
1

MIGADIKH ANALUSH

FULLADIO ASKHSEWN 3

Did�skwn: G. Smurl c

1. DÐnetai h sun�rthsh f(z) =
eiz

1 + z2
, z ∈ C.

(i) Na deÐxete ìti

lim
R→+∞

∫
γR

f(z)dz = 0,

ìpou γR(t) = Reit, t ∈ [0, π], R > 0.

(ii) Na upologÐsete to genikeumèno olokl rwma∫ +∞

−∞

cosx

1 + x2
dx.

[Upìdeixh: Oloklhrwtikìc tÔpoc tou Cauchy gia th sun�rthsh f p�nw sthn kleist  kampÔlh γR +
[−R,R], R > 0.]

2. Na upologÐsete to olokl rwma ∫
γ

ez

z(1− z)2
dz,

ìpou

(i) γ(t) =
1

2
eit, t ∈ [0, 2π] (ii) γ(t) = 1 +

1

2
eit, t ∈ [0, 2π].

3. Na deÐxete ìti ∫ 2π

0

dt

4 cos2 t+ 9 sin2 t
=
π

3
,

oloklhr¸nontac th sun�rthsh 1/z p�nw sthn èlleiyh γ(t) = 2 cos t+ 3i sin t, t ∈ [0, 2π].

4. Oloklhr¸nontac th sun�rthsh ez/z p�nw ston jetik� prosanatolismèno kÔklo |z| = 1, na deÐxete

ìti

∫ 2π

0
ecos t cos(sin t)dt = 2π,

∫ 2π

0
ecos t sin(sin t)dt = 0.

5. 'Estw z0 ∈ C me Im (z0) < 0, R > 0 kai γR to hmikÔklio me γR(t) = Reit, t ∈ [π, 2π].

(i) Na deÐxete ìti

lim
R→+∞

∫
γR

dz

z(z − z0)
= 0, lim

R→+∞

∫
γR

dz

z − z0
= πi.

(ii) Na upologÐsete to ìrio

lim
R→+∞

∫ R

−R

dt

t− z0
.

6. 'Estw f olìmorfh se anoiktì sÔnolo pou perièqei ton kleistì dÐsko D = {z ∈ C : |z| ≤ 1}, |z0| < 1
kai γ(t) = eit, t ∈ [0, 2π]. Na deÐxete ìti

f(z0) =
1

2πi

1

1− |z0|2

∫
γ
f(z)

1− zz0
z − z0

dz, |f(z0)| ≤
1

2π

1

1− |z0|2

∫ 2π

0

∣∣f(eit)∣∣ dt.
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7. 'Estw f olìmorfh se anoiktì sÔnolo pou perièqei ton kleistì dÐsko D = {z ∈ C : |z| ≤ 1} kai
γ(t) = eit, t ∈ [0, 2π].

(i) Na deÐxete ìti ∫
γ
f(z)dz = 2πif ′(0).

(ii) Na upologÐsete to ∫
γ
z cos zdz.

8. 'Estw f olìmorfh se anoiktì sÔnolo pou perièqei ton kleistì dÐskoD[0, R] = {z ∈ C : |z| ≤ R}, R > 0.

E�n f(z0) = 0, gia k�poio z0 me |z0| < R, na deÐxete ìti

|f(0)| ≤ MR|z0|
R− |z0|

,

ìpou MR = max{|f(z)| : |z| = R}.

9. 'Estw f akèraia sun�rthsh tètoia ¸ste

|f(z)| ≤ a|z|2 + b, ∀ z ∈ C,

ìpou a, b jetikèc stajerèc. Na deÐxete ìti:

(i) gia ìla ta n ∈ N, R > 0, ∣∣∣f (n)(0)∣∣∣ ≤ n!
aR2 + b

Rn
.

(ii) up�rqoun A,B,C ∈ C ¸ste |A| ≤ a, |C| ≤ b kai

f(z) = Az2 +Bz + C, ∀ z ∈ C.

10. 'Estw P (z) polu¸numo bajmoÔ n ≥ 2 kai me megistob�jmio ìro anzn.

(i) Na deÐxete ìti

lim
|z|→∞

∣∣∣∣P (z)anzn
− 1

∣∣∣∣ = 0.

Sumper�nate ìti up�rqei R0 > 0 tètoio ¸ste gia |z| > R0,

|P (z)| > |an|
2
|z|n.

(ii)Na deÐxete ìti

lim
R→+∞

∫
γR

1

P (z)
dz = 0,

ìpou γR(t) = Reit, t ∈ [0, 2π], R > 0.

(iii) E�n γ apl  kleist  tmhmatik� leÐa kampÔlh pou perikleÐei ìlec tic rÐzec tou P (z), na deÐxete ìti∫
γ

1

P (z)
dz = 0.
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11. Na breÐte th seir� Taylor thc sun�rthshc f gÔrw apì to shmeÐo z0, kaj¸c kai thn antÐstoiqh aktÐna
sÔgklishc, ìpou:

(i) f(z) = 1 − 2

1 + z
+

1

(1 + z)2
, z0 = i.

(ii) f(z) = (cos z)2, z0 = π.

12. Na breÐte th seir� Taylor thc sun�rthshc f(z) =
z

2
(ez

2 − e−z
2
) gÔrw apì to shmeÐo z0 = 0, kaj¸c

kai thn par�gwgo f (23)(0).

13. Na breÐte th seir� Taylor thc sun�rthshc f(z) =
z5

1 + z4
gÔrw apì to shmeÐo z0 = 0, kaj¸c kai thn

par�gwgo f (21)(0).

14. Gia |z| < 1, na upologÐsete to �jroisma
∞∑
n=1

n2zn.

15. Na upologÐsete ta ìria

lim
z→0

(1− cos z)2

(ez − 1− z) sin2 z
, lim

z→0

1− cos(2z)

(e2iz − 1) sin z
.

[Upìdeixh: Na qrhsimopoi sete anaptÔgmata Taylor.]

16. 'Estw f akèraia sun�rthsh me f(R) ⊆ R. Na deÐxete ìti:

(i) f (n)(R) ⊆ R, ∀ n ∈ N.
(ii) f(z) = f(z), ∀ z ∈ C.
[Upìdeixh: Na gr�vyete thn f wc seir� Taylor gÔrw apì to 0.]


