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MAJHMATIKH ANALUSH I
FULLADIO ASKHSEWN STHN ENOTHTA

��ORISMENO OLOKLHRWMA��
( G. Smurl c)

1. DÐnetai h sun�rthsh f : [0, 3π]→ R me

f(x) =


2, x ∈ [0, π]

sinx, x ∈ (π, 2π]
cosx, x ∈ (2π, 3π].

Na deÐxete ìti h f eÐnai oloklhr¸simh sto di�sthma [0, 3π] kai na upologÐsete to∫ 3π

0

f(x)dx. 'Eqei h f par�gousa sto [0, 3π]? [Na dikaiolog sete tic apant seic

sac.]

2. DÐnontai oi sunart seic f, g : [1, 2]→ R me

f(x) =

{
1, x rhtìc sto [1, 2]
−1, x �rrhtoc sto [1, 2]

, g(x) =

{
x, x rhtìc sto [1, 2]
−x, x �rrhtoc sto [1, 2].

Na deÐxete ìti oi f, g den eÐnai oloklhr¸simec sto [1, 2]. [Gia thn f na qrhsimopoi -
sete ton orismì thc oloklhrwsimìthtac Riemann.]

3. Na upologÐsete to olokl rwma

∫ π/2

0

√
1 + sin x dx.

Upìdeixh: Antikat�stash x =
π

2
− 2t .

4. Na upologÐsete to olokl rwma

∫ π/4

0

ln(1 + tanx) dx.

Upìdeixh: Antikat�stash x =
π

4
− t. Ja qreiasteÐte kai thn tautìthta

tan(a − b) =
tan a − tan b

1 + tan a tan b
.
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5. 'Estw f : [a, b] → [0,+∞) oloklhr¸simh kai g : [a, b] → R aÔxousa. DeÐxte ìti
up�rqei ξ ∈ [a, b] ¸ste∫ b

a

f(x)g(x)dx = g(a)

∫ ξ

a

f(x)dx+ g(b)

∫ b

ξ

f(x)dx.

Upìdeixh: Je¸rhma Bolzano se kat�llhlh sun�rthsh.

6. Na prosdioristeÐ suneq c sun�rthsh f : R→ (0,+∞) tètoia ¸ste

f(x) = (1 + x2)

(
1 +

∫ x

0

f(t)

1 + t2
dx

)
, x ∈ R.

7. (i) Na deÐxete ìti an f : [a, b]→ [0,+∞) suneq c, tìte isqÔei h isodunamÐa

( f(x) = 0, ∀x ∈ [a, b] )⇐⇒
∫ b

a

f(x)dx = 0.

(ii) An f : [a, b]→ [0,+∞) oloklhr¸simh, isqÔei p�nta h parap�nw isodunamÐa?
(An ìqi, na d¸sete k�poio antipar�deigma.)

(iii) Na deÐxete ìti den up�rqei suneq c sun�rthsh f : [0, 1]→ [0,+∞) tètoia ¸ste∫ 1

0

f(x)dx =

∫ 1

0

xf(x)dx =

∫ 1

0

x2f(x)dx = 1.

8. Gia tic parak�tw sunart seic, na exet�sete an eÐnai oloklhr¸simec sto [0, 1] kai e�n
èqoun par�gousa sto [0, 1]:

f(x) =


x sin

(
1

x

)
, x ∈ (0, 1]

0, x = 0

, g(x) =


sinx

x
, x ∈ (0, 1]

0, x = 0

,

h(x) =


1

x
, x ∈ (0, 1]

0, x = 0

, k(x) =


1

x
cos

(
1

x2

)
, x ∈ (0, 1]

0, x = 0
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Gia thn k(x) na jewr sete kai th sun�rthsh

K(x) =


x2 sin

(
1

x2

)
, x ∈ (0, 1]

0, x = 0

.

9. DÐnetai h sun�rthsh f : [0, 1]→ R me

f(x) =


0, x ∈ [0, 1] \ A

1, x ∈ A
,

ìpou A =

{
1− 1

n
: n = 2, 3, 4, . . .

}
. Na deÐxete ìti h f eÐnai oloklhr¸simh kai ìti∫ 1

0

f(x)dx = 0.

Na qrhsimopoi sete to BASIKO LHMMA: ��E�n h f : [a, b] → R eÐnai
fragmènh sto [a, b] kai oloklhr¸simh se k�je upodi�sthma [c, d] ⊂ (a, b), tìte
eÐnai oloklhr¸simh sto [a, b].��


