoce and AediH) 15 normol

Pro

Show that AteZ (H) = Ael (W)

of: Tirot we show {hod

LA 12 ¢ MA@l tuy YueH

Sinte A 1y normal ) we have

(AA*(U)(u): (A*_Afu)fa.&) \/UGH




= TAwm b = HA o \/ue H . (%)

We have
A% (Ao, A = LAYADY, )

<NAYAG L I

L AT
(use (%} with u:l\(x))

Now lel {Kn}* QE!\\NE have

neN

I AG) - Al 1R &I AT ) -AT G | 1 %y Xon

<N AR - AT T Y iy

| ,
f

Therefore ' ]Aﬁfxﬂ) 19 Cqugh\S 90 15 iA(xn}}

{
}'neN neN

B% hki’pﬂ‘*hﬁ&lﬁ Aa G:ic (H) 50 ; W maoy assume that

“an'(_xn]T ¢ H s (0th(8fﬂ+)

ne N
=) %A(’xn]}’ ¢ H (oh\tﬁ’gen}/
he N |
9

Propoa(honz If X 15 ¢ Housdortf %npo!oﬂtca} Spale

‘H\m the ¥, A E

(g) X 15 compo ct,




(] cvery {amily of nenerapty ckosed seds with the LB,

e——

the fimite intersedion property hds d monempty

imttesection .

Cc) évenj net has o (.an\!f’rﬁehi" subnet.

Exeraise 9t Led Y he o Poanach space

Show ihat the follewmta two properties gre eguivaieni

() X 15 reflexive.

A————

(__2 W?(\j decredsma 3theme ‘1(» }‘ of nnnemphj
nemN

tlosed, convex and hounded 5&!’3)ch hdve

NC, ¢

heN

'PrOOfi (99 %»(_b_) 50,\1&{ {(n Tn mht g sequence oy Ib (@
3

Fot every neMN (15 w-compoet . Then

{;h ¢ CJ Vne N :
jﬂ has 1he mee rpieysection progwfg
V

N C,+@

nemn

(:E,) =7 (f.) Led e X‘\'{O}' arnd s6t

(,n=i xeXtonxist {3 xy 3 Ixm il -+




VS dl?crf?d;)m(a and consiats of L—

Thea the fomity ﬂcnér

nzl

nonempty, closed , convex ; bounded sets. S0, by hypothesis

N, +¢

nem

Let xe (V (G, . Then

nemN
! » * | ) \J ~N
&l end O xr 2 e |- 5 ne

=7 gl Ny =l

¥ e 3(»\{0\" ar hitrary h\j TJames' thm X Reflextve
geD

mrmpy————

Since

Crecage 102 |Ler XY be Banach spaces  and AcL(¥Y] 13 a
hyjechion.. Show Yhat A'¢L(¥EXY) 15 a hi)ection

ko and (A%)7' = A1)

Proofy, From Ronoch’s Theorem (Theorem 3.210) we have
| Ated (%)

\Nﬁ hﬂNt
AA"‘-,.IY and A"*,:\:IX

= (AT) AT ond  ATQAY)Te T
) IY* n g}\ ) X"‘
<> AY 15 emorphum .)@*)”i;/{*\w!)*

QED

mvmara—r—
e —




I
Lio

tyercive s flet W bhe a HWilbert f)Pdicc);‘\ei(H) ond
LA, Uy > cnug?  dorseme o2 0, ol e H

Show that A 15 an 1somorphism

_&"_"f [Fram dhe hljp(ﬂhfﬁl& on A we have
RN e H closed | NIA)= or

Alse we have

Quy Aty o cun®
= | A"(u] 0> cioud \;/u & H}
=> N (A= of

We know thot I—ISNM')‘L‘ = R(A) . Hence

RA)= 4,
= A 5o bljtd’toh)

= Acd(H) (Bonach Then).
QED

e

éxemsc 12¢ | Show +hat Mazur’s lemma 19 naot drue for

the w* -lopolocd\i.

Proof: (onsrder X o ponteflextve Bonach space Then

| =% , *
the sed B = jueX: nu!l,&l}‘ 5 convex, cfosed i X,

However 14 15 not w*-closed since (BT) =B,

Goldshine Thm)
GEP




Crercise \3 Llet X he a Bonach spuce ,\/9)( a hinite )'_'_

dimensional subspoce  and we X Show thal

E]{je\( 5.k dm/\{):mf[nu-wl: ge\{:}:l!u—-ﬁﬂ

Progfr We know that Y s closcd. e ’HnT %\‘\{ he o
ne

mmlmmn% sequence  thad s,
hu-y il dig M)
Then ‘{‘:] }“ ¢ N hounded ond hecause s finite
n

e N

dimenstonal  We magy gssume that

J ,._.m.._,{jf e N

Then 0 u_sﬂnu—w:y 0 u—fj \\:-dcu,\/) :
QED

p————
et

Execarse W2l £o'in) he reladively W-compacd ond consider

C=fuel): w@i¢1y@) foro.aed
seme 'jﬁlf;r

Show that C t3 Y‘e,,lm%wehj W - (OMPOTE.

Proofs We inow that E 15 bounded ,htnze C s bounded too.

Ay hypothests E s uniformty in-’rccamble.SO, given

&‘ro,\Ne (an —f“md d?D g1

IAINQS = SAlq\dxsiE \/yeE




=7 ‘A‘N‘fg = JA‘U\dxé 3 \/ueC}n e

‘-"? C:urufo'rm‘\J m*taYULDlt’)

= C e ) i oretatively w- compoct
(Dunford - Peths Thm)
| RED
|

(:xgrclsz 15: llfm%n’k }MN
| htth, moth g, g vt (el

and S £ &ij(dx gdx-—vj gax.

¢, f <hy ¢ g, e

Show that hel() and [hydx --ajhcw
§1 S

Proof: thr\\j we have
£y ¢ lnmgﬁm) ac.,
= hel! ()

Mareover, we have

hee | ¢ el Iaml for aua 2eSL

S8, h\j Tatou’s lemma we have

5 hdx—jfdx: j Ch-f)d

N Q n

j Lim (h,-£,) dx
A

£ liming j (h- £) %
Q

L e




I .
, \nmmfjhnclx HJM%) IE
i1

JU
= \5 h dx ¢ llmm{- j hhoh-: :
| n i
Qn o smbar fashion jusing thys hme the sf‘i‘t“’-’”‘*’"*%k‘m

Wwe 5hew thas
‘ Limsup j h, dx ¢ g hdx.

o0
B £y

|
 Therefore  frnalty W have

hodx — ( hdx
J b= o

ExerClac 16¢ | Suppose Hh\[ ¢ L‘(m[ f 30 5} w__.,{, with e L(2)

heM

and [ fudusf £, Show thot 1, 7
gV

Proof: WNe have
51;h,,{i\élpn\+\§lfh"?

Use Exercise 1D,
QED

exerase 1¥5 [If Hs o Hilbert space ond AcL(H) show thal

¥ { - 2
HAAI‘;E IIAH




Proof = We have ll_Lt

A AN, ¢ A =) AN
i A'ozt {NA ﬂof nAth nAni

On the other hang

PAGO IR = (A, Ax) = (A*A 9, %)

O ATA 0] T

ENAAN, W xi?® Vxet{)

d
z {2 £ kA
- * - 2
=7 | A Alli = HAIIL

GED

amp——
wy—

Exercise 182 | L H be o Wilberd spoce. Show that the sct of sclf-

]

ddjomnt eperators 13 dosed n L(H)

prOﬁ' (Qﬂb\dff el bE(,‘Uf'(lCE‘ '{ An }neﬁu 0? s.a. prfdjﬁfs Qnd assum
that A, —r A i dH) We have

LA, CHA-An LS MA-AZ Dy 4 AT AT,

tl

L A—Anﬂi + N (A,,-—Ah)"' “i (sine A, s.a]
= o({ “ A"’An “L"‘""'a‘ D

= Az A*
GED




e

Exeraise 19;

ek X be g Banach spoce wnol Ae:ic(KJ with
I-A mj'cc,hve, Jhow thal 7-A hos o conhnuous
mverse on ( [-A)(X)

Proof: ‘A“ﬂ“'n% hy conbadiction, suppose that the cssection
s not true  Then we con find gt X such thed
; W (1-A) ) <& ugy

u y
Lonsidey { V= b Then
nll |y em

t = L \/ﬁ(—;N

- \ 54
50[ 1w ﬁuhscqumcc ‘i n %k,en\i

A(\{n,’k\ —_“)H n X
Bub  [(T-AJlu g \V ke,
=> \/nkm—w‘» 3 n X

=> tj::A{g) ) \ly“‘-‘L

! ' ' ‘4—
This conhodicts Thet ALY e QED

e it

Exerase 0% | Lot X Yhe Banoch spaces and At X =Y lineay

cperater which mops bounded sets of X 10

relatively toreporct subsers of Y Show that
Aed, (xY)

[ R SR R S




Proot: We neeq) to show thot AGi(X,\{). I_E:_

Suppase thad this 15 not frue. Then we con {ind Uné X
5.1

A (U, \l\{? Nl U”“)k

= NANIY ™ \/n;.‘i*l.%_fﬁ
it

: But vzt s0 'iA(\!n)i}’ relatnvely compoet
NemN

thias hounded, contradichon.

Cxerase 24% | Suppose Ae ;E.(@',ﬁa\ \$ mjcmve, s ALY ¢ €F dosed

Cxplain,

?mof*; \f \/;A(Q‘) 1S (.EO.SEd,_‘hC‘ \/’ s refloxiNe Hence h‘i

+he ﬁdﬂ'o'f..h Theonrem U dm’:l \I are \Sorﬂofp\"lc =

L n reflexive @ conhadidton

IS,
m
Ao

\l

Crecdise 322 [Let X be o Bandch space sad (¢ X s W ompad

“ o A
Considec T C=C Cls € compact

Explotn.

9r0df: Yes . Note that ( s bounded . Hence con\lwtc: 6 K

bounded ) W closed. Ry the thegrem of Alaoa\\l,\\ 'S

Wh- compo.ct
QED



|
il

Exerase 882 | Lex X, ¥ be Banach spaces and Acd (XY).
Show thos Ated (Yo X

Proof: From the depinttion  of the w‘-iopo\ocay/li 19 sufflaent o

show that for every seY mo A% Y R 3w continvous.

But Hus 8 equivadent to suying that uo AeY™ which s

tywe.
| P=0

i

crecciae b2 | Let LR be bounded dhow that L' (51 15 not

reflexive.

?rq&of-: Arﬂum% b\5 contradiction, suppode thay L8 s

reflexive. Nnte L (51) 15 alse sepovoble ;‘-’Hf\tn Le)* s sepa-
rg&ble ‘oo . 90, L‘(S“LY* |9 5.6_()0,(@}:.\6 But Ll(f),.)t‘-"' L) and

Hhe latter 13 nonseporable. Se L) 18 not reflexive.
? geD



