






























































Sunèqeia migadikoÔ logarÐjmou.

UpenjÔmish: 'Estw f : A ⊂ C → C kai z0 ∈ A.

H f eÐnai suneq c sto z0 ∈ A ann:

∀ ε > 0, ∃ δ > 0 ¸ste ∀ z ∈ A me |z − z0| < δ, isqÔei
|f(z)− f(z0)| < ε.

Ac upojèsoume ìti h f den eÐnai suneq c sto z0.

Tìte,

∃ ε > 0 me thn parak�tw idiìthta:

∀ δ > 0, ∃ z ∈ A me |z − z0| < δ, |f(z)− f(z0)| ≥ ε.

Tìte, ∀ n ≥ 1, ∃ zn ∈ A, ¸ste

|zn − z0| < 1/n, |f(zn)− f(z0)| ≥ ε. (1)
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L mma: 'Estw f : A ⊂ C → C kai z0 ∈ A. Ta parak�tw
eÐnai isodÔnama:

(a) f suneq c sto z0.

(b) gia k�je akoloujÐa (zn) ⊂ A me zn → z0, isqÔei
f(zn) → f(z0).

(g) gia k�je akoloujÐa (zn) ⊂ A me zn → z0, up�rqei
upakoloujÐa (zkn

) me f(zkn
) → f(z0).

Apìdeixh: [Mìno to (g) ⇒ (a).]

Upojètoume ìti h f den eÐnai suneq c sto z0. Tìte,

∃ ε > 0 kai akoloujÐa (zn) ⊂ C ¸ste na isqÔei h (1).

'Epetai ìti zn → z0. Lìgw thc upìjeshc, up�rqei
upakoloujÐa (zkn

) me f(zkn
) → f(z0), �topo! [bl. (1)].

�
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Prìtash: To sÔnolo shmeÐwn sunèqeiac thc
sun�rthshc w 7→ Arg(w) eÐnai to A = C \ (−∞,0].

Apìdeixh: 'Estw w0 ∈ A kai φ0 = Arg(w0).
Tìte, φ0 ∈ (−π, π).

JewroÔme akoloujÐa (wn) ⊂ C \ {0} me wn → w0.

Tìte kai |wn| → |w0|.

Jètoume φn = Arg(wn) ∈ (−π, π], n ≥ 1.

H pragmatik  akoloujÐa (φn) eÐnai fragmènh, opìte
up�rqei upakoloujÐa (φkn

) pou sugklÐnei.

'Estw limφkn
= θ ∈ [−π, π].

Tìte, eiφkn → eiθ ⇒ wkn
= |wkn

|eiφkn → |w0|eiθ.

'Ara, w0 = |w0|eiθ ⇒ θ − φ0 = 2kπ, gia k�poio k ∈ Z.

Epeid  φ0 ∈ (−π, π), θ ∈ [−π, π], èpetai ìti φ0 = θ.

Epomènwc, Arg(wkn
) = φkn

→ θ = φ0 = Arg(w0).

Apì to parap�nw l mma [(g) ⇒ (a)] prokÔptei ìti h
w 7→ Arg(w) eÐnai suneq c sto w0.
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Tèloc, ja deÐxoume ìti h w 7→ Arg(w) eÐnai asuneq c
se k�je x0 ∈ (−∞,0).

Pr�gmati, èstw x0 ∈ (−∞,0). Jètoume

wn = |x0|eiφn, φn = −π +1/n, n ≥ 1.

Tìte, φn ∈ (−π, π), gia n > 1/2π.

'Eqoume

wn → |x0|e−iπ = −|x0| = x0 ,

en¸

Arg(wn) = φn → −π ̸= π = Arg(x0).

Apì to parap�nw l mma [(a) ⇒ (b)] prokÔptei ìti h
w 7→ Arg(w) den eÐnai suneq c sto x0.

�

Pìrisma: To sÔnolo shmeÐwn sunèqeiac thc
sun�rthshc w 7→ Logw eÐnai to A = C \ (−∞,0].

Apìdeixh: To pragmatikì kai to fantastikì mèroc
thc Log eÐnai antÐstoiqa oi sunart seic

w 7→ ln |w|, w 7→ Arg(w), w ̸= 0

pou eÐnai tautìqrona suneqeÐc mìno sta shmeÐa tou
A. �
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