MA®. ANAAYXYH, YXEM®E, 5/2/2021
OMAAA A (O AM Mjyeroe 0, 2, 4, 6, 8)
A. (3 uov) Ané 71§ napakdrw mpotdoelg PBpeite mo1ég etvar aAndeis kar toiég
etvar pevdeis dikaiodoywvtag TANPwWS TNY andvTnon oag:
3 3

(A1) (0,5 pov) Ioyver 6Tt tan (arcsin <_5)) =-7 AAHOHYX

ATTANTHXYH: 'Ectw arcsin (—g) = 0. Ano tov oploud Trg arcsinx éncton 6Tl 0 €

[—%,g]. ‘Apa cos > 0, onéte cosf = /1 —sin’d = /1 —(=3/5)2 = 4/5. Onére

tanf = sinf/ cos @ = —3/4 xou cuvendec N mpdToon elvon oAndhc.

(A2) (0,5 uov) Av f: R — R ouveyrc xou un atodepr) cuvdptnon tote undpyouvy = € R
ue f(z) pnto. AAHOHYX

AITANTHXH: Ago0 7 f eivon un otodepr} Aaufdver ToudyloTtov 500 BlapopeTinég
TWéS xon ool ebvon cuveyric AauPdverl xon OAeC TIC eVOLdUEDES. ATO TNV TUXVOTNTA TV
eNTOV EMETL OTL AopPBdvel xan PNTES TWES X0t CLUVETKG 1) TEdTACT ebvar ahnirg.

(A3) (0,5 pov) Eotw 1 ouvdpmon f : (0,1) U (1,2) e f(z) = 2 av 2 € (0,1) xo
flz) =2 +1ava € (1,2). Téte (o) n f etvon ouveyhc (B) n f Bev ebvar opolduoppo
CLVEYTC. AAHOHXY

AITANTHXH: H f eivar cuveyfic ool eivon cuveyrc oe xodéva and ta 0o Zéva
Sloo TaTor Tou Slaepilouv To medio oplopol tne. Emione Bev elvon ogolduoppa cuveyic
aol yior € = 1 xou yoe xdde 6 > 0 umdpyouv 0 < 2z < 1 <y < 2 pe |y —z| < 0 xu
If(y) = f(@)| =y*+1—2%>1. Apa n tpdTaon etvon ahndvic.

(A4) (o) (0,5 pov) Av f : R — R napoyoyiown pe f/(z) # 0 tote n f eivor yvnolwe

LOVOTOVY). AAHOHX
(B) (0,5 wov) Av f: R — R napoywylown xo ywnoiwe povotovn t6te f/(z) # 0 yio xdie
x € R. YEYTAHY

ATTANTHZXH: (o) Ané 1o Oetpnuo Darboux 1 f Swtneet mpbonuo. Apo eite f > 0
ff <0, Av f/ > 0 and 1o Oeodpnuo Méone Twrc n f eivon yvnoloe adlouoa. Avtictouya
av f1 <01 f elvon ywnolwe @iivousa. Apa 1 mpdtaon etvar ahndrc.

(B) H npodraon ebvon peudhc. Iy. av f(z) = 2® t61e 1 f ebvou yvnolong adZovoa ohhd
f(0)=0.

(A5) (0,5) Kéde f: [a,b] — R ohoxhnpwotun éyet avTimopdywmyo. YETAHX

ATITANTHXH: H rmpétaon eivon peudrig. Iy. xdde povdtovn elvon ohoxhng’oyun ohhd
xo(9e povovn dev €yer avtinapdynyo (my. f:[0,1] = R ye f(z) =0 av z € [0,1/2] x
f(x)=1avz € (1/2,1]. H f eivar adZouvoa odhd Aoyw Darboux dev undpyet F: [0,1] — R
ue F'z) = f(x).



B. (7 yov) Na ypdipete tnnv AVon twy enOUeV@Y AOKTEWY :

)
B1. (1 yov) Eoww A = {7x f_ 51%> 0}. Beelte to sup A xau inf A.
AYXH: Eivor inf A = 0 xow sup A = 5/7. Hpdypatt,

S 5% 5

< < ===
Tx+2 Tz 7
vl xde & > 0. Luvenog to 0 ebvon %o @pdyua tou A xon 10 5/7 dve @edypo. Méver va
detydel 6Tt 1o 0 elvan to Y€YLoTO XdTL PEdyua Tou A xon To 5/7 T0 eENdyYLoTO dvey QEdyUL
Tou. Emelon
32
lim ———— =0
230 427 + 5

€youpe OTL yia xdde € > 0 umdpyel 6 > 0 ue <eotav 0 <z < 9. Apa ya xdde € > 0

5x
Tx + 2
umdpyouy a € A ue a < €, ondte omolocdNnoTe apLiude peyakitepog Tou 0 Bev elvon xdTw
pedrypa Tou A. Xuvenoe to 0 eivan to ueyahitepo xdtw @edypa Tou A, dnhadr inf A = 0.

AvticTowya
. 5% 5
lim = —
z—+o0 12 -+ 2 7
5
T2 > ?—eéwvx>M. ‘Apa ya xdde € > 0

3
umdpyouwy a € A e a > 1 €, on6TE 0TOGONTOTE apiude UxpoTEPOS Tou 5/7 Bev eivar

onote yia xde € > 0 umdpyer M > 0 ye

dve @pdrypa tou A. Autd onuaiver 6tL to 5/7 elvon To pixpdTERO dved pdypo Tou A, dnhadh
sup A =5/7.

B2. (o) (1 pov) Beeite 10 lim  "/n.

n—-+o0o

(B) (1 pov) Troroyiote t0 6pto lim WIM 4 omt e

n——+00
AYXH: () Eyouue
1< %Vn<n
Tl3 n ’ 7
Mpsyporn, 1< v/ < /i 1< (V)" < (Ya)" &1 <n<n™, mouoybe. Enedi
lim,, 100 ¥/n =1 and Oedpnuo Iooouyxivoucdv axohouvhmy éreton 6t lim,, 4o /n =
1.

(B) Eivou

: 3
1< ni/an +2n2++nn2 < n /n.nn2
Erneon
e . n3 3 . 3 .
lim Vn-n" = lim “/n- lim {n=1

n—-+o0o n—-+00 n—-+o00

T and Oedpnua Ioocuyxhvoushv axorouthdy, lim, VI Lo L g = 1.



B3. (1 pov) Av f,g : R = R ovveyelc ye f(z) < g(z) v xdde z pnréd deilte 6t
f(z) < g(z) v xdde x € R.

AYXH: Eotww x € R. Ané v muxvétnta tov entov ato R undpyet oxolovdia (ay,)
UE an pNT®V yio xdde n € N tétowa OoTe a, — . Ano v cuvéyeo e f xan TNV Apym
Metagpopdc €youpe

f(@) = lim f(a,) % gz) = lim g(a,)

n——+0o n——+oo

Amé Tic 1816TNTEC TWV 0plwV EYOUNE
flan) > g(a,) = lilll flan) < lim g(ay)
n—-+oo

n—-+o00

Ané to mopamdve éneton 6t f(z) < g(x).

B4. (1,5 pov) Eotww f :[0,1] = R ohoxinpdowun ouvdptnon ye f(z) > 0 yio xdde
z € [0,1]. Av v xdde ¥ > 0 xou yw xédde ¢, d € [0,1] ye ¢ < d undpyer z € [c,d] e

1
f(z) < 0 Sei&te 6T / f(z) dz = 0.
0

AY S H: Apxel va 6ei€oupe 6L xdde xdtw ddpotopa L(f, P) tne f elvou (oo pe 0. Tlpdy-
HOTL, oV AUTO LoYUEL TOTE T0 GUVORO OAWY TV xdTw adpotoudtwy tng [ elvar To wovocoivoho
{0} xou dpar To %4t ohoxApwua e f, ¢ supremum Tou GLYOAOU AUTOL Elvol Xot oUTO
{oo pe unoév. Emeidr] todpa 1 f elvon ohoxhnp®otun to x84t ohoxAfpnud g eivan (6o Ue To

1

ONOXA WU TNG o dpol / f(z) dz = 0.

‘Eotw howmdéy P = {0 2 T < 1 < -+ < x, = 1} plo dopéplon tou [0, 1]. Eyouue
L(f,P) = > miAx; 6mouv m; = inf{f(z) : = € [z,_1, 3]} xu Azx; = z; — z;-1. T
va 6ei&oupe ot L(f, P) = 0, Yo yenotponotioouyue par ouvidn taxtxy otnv Avdiuon tou
Aéer oTL évac apriudc a € R ebvon toog pe 0 av xaw pévo av 0 < a < ¥ yia dda ta ¥ > 0
(Ipdrypartt, av a = 0 t61e tetpyéva éyoude 0 < a < ¥ yu dha T ¥ > 0. Avtiotpoga, ov
0 <a <9y bého ta ) >0 t6te @ = 0 dudTL Sropopetixd, av a # 0 Yo énpene a > 0 (apo
a > 0) xou dpo yioo ) = a/2 > 0 Yo elyope 0 < a < a/2, mou elvon BéPona dromo).

Karapyde napoatnpotye 6w L(f, P) > 0. Ipdyuatt, agod f(x) > 0 yw xdde = € [0, 1],
éyoupe 6Tt T0 0 elvon x4t @edypo Tou ouvéhou {f(z) : = € [x;_1, 2]} Y Ohot T G =
L...,n xu dpa m; = inf{f(z) : = € [z;-1,z]} > 0, yiw dha T ¢ = 1,...,n (¢ T0
HEVITTO %G QEdryUa). LUVETEC,

i=1
Eotw topa éva v > 0. And tny unddeor pog €youpe 6Tt yloxde i = 1,...,n, 010 BLdo TN

[Ti_1, z;] undpyer o} pe f(z)) < 9. Apo m; = inf{f(z) : x € [x;i_1, 7]} < f(z)) <V v
Ot t = 1,...,n. YUVETKC,

=1 =1

enedf Y. Az; = 1 (to whxog tou [0,1]). And ta nopandve éxoupe 0 < L(f, P) < 9 yw
x&e ¥ > 0 mpdypo mou 6mwe eldoue onuaivel 6t L(f, P) = 0.



B5. (1,5 pov) 'Ectww f : [a,b] = R nopaywyiown cuvdpetnon. Av f'(a) < f'(b) dellte
fx2) — fla1) — 0\

oty xdde A € (f'(a), f/(b)) undpyouy 21 < x5 010 (a,b) e pa—
2 — T1

AY Y H: Oa Mcouye Ty doxnon oxohovdwvtog Ty pédodo tng anddellng tou Ocwer
uatog Darboux. ©étoupe g(z) = f(z) — Az, = € [a,b]. Aol f'(a) < A < f'(b) éyouye
g'(a) <0 < ¢'(b). Hapatnpolue 6T opxel va deifouye 6Tt undpyouy =1 < x3 6710 (a,b) pe

g(a:l) = g(xQ) (OCCPO\/) tbte M =0 %o d(pO( f(3622)*f(551) — )\)

Ty — T1 2
Hpdryport, enedh ¢'(a) = Jlgr(ll W < 0 éneton OTL uTdpEyeL 6; > 0 TéTolo WoTE
(1) 0<$—a<51:>W<0:>g(x)<g(a)
AvticTotya, enedn ¢'(b) = glclgé w > 0 éneton OTL UTiEYEL b2 > 0 TéTol0 WO TE
(2) 0<b—x<52:>M>0:>g(m)<g(b)

7 —
Anb v ouvéyelo tne g undpyet £ € [a, b ue

9(§) = min{g(z) : x € [a, b]}
xou omo e (1) xou (2) ovunepaivouye 6t € # a, b xou dpa

9(§) < gla) xou g(§) < g(b)

wodlvapa g(§) < m énou m = min{g(a),g(b)}. Eotww n € (g(¢),m). Tote g(&) <n <
g(a) xou dpa amd Oedenua Eviduecwy Twov vrdpyer 21 € (a,§) pe g(z1) = n. Oyolwe
g(&) <n < g(b) xou dpa undpyer x4 € (£,b) pe g(xs) = n. Apo undpyouvy 21 < z3 610 (a,b)
ue g(x1) = g(xz) xou 1 anddelln ohoxAneddnxe.

IMapatrpnon yiwa tnv ‘Aoxnorn B5: H doknon Aéa du éva €idog avtiotpopou
tou Ocwpnpatos Méons Tiuns wyve. (2§ yvwotdy, to Oedpnua Méong Tiung Aéea on
kdUe Abyos petaforns f(x;) i(% pas mapaywylouns ovvdptnons fioovtar pe f'(§)
yia kdmowo § € (1, 22). (%UO’ICZlO"CZKa’, emedr) o A s doknons evar oo pe f'(€) ya
kdrow & € (a,b) (Guunleite dnt and to Ocdpnua Darbouzr to olvodo Tiudy s tapaywyov
pas owvdptnong eivar fidotnua) to epadtnia e to omoio acyoleftar n doknon evar av
wxVel to avtiotpopo touv OMT, 6nAadrj av ya kdbe & € (a,b) n uun g mapaydyov f'(§)
mpaypatonoleital kar ws A6yos uetaPodns ya kdrnowa x1 < xo pe £ € (x1,22). H doknon
Aéer 6Tt OvTws autd ouuPaiver av emmAéov vnoUéoouue ot to f'(§) elvar eocwTepikd onueio
Tou o THHATOS Twy TUY TS mapayoyov. Av o f'(§) elvar dkpo tou Saotiuatog twy
Tupdy s rapaydyov mbavéy va uny woyvel. Ily. Gewpeiore tnr f(x) = 2% ka1 & = 0. Tére
o Sidotnua Tudy s tapaydyov evar to [0, +00) pe to f'(0) = 0 va evar dkpo Tov kai
kdUe Aéyos petaporns tng f elvar yvrjoa Oetikdg agov n f elvar yvnoiws atvéovoa.



