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MIGADIKH ANALUSH
FULLADIO ASKHSEWN I
Did�skwn: G. Smurl c

1. 'Estw f : C→ C me

f(z) =


z 3

|z|2
, z 6= 0

0, z = 0.

Na deÐxete ìti ikanopoioÔntai oi sunj kec Cauchy-Riemann sto shmeÐo z0 = 0 all� h f den
eÐnai diaforÐsimh sto shmeÐo autì.

2. Na breÐte to eurÔtero pedÐo tou C p�nw sto opoÐo h sun�rthsh Log

(
1 + z

1− z

)
eÐnai olìmorfh.

3. DeÐxte ìti h sun�rthsh f(z) = ey cosx+ iey sinx den eÐnai diaforÐsimh se kanèna shmeÐo z ∈ C.

4. Na breÐte ta shmeÐa sta opoÐa h sun�rthsh f(z) = ze−|z|
2

eÐnai diaforÐsimh kai na upologÐsete
thn par�gwgo sta shmeÐa aut�.

5. An h f : C→ C eÐnai olìmorfh, deÐxte ìti kai h g(z) = f(z) eÐnai olìmorfh.

6. Na breÐte olìmorfh sun�rthsh f = u+ iv : C→ C tètoia ¸ste:

(i) u(x, y) = −e−x sin y +
y2 − x2

2
, (x, y) ∈ R2, f(0) = 0.

(ii) u(x, y) = 3x2y − y3 + e2y cos(2x) , (x, y) ∈ R2, f(0) = 1.

7. 'Estw A ⊆ C pedÐo kai f = u+ iv ∈ H(A) me ux + vy = 0 sto A. Na deÐxete ìti up�rqoun
c ∈ R, d ∈ C tètoia ¸ste

f(z) = icz + d, z ∈ A.

8. 'Estw f(z) = z3, z1 =
−1 + i

√
3

2
, z2 =

−1− i
√
3

2
. DeÐxte ìti den up�rqei z0 p�nw sto

eujÔgrammo tm ma [z1, z2] tètoio ¸ste

f(z2)− f(z1) = f ′(z0)(z2 − z1).

Autì shmaÐnei ìti to je¸rhma thc mèshc tim c den isqÔei stic migadikèc sunart seic.

9. 'Estw A ⊆ C anoiktì, z0 = x0+ iy0 ∈ A kai f = u+ iv : A→ C. Upojètoume ìti oi u, v èqoun
suneqeÐc merikèc parag¸gouc se k�poia perioq  tou (x0, y0) kai ìti to ìrio

lim
z→z0

Re

(
f(z)− f(z0)

z − z0

)
up�rqei sto R. Na deÐxete ìti h f eÐnai diaforÐsimh sto z0.
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10. 'Estw A ⊆ C pedÐo. Na deÐxete ìti:

(i) E�n f ∈ H(A) me f ∈ H(A), tìte f stajer .

(ii) E�n f ∈ H(A) kai |f | stajer , tìte f stajer .

(iii) E�n f : A→ C me f 5, f
2 ∈ H(A), tìte f stajer .

11. 'Estw A ⊆ C pedÐo kai f ∈ H(A) . Na deÐxete ìti:

(i) An to f(A) eÐnai uposÔnolo miac eujeÐac tou migadikoÔ epipèdou, tìte h f eÐnai stajer .

(ii) An to f(A) eÐnai uposÔnolo enìc kÔklou tou migadikoÔ epipèdou, tìte h f eÐnai stajer .

12. (i) E�n x0 arnhtikìc pragmatikìc arijmìc, na deÐxete ìti den up�rqei to ìrio lim
w→x0

Logw.

(Upìdeixh: Na jewr sete tic akoloujÐec |x0|ei(π−1/n), |x0|ei(−π+1/n), n ≥ 1.)

(ii ) Na deÐxete ìti den up�rqei olìmorfh sun�rthsh f = u+ iv : C \ {0} → C tètoia ¸ste

u(x, y) =
1

2
ln(x2 + y2), (x, y) ∈ R2 \ {(0, 0)}.


