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AYXYKHXH 1
[Na évav tetpayoviko mivaka 3 X 3 woydetl 0Tt

1 3 1 0 1 —2
B-|11l=|3],B -|1|=|0|,B-] 0 |=|0].
1 3 0 0 -1 2

Noa Bpeite 11 1O10TYES, TO YOPOUKTNPLOTIKO TOAVDOVULO Kol Ta 1010010vOGUATO TOV Ttivaka, B.
O mivaxoag B avtiotpépetar; (dikaordynon) O mivakag B dwymvomoteitar; (dtkaioAdynon)

Av vai, mola givor M Oly®VOTOMUEVT] TOV HOPEY| KOl TTOlo¢ €ivar o mivaxkoag mov Tov
dwymvomotel; Na vroAoyicete tov mivaka B.

Avon
Evkora mpokdmtel 0TL otipég eivat ot 3, 0, -2, a@ov mopaTnpovLE OTL:
1 11
B-{11=3-]1
1. 1]
11 o
B-|1|=0-(1
0 0.
1 1
B-10o|=-2-]0
-1 -1

Emopévag to yapakmpiotikd tov tolvavopo givat yg(A) = A(A —2)(3 — A1)
Eme1om ot 1010tipég eivatl OAec 010popeTikéC, 0 mivakag B glvol d1ory®vomTolcuog.
O mivokog pe otnAeg ta 1odavicpota eivat o P.

1 1 1
P=11 1 0
1 0 -1

O P eivor avtiotpéyipog 00Tt To 101001vOGHATO EIVOL YPOUUKA OVEEAPTNTO, OLPOV
OVTIGTOLYOVV GE SLUPOPETIKESG 1OLOTIUEC.

O B dev avtiotpépetar d1ott detB = 3+ 0 - (—2)=0 (yvOueVO 1810TIUOV).

Apa apxel va Bpovue Tov avticTpo@o Tov P yid vo VTOAOYICOVE 6T GLVEYELN TOV TTivaka B,
omd T oyéon B =P -D - P71,
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AXKHXH 2

1 1,00001 1
1,00001 1 1,00001
1 1,00001 1

o mivakag IT £xel pio BTk ko pio apvnTiKn WO10TIUY.

Atvetar o 3 X 3 tetpoyovikdg mivakog I = . Na deiéete 0TL

Avon
O¢tovpe 0=1,00001 . To yapaktnprotikd ToAvdvopo tov I etvar:
1-21 a 1 -1 0 A
a 1-21 a a 1-21 a
1 a 1-4 1 a 1-4
—A 0 0
a 1—1 2a
1 a 2—-2
=-A1[1-2D-Q-D—a-2al=-21-Q2—-21-21+212-2a%) =
=—21-(A2-31+2-2a?

xp(A) =det(ll —A-1;) =

>nueioon:
1) O mpacelc mov Eywvav Yo Tov vroroyioud g opilovcog eivaroteéng I'l - I'l —

r3,23-2x3+x1.
2) T tov voAoyioud TG Srakpivovsag Tov TPImvOpov A2 — 31 + 2 — 2 a? éyovue 4 =
(-3)2—4-1-(2—-2a*)=9—-8+8a?=1+8a?>0.

Enopévmg pia drotiun givor 1o 0 kot éotm A kat A, ot dAheg dVo W1oTIpég Tov I1. Apa:
xpQD) =det(ll —A2-L)=—-1-(A—-1) - A—2,)= =1 -[22=QA;+1,) - 1+ 4"
Al .
[apotnpodpe 0Tt Ay -2, =2 —2a?2 =2+ (1 —a?) < 0,apob a=1,00001>1 .
Ao 10 YvopEVO TV PLL®V TOL TPLOVOUOL A4 * A, glval apvnTIKO, GLUTEPOIVOVLE TMG
VAPYOVY 000 AMGELS £TEPOGNNES, i OgTIK] KO pio apvnTIKY.
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AXKHZXH 3

Av 1o didvoouo U = [—2‘ etval éva 101001avuG oL TOV TTivoko

a b c

M = [4 1 2] ,a,b,c,d,e, f € R, t6te eivar xau 1810816vocpa Tov wivako M3 ;
d e f

Av vat, vo SIKalohoy\GETE TV ATAVINGY GOG Ko VoL VToAoYiceTe TIg 1S10Tég Tv M ko M3

TOV OVTIGTOLOVV OTO U .

Avon

Aoy U = [—2‘ etvar éva 101001avucpa Tov Tivako M tote Ba 1oyvetL:

a—2b+c A
M-u=21-u [4 1 2] [ ] [ ] [4—2+2 =[—ZA=}
d d—2e+f A
a—2b+c A
S 4 = [—ZA].
d—2e+f] i
A6 OTOV GLUTEPAIVOLLE TOG TPETEL VAL 1oYVEL 4 = —21 , emopévmg A = —2.

Av A 8otipn tov U, toéte M U = A - u. Tore:
M3-G=(M2M)-d=M2-(M-@)=M>-(L-%)=A-(M?-%) =
=AM-M-D]=2M-QAD]=2AAM-WD]=21-[1-QA-W]=23-1U.

<

Emopévoc M3 -1 = 23 - U, Snhadi 1o U eivor 1810816voopa tov M3 pe oty A3 = —8..
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AYXKHXH 4

2 1 1 1
Atveton o mivaxkoag A = 8 g ’,Df % . ' oo Tun Tov x 0 A daywvomieita;
0 0 0 1
Avon
AG VTOAOYIGOVLE TO YOPAKTINPIGTIKO TOAVMVLLO TOL Tivoka A :
2—2 1 1 1
_ a1 O 3—4 x 1 —
x,4(A) =det(A—A1-1,) = 0 0 3_7 1| =
0 0 0 1-2

=2-1)B-1VB-1H1A-21) =
=2-2DB-1*(1-21).
Kotd ovvéneta, ot dtotipég tov A givou :
A = 2 (moAdamdotnta 1),
A, = 3 (moAdamAdotnta 2) kat A; = 1 (moddamAdétnta 1)

['o va dwyovomoteitar o A Ba mpémel  didotaon Tov WIdYwpov Vz Tov aviictolyel otnv
wotun 3 va etvan ion pe 2.

Ag Bpovpue ta 1010310VOG LT TTOV OVTIGTOLYOVY 6ThV W10Tiun A, = 3, Abvovtog To GOGTUOL

2-3 1 1 1 1rx1 (01 -1 1 1 171rx
i o 3-3 x 1 |ly|l_lo 0o 0 x 1|y
(A=3-Lju=0e| o 3-3 1 ||z 0|0 0 0 1]|z
) 0 0 o 1-3llwl 1o 0o 0 0 —2llw
_o
0
0
11 1 1 1 -1 -1 -1 1 -1 -1 0
0O 0 «x 1 0O 0 x 0 0O O x 01]_
0 0 0 1|momrm|lo 0 0 1 |tomelo o o 1[7¢
0 0 0 —2l-m-slg 0 0 o 0 0 0 0
Li—~>(—1)Lq

[Ma va £xet 0 W010OYwpog V3 dtdotaon 2 Ba tpémer x = 0 616T1 TO GV O ExE1 dVO EAgVBEPES
HETOPANTES, 0OV omd TNV KALAK®OTH HOPOT cvpumepaivovpe 0t rankC = 2.
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AXKHXH 5

2 00

() T'o woreg Twpnég Tov a, b € R o mivakag B = |0 2 a] givan H10y OVOTOMGLH0G;
3 0 b

Avon

(i) YroloyiCovpe 10 YOpaKTNPIoTIKO TOAVMOVULLLO TOV Tivaka, B:

2—A7 0 0
xg(A) =det(B—=Al)=| 0 2—4 a [=QC-1)-2-1)-(b-2)
3 0 b—2A
=Q2-1D%-(b-2).

Awkpivovpe Tic akOA0LOES TEPIMTOCELS:
1) Av b = 2, 161¢ 0 mivaxag B €xet wotun 1=2 pe moAlomdotnta 3. o va eivar o B
Sy OVOTTOMGUOG Oa TPEMEL 1) S1AGTOGT TOV 1010 ®POV UE 1010TIUN 2 va glvat iom pe 3,

oniaon dimV, = 3. A¢g dovue To OHOYEVEG COGTN AL
2—2 0 0 x 0 0 0 0] rx 0
(B—2-I)-17=0=>[ 0 2—2 a ]'ly]=[0]®[0 0 a-[y]=[0].
3 0 2-21 1z 0 3 0 0ol 'z 0

Ag peretnoovpe to Babuod Tov mivaka Tov GLGTHUATOG:

0 0 O 2ava %0 ) dimV,=3-2=1#3,ava #0
rankg g 0 ={1,ava=0' Emopsvag dimV,=3—-1=2+3,ava=0

Apayia b = 2 ko a € R, dev dlayovorogiton o B .

2) Av b # 2, 161¢ 0 mivaxoc B €yet 1010ty A=2 pe molhamhdotra 2 kot 1oty A = b
pe moAhamAotnta 1. Xe avtn v mepintmon yio va givat 0 TivaKag 610 ymVOTOmGILOG

Oa tpéner dimV, = 2. Ag dovue TO OUOYEVES GOGTNLOL
0 0 0 0 X
0]<10 O a |- H =
0 3 0 b—=21 1z

2—2 0 0 X
(B-2-D-i=0s| 0 2-2 a ]-H=
3 0 b—21 Lz

0
0].
0

Ag peletoovope to fabud tov mivaka Tov GLGTHUATOG:

kg 8 0 _{Z,avaiﬂ E ) {dimV2:3—2:1¢2,ava¢0
ran 3 0 bEZ T W,ava=0" TOHEVOG dimV,=3—-1=2,ava =0
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1 0 0
3 O b—2 0 0 O

Apayo o = 0 kat ko b # 2, o wivokag B dwymvomoeitar.

(i) e a = 0 ko Yo b = 1, va Ppeite Tov dwoydvio wivaxke D mov sivor oporog pe tov B
K00®OG kKou Tov wivaka P mov Tov ooy vomolel.

2 0 0

Avon (iDTwa=0«xorya b =1 éovpe B=(0 2 0] Otdotipég tov (omd 10 TpAOTO
3 0 1

okéLo¢ TG doknong) eivar A=2 pe moAlomAotta 2 Kol 1T A = b = 1 pe moAhamAdtnTo
2 0 0

1. Apa o dpotog wivakog pe tov B givaro D =0 2 O].
0 0 1

e T va Bpodue Ta 1010310VOGHATO LE WO10TIUR A=2 AVVOLUE TO COGTNLA:

2—2
(B—Z-I)-u=0(:>[ 0 2—2
3 0 1-2
‘Exovpe dnhaodn my e&icoon: 3x —z =0 x = g . Apa T0 GUVOAO ADGEMY TOV GLGTILOTOG
X 1., 0 ke
glvar S = [y]= 3y =y-|1l|+z- (3) ,V,ZER .
VA P 0 1

e T va Bpodue 10 W1001dvVcUa e W10TIUR A=1 AVVoLuE TO GOGTHUA:

2—-1 0 1 0 0] rx 0
(B—l-I)-u=0<:>[ 0 2—-1 ] [] [0 1 0]'[}’]=[0].
3 0 1-11 'z 3 0 01 tz 0

x=0 x=0
To cvomua Exettn popen:{ y =0 ©{y =0 .
3x=0 ZE€ER

X 0 0
Apa 10 6GOVOAO ADGEMV TOV GLGTNIATOC ival: S = {[y] = O] =2z [O ,Z € R}.

z | Z 1
0 1/3 0
Kot o mivakag P mov dwoywvonotei tov B eivano e€nc: P =11 0 0f.
o 1 1
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AYKHXH 6
b—6 0 2—b

6 -1 —6 ] gival
b—-2 0 -—-b-2

(i) T moeg Tipés Tov bER o mivokog I' =

010y VOO GLN0G;
Avon
(i)  Ymohoyilovue 10 apoKTNPLOTIKO TOAVOVOLO TOL TTivako I
b—6—21 0 2—b
xr(A) =det(I' — Al = 6 -1-1 —6 =
b—2 0 —b—-2-121

=(=1-4)- |b 6 / —bz—_zb—,1|=

=(-1-D)-[b-6-D)-(-b-2-2)-2-b)b—-2)] =
=—A+1)(=b?>—=2b—bA+6b+ 12+ 61+ bA+ 21+ A% + b? + 4 — 4b)
=—(A+1)A%2+81+16) = —(A1+1)(A+4)>2

Koatd cvuvénela, ot dtotipéc tov I' givon :
Ay = —1 (moddamAdotnta l) kat A, = A3 = —4 (moAdamAoTnta 2)

["a va dovpe av dwymvomogitar 1) 0L o wivakag I' umopovpe va to eEAEyEove e 600 TPOTOVG:

1°%) Me ) ye@UETPIKN TOALOTAOTNTA, SNAAON 1 S1A6TAGT TOV 1310Y®POV TOV AVTIGTOLYEL TNV
Wt e odyeppikn moAlamdotnta 2, va givor kot ovtn 2 [dimV_,=n — rank(l’ — Al) ]

['o va dwywvomoteiton o I' Ba wpémel n ddotaon tov Woympov V_, mov avrtictoryel otnv
wotun -4 va etvai ion pe 2.
b 2 0 2 — b b—2)x—(b-2)z=0
] [] [] 6x+3y—6z2=0 ()
(b—2)x—(b-2)z=0

b202b

e Avb # 210tE

X =2Z
(Z)@{y=0,zeR.
X =2Z

Apa

B g
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Anhodn av b # 2 &yovpe éva woddvocpa , dimV_, = 1 koo I' dev daywvomoteital.
o Avb =216te

0=0
(Z)@{6x+3y 6z=02x+y—-2z=0y=-2x+2z,x,yER

bl e

Anhadn av b = 2 €ovpe dimV_, = 2 xar o I' dwymvomoteitar.

1
-2
0

+z-

2°9) O T eivoun S100y@VOTOMGIUOG oV Kot LOVOV AV TO EAAYLIOTO TOAVMOVLUO €ivol YIVOUEVO
TpOTORAOULOV OpwV.

Avmp(1) = —(A+ 1)(A + 4). Oa eréyEovue av o I" To undevilet.

Kavovrtog mpaéeic:

b2—7b+10 0 3b—6
=03@b=2

(1—'+I3)(1—'+413)=03®...@|: 0 O 0
—3b+6 0 3b—-6

(il) T Tig Tipég mov vroloyicate va fpeite pa Swoywvomoinon Tov wivaka I'.

e Avon (ii) o b =2 érovue yioa v W0ty A, = A3 = —4 (moddamdotnta 2)
&yovpe Ta 1810d10vdcpaTa U, = [—2] Kol Uz = [2]

Oa vroAoyicovue T0 101001avLGa Yio TV 180Ty 44 = —1 (moddamAdotyTta 1):

o [ va Bpodue o 181081vucua pe Wt 41 = —1 Advovpue 10 GLOTNUOL

r+1-nN-u; =0
—3x=0
{6x+0y 6z =10
—3z=0

—-4+1 0
6 —1+1 —
—4-+1

=0e

Cl

= (=1 L]

;

(= = =)
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e

0
Ko Bpickovue o 181081dvoopa u; = [1]
0

Enopévmg pio dtoywvomoinon tov I' eivat 1 eEnc:

-1 0 0
r=prP-D-Pl=[wnuwl-l0o -4 o] W]
0 0 —4
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AXKHXH 7

Na omodeifete 6Tl yoo K60 vxv oviioTpéyo mivako A, woydet |adjA| = |A|V™1 ka
adj(adjA) = |A|""2 - A.

Avon
(o) ' oTo10VONTOTE VXV TIVOKA A, LGYVEL

1
Al = radjAsA-A"1=4-

ot radjAS 1 =A-adjA-

detA detA A

A-adjA=detA- 1S A-adjA=|A|- 1

A-adjA=|A|-1=|A-adjA| = ||A| -I| = |A| - |adjA| = |A|Y (ep1Bués eni opilovoa
TOV Uovaolaiov)
AoV o0 A givar avtietpiyipog ko |[A| # 0 TpokvnTEL

1
& |adjA| = |A|V !

adjA| = |Al|Y -
ladja| = 14" o

Apa
ladjA| = |A]"7* (1)

(B) I've. To devTEPO OKEMOG, £YOUVNE

A-adjA = |A|- 1> adjA = |A]-A71 > (adjA) = |A|"1- (A ) 1>

-adj(adjA) = |A|™1- A (=g

-adj(adjA) = |A|™1-A=>

ladjA| A1

adj(adja) = |A]*"1- 141 A=

adj(adjA) = |A]""%-A

KAAAIA TIAYAOIIOYAOY 2020-2021




AXKHZXH 8

‘Eoto 600 tetpaymvikol mivakeg A kor B té€to1ot dote 0 A givar avtiotpéyipoc, AB = BA kot
Ao o oAy ot Tov B pe avtictoryo dtodidvooua X,. Na anodeibete 0t1 10 X €ivon

0 0 0
101001é4voo o Kol Tov A.

Avon
Amd TV 0piopd TOV ISI0TIUOV Kol 1810810vucrdTov, Exovue X, # 0 Kot

B-Xg=24 X=>AB-Xg=A'AX=>B (AX) =2 (A %)

Yovende, to Sdvoopo A-x, (to omoio eivor pun undevikd S10tL o wivaxag A sivar

7 —_— ¢ ’ )4 7 4 4
aVTIOTPEYIHOG Kot Xy # 0) elvon emiong 101001dvucua Tov B mov avtiototyel otnv 1010TIun Ay.

Ene1dn oumg avth n wbrotipy stvar omhn, éxel molomhotnta 1 kot mpémet ta StovdopoTo X,
Kot A - X, va etvat cuyypoppiKd.

7, 7 /4 r . —_—> und —> I4 14

Apa vrdpyet aplOuog Uy TETO0G MOTE A - Xg = U * Xo KOl TO X €ivor 1010dtdvucua tov A
OV AVTIOTOLYEL OTNV 1O10TIUN Uy TOV A .
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