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KE®AAAIO 1

Ewcaymyn

1.1. Oporoyia kon copfoiicpoi

Me N, Z, Q ko R evvoodpe To GOVOAX TOV PUOIKOV, AKEPXIMY, PNTOV KO TPOY PO
TIKOV aplOpmdv avtictorya, 6mov 6to N ooprepiiapfavovpe kot to 0, £T61 TOL

N=1{0,1,2,...}.

To dvvapocdroro P(X) evog covdrov X eivor 1o 6OVOAO OAOY TOV DTOGOVOA®Y
Tov X.

Aocpévov §0o pn kevov covorov X kat Y copforilovpe pe YX 10 6drolo dhmv
TV sovaptiee®v and To X 610 Y. Av (X;):er eivon pia 01KkoyEveld pn KEVOY GOVOADV
ooppoliCoope pe | [, Xi tnv owoyévein 6Aov tav covapticeov f : I — | J,c; Xi pe
f(@) € X; yiaxdBe i € I. Ztnv mepintoon 6mov X; = X yix k&be i € I Tt TO 6OVOAO
[Tic; Xi eivon mpogavis to X!, Oa pag aracyorficovy biaitepa cOVOAX TG HOPPAS
XN

M évo-Ttpog-évar covapTnon o KAAEITOL KOt LOVOHLOPPIGIOS EVAD 1o €L GOVAP-
Tnomn Oa kodeitor Ko ETPOPPLEROS. Me Tov 6pO LGOHOPPLGHOS 1| AVTIGTOLY IO EVVO-
OUE I GLVAPTNCT OV eivan EVa-tpog-éva Kot enti. Emtiong copfolioope

f: X —Y < 1 f eivo povopoppriopde,
f: X —»Y < 1 feivou empopiopog,
f: X—>Y < n f eivon .copoppiopdc.

AvfeYX, Ac X xou B C Y copPoriCoope pe f[A] tnv eteéra Tov A kétwm amd
v f xou pe f1[B] tnv avtictpoen eucdra tov B kdto oand Ty f, Snhadn

flAl ={yeY | ondpyerz € X pe f(z) = y}
fBl={xe X | f(z) e B}.

O mepropropdg poag covéptnons f : X — Y oto ocdvoro A € X ocopPoriletan
pe f|A. Ztig svvaptioes f : X — Y copneptAapfarovpe Kot Tic TEPITOGELS OOV TA
X, Y eivou keva pe Ty mpodndBeon ot dev Exoope X # J koY = F. Av é€yovpe pio
ocovaptnon f @ X — Y ko tovldyotov éva and ta X, Y eivon To kevd odvolo toTE
Ba Aépe 0T N f eivon 1) KeVI] 6OVAPTNGT. Oepolie OTL 1] KEVI COVEPTNOT givat TAVTA
HOVOHOPPIGHOG Kol TG 1) f : & — & eivon 1IGOHOPPIGHAC.

IToAAEG popég OTav Ypapovpe PoONPATIKEG TPOTACELS Ot ) PNGIHOTOI0V|E TOVG AO-
YiKo0G TeleoTég NG dlevéng v, 60evéng &, dprnong —, kat AoYiKiG GOVETXY®-
YIS —, mov opilovton wg e€ng:

P(z) v Qy) = 7oz éyertnuidiotnta P toy tnv Q
P(z) & Q(y) < 7o x éxernridivtnta P ko to y tnu Q
—P(z) < 710z 8ev éxer TN idivotnTa P
(y)

P(z) — Q(y) < av 7oz ¢yer v ididtnra P tote to y éxer tny Q.



Me tov 6po “nocodeiktng” evvoolye gite To 3 (vrapérokds tocodeiktng) eite to V
(kaBoAikdg TocodeikTng). Otav ypdovpe Aoyikég Tpotdoelg pe cOpfora B Tapaei-
TOVHE TIG TopevBEsels o0 eivon dovatov. [Na Tapdderypo pe

JielIVjeJ(i,j)e A

€VVOOUE OT1 LIAP)EL Eva 6ToLYElo ¢ TOL [ €Tol Mote yia K&Be ototyeio j Tov J 1oy vel
(1,7) € A.

Idwxitepn onpacio £xyoov o1 tocodeiktes pe “kevd medio” dnhadi o1 ekppdoeig i € 1
ko Vi € I 6mov I eivon To kevd ovvoho. Kabe éxppaon tng popeng

Jie I P(i)

e I = & eivon mawro weodig yroti eivon Aoyikd icodovapn pe tnv 3i (i € & & P(i)).
And Ty dAAn k&Be £kPpacn TG HopPNS

Vie I P(i)

vy I = ¢ givon ndvto ohnOig yiati eivon Aoyika iooddvaun pe tnv Vi (i ¢ & v P(0)).

1.2. ApiOpnoipa ko vIepaplOpncLLa cOVOAX

Abvo ocovora A, B ovopdlovtal LGomANOIKE av vdpyel pia Eva-tpog-éval Ko et
covaptnon f : A»—» B. Xe aouth Ty nepintoon ypdpoope A =. B. Avtihopfavopacte
T oxéon =, og padnuatiki Ek@pact tng droncOnTikng évvolag “to A éxer To id10 TAfB0g
otowyeiov pe to B”. H Bedpnoi pag 6t1 n kevi) covdptnon f : & — & eivon éva-tpos-
éva ko emti ek@palel T Paciki apyf OTL TO kevd cOrolo £xel Tov id1o ap1Bud cTolyeimy
L€ TOV €XLTO TOV, GLYKEKPIPEVA KADOOAOL GTOLYEIN.

Ou Aépe 6t1 TO 6OVoAO A £xel TANOGPIORO pikpotepo 1) ico arnd to B ko O ypd-
poope A <. B av orapyerl o éva-tpog-éva covaptnon f A — B. Avtihoppovod-
poote THY Ekppoact <. og pabnpatiki ékppacn tng diancOntikig évvowng “to A €xet
pikpdTepO 1 ico mABog otolyeinv and to B”. H Bedpnoi| pag 6T1 | kevii covdptnon
[+ & — B eivon ndwvra éva-npog-éva ekppdlel Tn Paoiki apyf OTL TO KEVO GOVOLO £xEL
nhvTa MydTEPA GTOLYEIX OO OTOLOONTOTE i1) KEVO GOVOAO.

O1 o mvw opropoi Ba eiyav pikpd voMpa av dev eraiBevar Tnv €€ BepeMmon
anaitnon:

ov
T0 A éxer pikpotepo 1 ico TAfog otolyeiov and To B kot
0 B &yer pkpodTepo 1 ico TAnBog otoryeiov ard to A
Tote

70 A xat to B éyovv to id10 nAf00g oToryeimy.
AVTO IKOVOTOLEITO Y100 TOVG T1O TAV® OPIGHODS A0 TO EXOUEVO ATOTEAEGHA.

Oedpnpa 1.2.1 (Schroder-Bernstein). ' éla ta cvvoia A, B av A <. B kau
B <, Atére A =, B.

‘Eva 60voho A givon memepacpévo av eivon givon 160mAn0iko pe to covoro {i € N |
i < n}ykdroon € N.Otov n = 0 1o tedevTaio cOVOAO givan TO KEVO £TG1 TOL TO KEVO
cbrvolo givon memepacpévo. To A givon aprtOpiepo av givon Tetepacpuévo 1 160TANOKo
pe o N. Onwg givon yvwotd ta akdAovba givan 100dOvapa:

e 70 A givon ap1Bpnoipo,
e AN,

o A = Jf omapyer empop@iopdc m: N — A (61 arapaitnTto EVa-Tpog-£var).
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O televTaiog YApoKTNPIGHOS Aéel OTL T aplOUNGIHA GOVOLA eivot AKPIPOS XVTH TOL EML-
déyovton o amapibpunon A = {w(0),w(1),...,7(n),...} = {zo,T1,...,Tn,... }, Y0-
pic va pog aracyolei av kdnoleg Tipég enovalappavovtal, SnAadfh exrtpénoope m(n) =
w(m) i n # m.

Mepikd ook ATOTEAEGHATA GTA APIOPNCIHX cOVOAX givan Ta €€Ng:

o Av (A,)nen givon pia akolooBia amd apbpicipa covora tote N évoon |, .y An
eivan aplOpPNG1Ho GOVOAO.

e Avta Ay,..., A, glvan aplBpfocipa cOVola TOTE TO KapTestavd yivdpevo Ag X - - - x Ay,
eivan aplOpNGILo GOVOAO.

e Av 7o B givon apiBpfoyro ocdvoro ko A <. B tote T0 A givon apBpf|cio chrvoho.
And T TponyoLpEVA TPOKOTTEL E0KOAX OTL 01 aképatot apBpoi Z = N U (—1) - N
ko o1 pnroi apiBpoi Q <. Z x N eivon apBpnopa covvora. Zovenog N =, Z =, Q.
AMEG YYOOTES 100TANOIKOTNTES glvan:

N =, 10 cVvoAo OA®V TOV dAYEPPIKOV ap1Op®Y,

R =, P(N) = {0,1}" =, N,

R =, (a,b) = [a,b) = (a,b] = [a,b] Omov a < b,

R =, C([0,1]) = to cvvoro dAoV TwV cuveyd covapticeny f : [0,1] - R,

R =, R\Q = 7o 60voAo OA@V ToV Gppntov apidpdv.

Ou Aépe 6T éva oOvoro A £xer Tov TAN0Gp1Opo tov coveyovg av A =, R ko 611
10 A éyer TAn0aprOpo pikpotepo N ico tov coveyovg av A <. R.

Xe OAx T TPONYOOHEVX TAPAOEIYHATH PAETOVHE OTL OOV EYOVLE EVX GNELPO LIO-
ovvoho A tov R woyder eite A =, N eite A =, R. O Cantor, Bepehotiic Tng Bewpiog
oOVOAWY, £0EGE TO EPOTNHA KATH TOGOV AVTO TO GOUTEPAGHX 10} OEL Y1 OAX TA DTOGV-
voha Tov R. Avti ) TpdTACT £Y1VE YVOOTH ™G

Ym60eon tov Zoveyovg (Continuum Hypothesis).

T kdBe dreipo A < R ioyver eite A =, N eite A =, R.

Onwg anodeiyBnke amd Tovg Godel (1940) kou Cohen (1963) n YndBeon Tov Xove-
xovg givon aveéaptntn ond Ta covnOn afidpata Teov padnpatikov. Anhadr Sev propei
ovte v anodetyBei (Cohen) adld ovte kKou va dronyevotei (Godel) pe epyaieia Ta covn-
Oopéva aE1dpato Tov deYOPNOTE OTH HOONUATIKA.

ATO TV GAAN EY1vE YpTYOpa YV@OTO TG K&OE KAEIGTO DTOcVBLOAO TOL R 1Kowomotei
v Yr60eon tov Zoveyovs. BAénovpe Aoimdv 6T1 1) TPocOnKn g TOTOAOYIKNG GOVOT-
Kkng anowtd OeTikd 6To TPOPANp. Oa dovpe 6T N YTOOeoT TOL XVVEY0VG ENAANBedETX
and TOAD TEPIGGOTEPA “OpicIHA” COVOAA.

TéNog avapépovple To Yvootd artotélecpa tov Cantor 6Tty K&Be cOVoA0 A Exovpe
A <. P(A), dnrodh A <. P(A) kou A #. P(A). Zovendg vnapyovy GOVOAX |E HEYO-
Aotepn TAnbikotnTa omd To R, To P(R) ya mapaderypa. Amo Ty GAAN T sOvola pe Tox
omoia O acyoAnBodpe eivon covibwg <. R.

1.3. Ztoiyeior HETPIKAOV Y DPDOV KO TOTOAOYING

Aivovpe pa GOVTOUN AWAGKOTNOT TOV EVVoldY oL Ba yperxotodpe. MetTpiki oe
éva pn xevd oovoro X eivan pio oovaptnon d : X x X — R pe 1ig 1810tnteg

d(z,y) 2 0xud(z,y) =0 < =y

d(.’L‘, y) = d(ya 3?)
d(z,y) < d(z,z) + d(z,x)

omov z,y € X. To Levyos (X, d) ovopdleton peTpikos ydpog.
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H Srakpren petpikn oe éva ovvoro X eivan n

1, aovz # vy,
d(z,y) = omov z,y € X.
O,avx =y,

Extog av avagépeton dragpopetikd Oo Oewpovpe ta cvvora N, Z, Q ko R pe T
covin0n petpiki tng andotaons o(x, y) = |z — yl.

Ytovg endpevovg opiopods Bewpotue 0T pog diveton Evag petpikds ydpos (X, d).
INo k&Be pn kevd Y S X pnopoodpe va ndpovpe tov epropiopd d|(Y x V) = dy g
petpikig d 6to cvvoho Y, dnhadn dy (x,y) = d(z,y) yia kabe x,y € Y. O (Y, dy) 6
Aéyeton oy ®pog Tov (X, d).

Avz e X xour > 0 n avoikti prdda kévtpoo = ko aktivag r otov (X, d) givon
70 cOhrolo

Bj((x,r) = By(x,r) = B(z,r) ={ye X | d(z,y) < r}.

To onueio x eivon e6@TEPIKO onpeio tov A = X aw ondpyerr > 0 pe By(x,r) < A.
To A givou orvoikto av kibe x € A eivon ecwtepikd onpeio Tov A.

To ecwTepkd A° Tov A €ivan To GOVOAO OOV TOV ECHTEPIKOY GNUeiY TOL A,
1600V

A=V X | Viavowkto ko V < A}.
Mia akolovbia (z,,)neny oTov X cvykdivel 6to £ € X ©g mpog Ty peTpiki d ov

. . d . . . , .
lim d(z,,z) — 0. pagoope =, — x fj mo anrd z,, — x dtow 1 d givon capig and
n—oo

TO Keipevo, Y1 vt SnAdGovpe 0T1 1 () nen GOYKAIVEL 670 . Aépe 0TI i akoAovBia
(1) nen oTogEimy TOL A € X eivan cvykAivovowa 6to A av orndpyel x € A pe x,, — x.

Bva z € X eivon oprokd onpeio too A € X av yi kabe r > 0 onapyery € A
pe d(z,y) < r. Hapatnpodue 6T1 TO TPONYOOHEVO Y Pmopei va eivan ico pe To = (dtow
x € A), étol mov kdbe oTolyeio Tov A eivon Ko oplakd onpeio Tov A. Ltovg peTpikovs
YDPOLG TO T givon oplakd onpeio Tov A av vrapyet pio akohovdio (2, )ren 0TO A pe
Ty — T OGTPOG d.

To z eivon onpeio sueo®pevong tov A av yia ke r > 0 onapyer y € A\{x} pe
d(z,y) < r.Ztoug HeTPIKOOS YHPovs avTd givan 16080VapO pe TO OTL VILGPYEL aKOAOVD N
(Tn)nen 070 A pe x,, — x KU T, # T Y100 KGO 1 € N.

To onpeio z € A eivon pepovopérvo onpeio too A < X ov vmapyer r > 0 pe
B(x,r) n A = {z}. Eivou cagég 6t1 ta oprakd onpeio Tov A givon akpiffdg Tor pepovem-
péva onpeio pali pe To onpeion 6uocHOpeLONS TOL A.

To A eivon kKAEL6TO av TEPIEYEL OAX TA OPLAKd TOL onpeia (160dVVOA TEPIEYEL ONL
T oNpei GLECMPELSTC TOV) eVd TO A eivon TEAELO aw givan KAEIGTO Ko SeV ExeL pepo-
VOPEVQ oTpeia.

H k\eototnTa A Tov A €ivat 1o 6OV0A0 OAOV TOV OplaKOY onpeiov Tov A, 16080-
VOOt

A=N{F < X | F:xhewotoxou F 2 A}.

Mpogavig A° € A € A, to A eivon aworktd av ko pévo av A = A° ko to A eivon
KAe16TO av kot povo av A = A, Omwc eivon yvwotd To A givon avolktd ov kot povo av
70 copmhpopa X\ A givor kKAe16T0.

BEva D < X eivon wokvo otov (X, d) av yia k&0e z € X kon kaBe r > 0 10y0e1
By(z,r) n D # &. Hpogavag av to D eivon Tokvd vrocvvoro tov (X, d) tote kGbe
ototyeio Tov X eivon 6pro axorovbiog tov D. O petpikdg ywpog (X, d) eivon Sraympi-
GO OV £)YEL APIOUAGILO TUKVO DTOGOVOAO.

Eva K € X eivon oopmaryég av yia kaBe okoyevea (V) e AUOIKTOV DTOGOVOADY
o0 X pe K < | J,; Viondpyooviy,... i, € Ipe K < U?:l Vi, , OnAadn yio k&Oe avot-
KTO KdAoppa Tov K ondpyer menepacpévo vrokdAvppa. H copndysion otovg petpikods
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XDPOVG iVt 1I60JVVL e TNV KOAOVOLXKT) copTTayeta, dSnAadn to K eivon copma-
vég av ko povo av yio ke axolovbia (x,, )nen GTOLXEIOY TOV LRAP)EL LIUKOAOVDiN
(Zm,, )neN OV oLYKAivEL o€ kKamoto x € K. K&Be copmayés cdvoho eivar kKAE16TO.

M covéptnon f : (X,d) — (Y, p) avapeca ce peTpikods ydpovg ivon cove-
xNG 670 onpeio © € X av yux kdBe r > 0 vndpyer § > 0 étor wote f[By(z,d)] <
B,(f(z),r), 10odbvapa yix kdBe V' < Y mov eivan p-avoiktd vrdpyxer W < X mov ei-
vou d-oawoiktd €to1 wote f[W] € Y. Zopgpova pe Ty Apyii Metagpopdc yior HETPIKOVG
xdpovg 1 f eivon cvveyfic 670 x av ko povo av Yo k&be axolovbia (2, )neny oTov X pe
2, 5 z10y0e1 f(zn) 5 f(2).

H covaptnon f eivon eoveyng av eivan coveyig oe kdbe x € X 1) 16030VApX Y1
k&0e avoktd V S Y n avtiotpoen ekova fL[V] etvan avoiktd vrosdroro oo X.
Télog B Aépe 6T 1 f eival TOTOAOYIKOS LGOHOPPLGHLOG.

Abo petpikég dy kat do oto cbvoro X eivan 16080vVaeg, coppforikd di ~ do ow
nop&yovy Ty idia toroloyia, SnAadn yiukdBe V < X to V eivan di-avorkto aw ko povo
av 1o V eivon da-owoktd. Icodovapa d; ~ do av kot poévo av 1 TEDTOTIKT GOVAPTNGT)

id: (X, dy) —> (X, ds)

€ivaL TOTOAOYIKOG 1IG0HOPPIGROS, 16050vapa Yio KaBe akohovbia (2, )nen 6TO oOVONO
X xon xdBe x € X 10)0et

d1 d2
Ty 2T < Tp .

TNa kaBe petpikod yopo (X, dy) o1 covapthoelg
di
1+d;
eivan petpikég 10o0dvvapes pe Ty di . Hoapatnpodpe 6ti da, ds < 1, Y1’ avtd eivon oovn-
Beg va Bewpeiton OTL 1) PETPIKT TaiprEL TIPES PIKPOTEPES 1] ioEC Omd TN pOVAdWL.

H owoyéveia Tov avoktdv vrocovdinr Tov X wavonotei Tig €€l Paotkég 1916-
Tnreg: (o) To kevd ovvoro J kot Tto X eivon avoiktd ocvvdia, (B) onoladnrote Evwon
OVOIKTOV GOVOA®Y eival avotkTo, Kot (y) N TEXEPAGHEVT TOUT AVOIKTMOY GOVOAMY givon
oVOIKTO.

Muwx okoyéveln T vrocovdrov Tov X ovopdletal tomoloyia oto X av mepié-
XEL TO Kevd cvvolo & ko to X, yi kGbe owkoyévewn (A;)ier covdlwv tng T £xoovpe
User Ai € T, xou y1o k60e Ay, ..., A, € T éxovope [i_; Ax € T. Me @Al Aoytar piox
Tomoloyia tkavonolei T1G TponyoLpeves W10TNTES (), (B), (Y) TOV AVOIKTOV GOVOA®Y 1)
OAAIQOG 1] OIKOYEVELN TOV OWOIKTOY GOVOA®Y EVOG HETPIKOD YDPOL ATOTEAEL TOTOAOYIN.
AvTi TNV 01KOYEévELR, ONAXDT] TNV OIKOYEVELX TV AVOIKTMOV DTOGVVOA®Y EVOG HETPIKOD
xdpov (X, d) Ba tn Aépe N Tomoroyia Tov (X, d).

‘Bva Levyog (X, T) Méyetan Tomoloyikds x@pog av to T eivon Tonoloyia 610 X.
Ta ctoyeion tng T Aéyovton aVOIKTA GOVOAX TOL TOTOAOYIKOD Xhpov. Ta kKAELGTA vITOo-
GOVOAX EVOG TOTOAOYLKOD YMDPOL iVoil TO GOUTANPOPATH OvoIKTOV. Brag Tomoloyikdg
xopog (X, T) eivon peTpikomoreLpog 1 to amhd n 7 eivon HETPLKOTOLNGLIN OV DTAP-
xel petpiki) d oto X dote n T va eivon n) tomoloyio tov (X, d), dnhadn n oikoyévein tov
d-avorKT®Y DTOGVVOAMY Tov X.

O1 Tponyodpeveg EVVOlEg, OTWG Y10 TAPASELY LA TO ECMTEPIKO, 1 KAEIGTOTNTA, 1) V-
HTAyEL, T GOYKALGT), N COVEYELX, KOl 1] D1y MPICIHOTN T ENEKTEIVOVTOL GTO TAAIGIO TOV
TOTOAOYIKOV YDpoV avtikabiotdvtag T1 d-awoiktég prareg By(x, ) pe otoyeia tng
tomoAoyiag V' mov mepigyoov to x. Epeig Oo acyolnBovpe povo pe HeTPIKOTOGIHOVS
TOTOAOYIKOUG YDPOVS, TAPOA™ LT giva ypfiGIHO Vo PAETOVHE ALTES TIG EVVOLEG altd TN
OKOTI& TNG TOTOAOYING.

M otkoyéveia V amd vrocOroda evdg Torohoyikod yopov (X, T) eivon Bdon tng
Tomoroyiag Tov X 1 mo anhd faen too X av YV € T ko kdOe U € T eivon ico pe évwon
(nemepaopévn 1 drelpn) otoyeiov tng V, dnhadi vrndpyel owkoyéveia (B;)er ot EIOY

dy = min{dy,1} «xoar d3 =
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me V pe U = |, Bi. Ztovg petpikods xdpovg antd onpaiver 6T1 k&be cTotyeio tng
V givon avo1ktd GOVOAO Kol KABe avoikTd GOVOLO YPAPETOL MG EVOCT) 6ToLXEimY TNG V.
Av 1o D givon Tokvd vnocdvolo evdg petpikod xdpoo (X, d) tote to cdvolo

V ={Ba(z,q9) | g€ Q, ¢ >0}

anotelel Paon yio Ty Tomoroyia Tov (X, d). Ediotepa av 0 X eivon dwywpicipog
ToTE 1 ToToAOYiot TOL €xer apBpfcipn Pdon (xpnotponotodpe 6Ti To cbvoro N x QQ eivon
apBpnopo). Ioydet ko To avtioTpoPo: kdbe PETPIKOS XDPOG TOL £xel aptOpfcipn Pdon
eivan Saywpictpog.

M akohovBia (2, )nen otov (X, d) eivon Cauchy i fasiki av yio k@0e r > 0
vrdpyel ng € N £to1 dote yo kdOe n, m = ng woyver d(zy,, T,,) < 1. O peTpikds yHdPog
(X, d) eivon @npng o k&e axorovdia Cauchy eivon svykhivovoa otov (X, d).

O1 ponyodpeves KaTAoKEVES 160d0OVap®Y petpikdy d — min{l, d} kon d — T34

dtnpodv Ty TnpoTnta. Andadh av o (X, d) eivon TARpng HETPIKOS YDPOg TOTE O1
d
petpkoi yopor (X, d) xou (X , 1+d> eivon eniong mAnpels (Aoknon 2.1.10).
Amo Y GAAN 1) TANPOTHTA dev draTnpeitat YEVIKA KAT® and 100OVOVAHES PHETPIKES,
KOl EMOPEVOG OVTE KEAT® OO TOTOAOYIKOVS 1IGOHOPPIGHODG. QG mapdderypa Bewpodpe
o o0voro X = {27 | n € N} pe tig petpikég

plr,y) = [z —yl

1, avz # v,
d(z,y) = (SrakprTi) peTpikn).
O, vz =y,

Tote kdbe A < X eivou p-avoktd 6mmg emiong kou d-ovoktd. Eidikdtepa o1 §00
peTpikég eivan 100d0Vapeg kot 1) Tawtotikh covdptnon id : (X, p) — (X, d) eivon tono-
AoY1KOG 16opop@iopog. Emmiéov o (X, d) eivon TApng petpikds xdpog. Amd Ty GAAn 1
akoAOVOHA (X5 ) nen HE Tn = 27", n € N, givon p-Cauchy 1 onoia Opwg dev cvykAiver g
TPOG TNV p G kdmowo = € X.

[poxdnTEL O T MO TEAV® OTL 1) TANPOTNTO SEV EMEKTEIVETAL GTOVG TOTOAOYIKODG
YDPOVS. ZVUYKEKPIPEVA eV vadpyEeL 10T TA TOTOAOYIKOV YDpwV P €161 doTe yia kdbe
petpikh d avn T eivon petprkonoioipn and Ty d tote

o(X,T)eertmv P < o(X,d) eivon TAMpng peTpikds yhpoc.

INa va to §00pe avTod TAiprovpE TOLG PeTPIKoVS xdpovg (X, p) kou (X, d) Tov tpon-
YOOHEVOL TAPAOEIYHOTOS Kot PAETOVHE OTL EPOCOV Ol PETPIKEG €IVl 1IG0OOVAHES TOTE
Top&yovy TNV idix Tomoloyia T . Ao Ty GAAN 0 évog PETPIKOS XDPOG eivon TANPNG EVG
0 &Ahog Oy

Onwg eivon yvootd o1 18010TNTES TNG S0y WPIGIHOTNTAG KL THG GOUTAYEING d1oTn)-
pPOOVTAL KAT® QIO TOTOAOYIKODG IGOUOPPIGHOVG, 1| RAAMG Aépe OTI €IV TOTOLOYIKES
ot tec.

TéNoG aaPePOPROTE O KATOIES GLUYKEKPIPEVES KATACKEVES HETPIKDY YDPOV ATO
761 doopévovg. To evBb GBporcpa dvo petpikav ywpov (X, dx) ko (Y, dy) givon o
HETPIKOG PG (Z, d) pe

Z=({0} xX) U ({1} x Y)

dX(l’,y), wi=j=0

d((i,x), (j,y)) = {dy(z,y), wi=j=1
1, avi # j.
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Me arra Aoy Bempodpe d00 Eéva awtitorta Tov X, Y kot Ta TOToBeTOOpE G i
Betiki andotaon (n.x. 1) To éva and to drro. Eivon edkolo va diamiothoel Kaveig 0Tt
ta {0} x X kou {1} x Y eivon avoiktd ko khe1otd vrocHrvola Tov Z. Oa copforilovpe
70 gvBd &Bpoopa tov (X, dx) ko (Y, dy ) pe X @Y o O To evvoodpe ndvta pe Ty
70 TOAV® PeTPIKT| d.

To kaptesrtowd ywopevo tov yopov (X, dx) ko (Y, dy) givon To cbvoko X x Y
HE TN HETPIKN

d((z1,91), (22,42)) = dx (x1,91) + dy (22,72).
Extog ko av avapépeton dxpopetikd Ba Bewpodpe tov X x Y pe tny mo mdvo pe-
Tpiki d. Me 6po1o Tpomo opilovpe TO TENEPAGHEVO KAPTEGIAVO YIWOpEVO X1 X - -+ X X))
petpikdv yodpwv. Eidikoétepa otov R™ Ba Oewpovpe T petpiki

n
d(fag) = Z |IZ - yi|7 omov T = (‘Tlv' H 7I71)7g: (yla s ayn) e R™
k=1

Omnov Bewpovpe Ty 160dOvapun Evkieidia petpikn Ba To avapépovpe.
Av gyovope pa axolovBia petpikdv yopov (X, d,))nen TOTE Be®podpe Tov ympo
ywopevo [ [, .y Xn He TN peTpikiy

d(I,y) = Z 27" mln{dn(x(n),y(n)),l},

n=0
omov & = (2(n))nen, ¥ = (Y(1))nen € [ [eny Xn-
Av V), eivou Baon yio Ty Tonoloyiax (evdeyopévms kot 1 idia 1) Tororoyia) Tov X,
n € N, tote wa Paon yio TNy tomoroyia Tov | [, . Xn €ivon n orkoyévein V 6Awv tov
GOVOA®V TNG HOPPNG

neN

V()X~~~><VnXXn+1><Xn+2><...,

omov V; eV, yiuk&Be i = 0,...,nxoun e N.
Av (2;)en elvon axolovBio otoryeiov Tov [ |
x = (x(n))n €[ [,en Xn TOTE

nen Xn e T = (23(n))nen, © € N, kon

z; > xotov ][, X, < 7y Kk&Oe n 16 0L T;(n) s z(n) otov X,,.

O1 TpoNYOOHEVES KATAOKEVEG HETPIKOV YXDPWV GERFOVTAL TNV TANPOTNTR KOt T1) S10t-
YXOPIGIPOTHTA. ANAdT) TO €060 dBpoicua, memepacuévo kar dneipo-apiOunolo ywouevo
TMpOU KoL S1ay@PICILOV UETPIKOV YDPWV EIVOL TARPNS KAl S10y@PICIUOS HETPIKOS Y M-
pOg.

Eriong o1 mponyoOpeves KATACKEVES EXEKTEIVOVTAL KAL GTOVS TOTOAOYIKOVS YDPOVS
HE TPOTO IOV GEPETAL TH UETPIKOTOICLUOTHTA.

E&nyobdpe to mponyodpevo avarvtikd. ['a to e080 dBpoicpa S0 Tonoroyikmdy Y-
pav (X, Tx) ko (Y, Ty) maiproope dmog mo ndve X @Y = ({0} x X) J ({1} xY)
kot opiloope

VeTxgy < {zeX | (0,2)eV}eTx xu {yeY| (l,y)eV}ieTy.
Tote n owoyévewn Txgy. Mahota av o1 X, Y eivon petpikormoorpor tote o (X @

Y, Txgy) €ivon HETPIKOTO|CIHOG LE TN HETPIKT TOL AVAPEPAE TIO TAVE.
INa to xaptesiovd ywopevo X x Y opiloope

VEVXXY = V:VXXVY

omov Vy € Tx kou Vy € Ty . Oepodpe Ty 01KOYEVEIX Tx xy TOL TPOKVLITEL antd OAeG
T1G evioEls otoryeiov TG Vx xy . Tote n Tx xy €ivan tomohoyia oto X X Y pe Pdon
Vxxy.Avor X, Y eivon petpikonoroipor tote o (X x Y, Tx xy ) €ivan peTpikono|cipog
HE TN HETPIKH TOV AVUPEPAPE TTIO TAHV®.
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To Grepo Ywopevo opileTor Opot e Tpiv. Av £xovpe TOToAOY KOOGS ¥dpovs (X, Tr),
n € N, tote opiloope TV, 0G TNV OIKOYEVEIX OOV TOV COVOA®V TNG HOPPTIG

(11) ‘/OX"'XV;LXXH-&-IXX'IH-QX“-a

omov V; € T; yiaxk&Be i = 0, ..., n kou n € N. Oewpodpe Ty okoyéveld Ty AV TV
evhoenv and ototyeia TG V. ToTe N Top givon Tonoloyio 670 6OVoAo [ [,y Xy, YYOOTH
KOl ®G TOTTOAOYix YWwopevo, 1 onoix £xel fdon Ty owkoyéveld Vy,. Av ol X, n € N,
givon petpikonotoipot tote o (] [,,cn Xn, Too) EiVOL PETPIKOTONGINOG JiE TN HETPIKT TOV
QVOUPEPOPLE TTIO TAVM.
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KE®AAAIO 2

IHoA®vikoi Xmpot

2.1. OpLopiog KO PYLKE LTTOTEAEGPOLTO

Opiopdg 2.1.1. Evag tomoloyikds ympog (X, 7)) eivon IMlohwvikog xdpog av vwdp-
xel petpiki] d moo mapdyer tnv T ko o (X, d) eivon TAnpng kou Sioywpicipog petpikodg
X®POG.

M petpiki] d 6mmg o Téve O Aéyetar GORPATN 1] KOTAAANAN HETPIKT Y1 TOV
X. ZovBwg Ba copPorilovpe Toog ITodwvikodg ydpoos pe X, YV, kou Z ywpig va cop-
BoAiCovpe Ty TomOAOYia EKTOG GV XOTO KPIvETAL Y PHGIHO.

Mepika anha tapadeiypota [Hohovikav ydpov eivon to R to C xon To kAerotd vIo-
oVVOA& TOvG, OAa e T covBn tomoAoyia. Eva teTpippévo adld ypioipo Tapaderypo
[MoAwviko® ympov eivar To cOVOAO Twv PLoIK®OY aplBpdy N pe tn ocoviOn petpikn, 1
omoia eivan 16030V pe Tn dakpiti kot K&Be vrocHroro tov N eivan avokto.

To avoktd Swotnpa (0, 1) pe Tn covndn petpiki eivon draywpicipog odld oyt Thi-
pNG peTpikog ympog. Ommwg Ba dovE IO KATO LEAPYEL Hidl 1IGOSOVAUN HETPIKN WG TPOG
Tnv omoia givon AN peg ko cvvendg to (0, 1) ivon [Modwvikdg xdpog.

Ipoétaon 2.1.2. Aiverar évag [olwvikoc ywpos X kat évag tornoloyikos ywpog Y .
Av o1 X, Y eivair tomoloyikd icopop@ixoi tote kar o Y eivar [loAwvikés ywpoc.

Amoderén. Oswpodpe o coppati petpikn d yix tov X', Ko £vay TOTOAOYIKO 160-
popeiopo f : (Y, Ty ) — (X, d), 6mov Ty eivon 1) torohoyia tov Y. Opilovpe tn covdp-
monp:Y xY — Rpe

py1,y2) = d(f(v1), f(y2)).
Evkola propet va der kaveic 6t n p eivon petpiki) oto Y. EE opiopod 0
[ (Y, p)—(X,d)
eivon 1oopeTpion Ko emi.

Edkotepa o1 covaptioeis f : (Y, p)— (X, d) xou f=1 1 (X,d)—> (Y, p) eivon
ovveyeic. [Tpokontel eniong 6t1 0 (Y p) eivon TApNG Ko 1oy ®pPicIHog PETPIKOG YDPOS
(Aoknon 2.1.11).

Télog Seiyvoope 6T1 N p Tapdyer Ty Toroloyia Tov Y. [N k&Be A € Y mov aviket
oty Ty 10 6OVohO (f’l)f1 [A] = f[A] eivon d-awowctd yrawin f~1: (X, d) — (Y, Ty)
eivon ooveyfc. Enopévmg to ovvoro fL[f[A]] = A eivon p-awoiktd yioti n covaptnon
f: (Y, p)— (X, d) eivon coveyfic. Avtiotpopa Bempodpe 6T1To B S Y givon p-owoikto.
Ereldnn £~ : (X, d)—> (Y, p) eivou coveyiic to chroro (f_l)_l [B] = f[B] eivon d-
avoktd kon epocov n f 1 (Y, Ty) —> (X, d) eivon coveyng to f~L[f[B]] = B avikel
ot Ty. o

IMopropa 2.1.3. Kabe avoikto Sidotnua (a,b) pe a < b zov R pe mqy tomoloyia mov
mapayer n coving ueTpikn e anootaons eival [loAwvikog ywpog.

Amoderén. H ovvaptnon tng epantopévng tan : (—m/2,7/2) — R eivon tomohoyt-
KOG 160pop@IopO6 ko amtd Tnv [Ipotaon 2.1.2 to Sidstnpa (—m /2, 7 /2) eivon Iodovikdg
X ®pos. (MdMoTo amd Ty anddeén TnG TPOTAGTS LTOPOVHE VO SOVHE OTL 1 KATHAANAN
petpikn eivon n p(z,y) = |tanz — tany|.)



To Cntobdpevo mpokORTEL ATO TO YEYOVOS OTL OAX TOX [i1] TETPIUHEVA AVOIKTH S1GTH)-
poato Tov R eivon TOTOAOYIKA IGOHOPPIKG HETAED TOVG. ZOYKEKPILEVX OV €Y OVLE AVOIKTE
dwothpoata tpaypatikadvy aplBpov I = (a,b) xar J = (¢,d) pe a < b ko ¢ < d tote
noovdptnon f : I - R : f(x) = (d—c)- (b—a)~! (z — a) + c etvon Tomohoyrkog
1GOHOPPIoHOG peTaEd Tov I ko Tov J. o

Opropog 2.1.4. ‘Eotw X tomoloyikdg ywpog kau A < X. To A eivon F,, 6OvoAo
700 X aw vrdpyet akorovdia (Fr, )nen amo kAe16Td vTocOYVOA ToL X pe A =, .y Fr-

Eriong to A eivan G5 6dvoro tov X av vrdpyer akorovdia (U, )nen A0 QUOIKTE
vrocdvora oo X pe A = (), Un.

Eivou capég 0t éva cvvolo A © X eivon F, axpipadg dtoav to sopmiipopd too X\ A
eivon Gs5. Emmiéov eivan Eek&Bapo 6t1 kdbe kheloTd ovvolo F eivon F, kabBmg propodpe
va wapoope Fi, = F, n € N. Ioodbvapa kdbe avoiktd cdvolo givar Gs.

Télog mapatnpovpe 6T 1 apOunon évoon F, covolwv eivon eniong F,, cbvolo,
yozi ov Ay, = J;o Fils 0n00 n € N kéBe F! eivan kheroto, toten A = {F), | i,n € N}
givon apBpfoipn orkoyévein khetotodv covdrov kot |, An = J A.

IpoxdrTer 6t kKo N apOpfoun topf Gs covorwv givon Gs. Apyotepa Oa dodpe ot
16 VOVV 01 AVTIGTOLYES O1OTNTES Y1 TIG TENEPACHEVES TOHES (F, GLVOAWY) 1] EVHOELS
(G ovvdAY).

Opiopdg 2.1.5. Aocpévov evdg petpikod xopov (X, d) kon evog pn kevod A € X
opileTon n GLVAPTNOT TG ATOGTAGTIS ATTO TO GOVOAO A,

2.1) f:X - [0,40): f(x) =d(z,A) =inf{d(z, z) | z € A}.
Onwg eivon yvooto n f eivon coveyig covdptnon, Yo TNy akpifeix ioydet

|d($7A)_d(y7A)| gd(l‘ay)a xayEA

Ipotaon 2.1.6. Av o X eivair petpikomoujonos Tonoloyikos ympog 1ote Kabe kAel-
070 6000 Tov, ekToc and F,, civar kar Gjs.

loodvvaua kabe avoikto vroocvvoio tov X eivar Gs kar F,.

Anoderitn. Oempovpe éva kheloto F' < X, pio petpikiy d moo mopdyet Ty TOTOAO-
yioe tov X, ko T covdptnon tng andotacng and to F, f = (x — d(z, F)) and to (2.1)
mo tovw. (YroBétoope 0T1 F' # (J aAM®G TO GOUTEPAGHA givon TpoPaves.) o k&Oe
n € N opiCoope

U,={zreX|dxF) <2 "}

Tote U, = f~1[(=1,27")] xou apo0 1 f eivon coveyfic To cvvoro U, eivon avorktd
vrocbrolo Tov X yia kdbe n € N.

Enedn d(z, F) = 0 yia k&Be = € F eivon cageg 011 F < (), .y Un. YroBETOOPE OTL
x € Uy, Yo x6e n € N. Tote vrdpyer akorovdia (2, )nen péoa and to F pe d(x, x,) <
27" v k&Oe n. Eropévog z,, — x ko a@od to F' eivon kAerotd €yovpe x € F.

Katafyoope 611 F' = (), oy Un kot pa to F givon G5 6ovolo. o

Opwopog 2.1.7. Av éyoope évav tomoroyikd yopo (X, T) ko G éva pn Kevd vmo-
obYolo Tov X TOTE Pmopovpe v dovpe To0 G OG TOTOLOYIKO XMDPO HE TN G (ETIKT] TOTTO-
Aoyia tov X, dnAadi Tny Totoroyia T mov opileton o eENG

Te={VnG|VeT}

To Ledyog (G, Te) ovopdateton voympog tov (X, 7). Ttnv nepintwon 6mov o (X, T)
petpkoroteiton amd Ty d Tote 0 (G, Ti) petpikonoieiton amd tov nepropiopd d| (G x G)
g d oto G.

BOeovpnpa 2.1.8. Eotw X Ioiwvikog ywpog kan & # G < X. Tote 1o G ue
oyetiki tomodoyia tov X givar [olwvikog yawpog av kat uovo av to G eivar G s vmoovvolo
o0 X.
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Anode1En. Yrmobétoope apyikd 6ti To G eivon [ToAwvikdg ydpog e TN GYETIKN TO-
nohoyio Tov X'. Xtabepomolodpe pioe KATAAANAN peTpiki d yia tov X kou dg yioe tov G.
(Aev €yovpe amapaitnTa 0T1 1| di eivon o mepropiopds s d oto G.) N k&be n € N
opifovpe To cOHrvoro

Vi={xeX | Jawowto U pex € U xu Vy,z € U n G ioyverdg(y,z) < 27"}

Ioyvpilopaocte apyikd o6t kdBe V,, eivan avorktd vrocvroro tov X'. Eoto x € V,,, toTE
ondpyet éva avorktd U pe x € U kou yix kéBe y, z € U woyver dg(y, z) < 27" Yrdp-
xerr > 0 pe By(z,r) € U. T k&0 o' € By(x,r) to cdvoro U’ = By(z,r) eivon
avoiktd mov wepiéyet to o’ Eneidn U’ < U éyovpe eniong ot yix k&e y, z € U’ 1oydet
da(y,z) < 27" Apa =’ € V,, yia kdBe =’ € By(z,r) xou 10 z € V,, givon ecwtepikod
onpeio Tov V,,.

21 covéyela Seiyvovpe OTL

(22) G=NpenVanG.

Azo v mo ndve wotnta kon Ty [Ipdtaocn 2.1.6 (ta kAeloTd cOvora eivon Gs) Tpoko-
ntel 6T1 to G givon ) Topn 800 Gs GLVOAMY Kot GLVETHG givan G's.

Bexwdpe pe Tov eyKAeIopo G < (), oy Vo N G. BEoto z € G xoun € N. IIpopavig
x e G, deiyvoope 6tiz € V. H pméda By, (2,2~ (") tov G eivon avotktéd vmosdrolo
Tov G emopévmg vapyel U avoiktd vmocvrolo tov X pe

B (2,2~ ")) = U A G.
Tote yia k&Be yia ke y, z € U N G éxoope y, 2 € By, (z,2~ 1) kou covenmg
da(y, 2) < dg(y,z) + da(z, z) < 27D 4 o=(d1) — o=n

Apax e V,.

Avtictpoga, éotw x € G pe x € V, yix k&@e n € N. Tote vrdpyetr akolooio
avokTOV SOVOA®Y (U, )nen pe © € Uy, kou étor dote y, 2 € UnNGioyderdg(y, z) < 27™.

Mmnopotpe va vroBécoope ot ) axolovbia (U, )nen €ivon @bivovoa, oAb awti-
kabioToope k&de U, pe Ty topn ,_o Uk.

Agov z € G N U, yiak&0e n € N, orndpyer akoroodiat (1, )nen ond t0 G pe y, € Uy,
v k&Be n € N xon d(yn,, z) — 0. [N kdOe n = m éyoope y,, € U, < U, kou agod
Ym € Up 10%0€1 dG(Yn, Ym) < 27™. Aoto Seiyver 0t N (Yn )nen €ivon dg-Cauchy xon
apod o (G, dg) eivon mAnpng vndpyer y € G pe dg(yn,y) — 0.

And Ty GAn 1 Ttorooyia tov (G, dg) eivan 1) i pe T oyeTikn Tonoloyia Tov G
ntov ntaiprel and tov X. Ipokonter 6T d(yp, y) — 0 ko apo® d(yy,, ) — 0 éyovpe x =
y € G.'Eto1 éxovpe ko Tov GAAO eYKAEIGHO TNG (2.2) kou amodeifape Tn pia katevdovon
Tov BempnpaTos.

INa v avtiotpopn katevBVYGN vroBETOLHE OTL TO G €ivan 1) TORT piag akoAovBing
avoIkTOV 6OVOA®Y (U, ) nen ko Bétoope Fy, = X\U,, yia k&e n € N. Tote kdbe F), eivon
KAE10TO GOVOAO.

Bewpovpe d P KATdAANAN petpikf otov X ko yia k&e n € N n covdptnon
(z — d(x, F,)) tng ardéotacng Tov z and to F, 6nwg oto (2.1). Opilovpe

0
do(x,y) = d(z,y) + Y, min {277, |d(x, F,) ™" = d(y, F,) [}
n=0
omov x,y € G. Mapatnpovpe éttav x € G tote © € U, kou dpa z ¢ F, yio k&Be n.
Emopévag d(z, Fy,) > 0 kot dpa opiletan o avtictpogog apidpds d(x, Fy,)~L > 0.
Eivou edkolo va det kaveic 6tin dg givon petpiki 6to G. Agiyvoope 6tTin dg Topdyet
TN oyeTikn Torohoyia oto G. Ioodvvapa deiyvoope 6T1 N peTPIKh dg KOl 0 TEPIOPICHOG
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d|(G x G) tng d oto G x G givon 16080vapeg PeTPIKEG. OempodpE pio okohovBia (Y; )ien
oto G xou y € G. Agiyvoope 0Tt

d d
(2.3) Yi Sy = yi >y

H evBeia katevtOvvon givan caphg enedn d < dg oto G x G. Avtictpogo vro-
0¢toope 6t d(y;,y) — 0 ko éotw r > 0. Tote vRAP)EL i £TOL DOTE Yo K&OE © = ig
16 0eL

(2.4) d(yi,y) <r/3.

H 18¢a eivon v yopicovpe to drelpo dBporopa otov opiopd tng dg o€ 0o pépn, 6ToL
70 k&Be v givon pikpdTepo tov 1 /3. T kdbe ng € N 1oyvet

= o0
> min{27 [d(z, Fo) ™t —d(w, F,) 7} < D)) 2 =2m
n=ngo+1 nemot 1

omov z,w € G. Ondte hapfdvovtag apketd peydio ng € N éyovpe yix kdbe z, w € G,

[ee]
(2.5) 1 min {27, |d(z, Fo) ™! = d(w, F,) 7|} < /3.
n=ng+1
INo k&Be k < ng woyver d(y;, F,) — d(y, Fi) eneidi) n covapTnon g axdcToong
onpeiov and cbrolo eivar coveyng. A@od Ta y;, y awinkoov 6to G OTWG AVAPEPAYLE TTLO
mhww éxoope d(y;, Fy), d(y, Fx) > 0. Apa d(y;, Fr)~ ! — d(y, Fy)~L.
Emopévmg vndpyet 1 €161 doTe yio K&Be ¢ > 41 ko K&Be k = 0, ..., ng 10)0el

\d(yi, Fr) ™" = d(ys, Fyy)'| <min{27", r/3- (ng + 1)}

Apa
Z min{27”, ‘d(yi, Fp)~t —d(y, Fk)ill}
n=0
= > ld(ys, Fi) ™t = d(y, Fi) ™|
n=0
(2.6) < Z r/3-(no+1)"" =7/3.

n=0

And i (2.4), (2.5), (2.6) ko Tov 0piopo TG di £x0ovpe Yo KABe ¢ = max{ig, i1} 0Tt
de(yi, y) < r. Zovenog y; dg Y KO 01 HETPIKEG EiVO 1GOOVVALEG.

A@ov 1 Toroloyia Tov (G, dg) eivon 1) oyeTiki Totoloyia 6to G ko 0 X givon Sia-
XOPIoOG elvan capes OTL 0 PeTpikOs xdpos (G, dg) eivan Sioywpicipog (vrdywpog dia-
YOPIGIHOL peTpikod YHPoL eivon dloywPIcILOGS).

Téhog deiyvoope 0t 0 (G, dg) givon TMpng. Eoto (y;)ien dg-Cauchy axolovbio
otov G. E@ooov d < dg 6t0o G x G 1 (y;)ien €ivon xou d-Cauchy. Agov o (X, d) eivon
TApNG vrapyet y € G pe y; A y. Agiyvoope 0t1y € G = (), oy Un ko1 0T1 Y; % Y.

Eoto n € N, tote d(y;, F,) = d(y, F,,). Av eiyape y € F, 0o icyve d(y, F,) = 0
Ko qpox

d(yi, F) = 0.
1%, oo, Edwcotepa yio k&Be ¢ € N O vmipyov j, s = i pe

|d(y;, Fa) ™t = dlys, Fn) 7' > 27"

Enopévag d(y;, Fr)

Ko
de(yj,ys) = min {277, |d(y;, Fo) ™' — d(ys, Fo) 7'} =277
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Avtd Opwg eivon dromo yoti N (y;)ien eivon dg-Cauchy. Eropévag y ¢ F, = X\U,

dnhadh y € U,. Eneidn to n eivon toyaio katadiyoope y € (), oy Un = G.
A@ovy; 4 yKkoty;,y € G, i € N, npoxdntet amd T (2.3) 6T y; dg yxoo (G,dg)
efvon T pne. o

To mponyodpevo Bedpnpa diver pioe SedTEPN ATOSEIEN TOL OTI K&BE QWOIKTO 1~
otnpa Tov R eivon [Tohwrikdg xdpog kabds mg aworktd cdvoro eivan Gs.

Mopwopa 2.1.9. O dppnror apibuoi R \ Q eivar [lodwvikds yopos evd ot pnroi
aptBuoi Q Sev eivan [lodwvikéc ydpoc pe v cyetikn toroloyia tov R,

Am6derén. Toovvoro R\ Q eivon G5 vroctroro Tov R, evd o Q dev eivan G5 (yvo-
ot epappoyn Tov Bemprpatog Tov Baire). To {ntovpevo tpokdnTel amd 10 Oedpnpoa

2.1.8. o
Aocknoelg
Aoknon 2.1.10. T k&Be petpikod yopo (X, d) o1 covaptiocelg
d
= min{d, 1 = —
p=min{d,1} ko o T+ d

eivon peTpikég, o1 onoieg eivan 16odvvapeg pe Ty d kou av o (X, d) eivon Tpng kou
daywpioipog Tote 01 yopor (X, p) ko (X, o) givon exniong TAnpeig Kot Siaywpicipor.
Yopnepdvete 6T k&Be [Tohwrikdg ydpog emdéyetor copPoatn peTpiki d < 1.
Aoknon 2.1.11. Aivovton 6o petpikoi yopor (X, d) xou (Y, p) kou
[ (Y, p) = (X,d)
ETLOPPIGHOG. Av 1 f eivan woopeTpia, dSnhadr av ikavomolei

p(y1,y2) = d(f(y1), f(y2)), y1,92 €Y,

Tote 1 f eivon Tomoloyikog 1opop@iopdc. Mahota av o (X, d) givon TAfpng tdte Kou 0
(Y, p) etvon Thnpng.

Aoknon 2.1.12. T k&Be a < b to cvvoro C([a,d]) AoV TOV cOVEXOY GCLVAPTH-
ceov and To [a, b] 610 R pe tnu Tonoroyia Tng vOppag drelpo,

| Flloo = max{[f ()| | « € [a,b]}

omov f € C([a, b)), eivon TTohwVIKOG ¥DPOG.

Acknon 2.1.13. O1 akolovbiokoi ympotr /P pe 1 < p < 00 pe TNV Tomoloyio Tng
p-voppag | - |, eivon Iohwvikoi ydpot.

Aoknon 2.1.14. Av o1 (X, d) ko (Y, p) eivon mhfjpeig ko droyopicipor petrprkoi
xoportote ot X @Y o X x Y pe 11g petpikég mov avapépape otny Eicaywyn eivan
eniong TANPeIS Kot Sy wpicipotl peTpikoi ydpot.

Sopnepdivete 0T TO e0OO AOPOIGHA KOt TO TENEPAGHEVO Ywopevo [Todmvikmdv ydpov
eivan [ToAwrikog ymdpog.

Aoknon 2.1.15. Av (X,,, d,,)nen €ivan akolovBia TAfjpav Kot Siaywpicipey peTpt-
KOV xhpov toTe 0 [ [, .y X7 HE TN peTpiki mov avapépape oty Eicaywyh eivon eniong
TANPNG K1 Sy wPIGIHOG.

Sopunepdrete 0T TO dmelpo apiOpfcipo ywopevo Iohwvikov yopov eivon eniong
IMoAwrikodg ydpog.

Acknon 2.1.16. O1 ywpor R, n > 2 pe tnv toroloyia tng covbovg EvkAeidiog
petpiknc ko o RY pe tny tomoloyia ywoépevo eivon Molwvikoi yohpo.
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Aoknon 2.1.17. T k&Be petpikd yopo (X, d) kou kabe pn kevd covoro A © X
woyvern (2.1),

Yy K&Be z,y € A.

Acknon 2.1.18. To cbvVvolo TOV ONHEI®Y COVEXEING HING TOYXXING COVAPTNONG
f(X,d) = (Y, p)
givon G5 6Ovolo.
Aoknon 2.1.19. Ta covora (0,1] ko [0,1) U {3} pe tn oyetikn tororoyio Tov R
eivon ToAwrikoi ympot.
ToQ x (R\ Q) S R? 8ev eivan [orwvikdg vrdympog Tov R2.

2.2, Ilemepaopéveg akorovlieg

Ocwpovpe eva pn kevd ovvoro X . Me tov 6po memepacpérn akorovdia cto X ev-
voobpe pia sovaptnon u : {i € N | i < n} — X, 6mov n € N. Zopfoliloope o této1o
w pe (u(0),...,u(n — 1)). ZopreprhapParovpe oTic Tenepacpéves akolovbieg Ko Tny
Kkevi akoiovBia, tny onoia copPforilovpe pe A. Aoth TpokdnTEL 0md TOV TPONYOOUEVO
opiopod Y n = 0 6mov o nedio opiopod {7 € N | i < 0} tng u eivon To kevd cHYOAO.

TopporiCovpe pe X <N 1o sorolo dAwV Tov tenepacpévor akolovOimr 6to X . Eivon
COPES OTLTO TPONYOVUEVO N GTOV OPIGHO TNG TETEPACHEVIS AKOAOLOING eivon Povadiko.
To pikog poag nerepacpévig akohovdiog u : {i € N | i < n} — X eivon akpifog avtod
70 povadiko n kot copfolileton pe |ul. Etor éyoope

[u =0 <= u=A xu
u= (u(0),...,u(|ul — 1)), yKiOeue XN

INa mopaderypa Exovpe Tig nenepacpéves akorovdies u = (a,b, c) kv = (d, e)
670 cVOvoho {a, b, ¢,d, e} pfxovg 3 ko 2 avticTory.

Av éyoope € X koun € N, pe ()" evwoodpe TNy terepacévn akolovdia u
pfKovg n mov givon otabepi oto x, dSnradf tvu : {i e N | i < n} - X : u(i) = .
Onwg npw pe n = 0 €yovpe TNV Kevi) akolovdia.

H mapa®esn (concatenation) tng u € X <N pe tnv v € X <N eivon n akolovBia

uxv = (u(0),...,u(jul —1),v(0),...,v(jv] = 1)).
INa mopaderypo ov u = (a, b, ¢) ko v = (d, e) TotE
uxv=(a,b,c,de) wm vu=(de,ab,c).
Eivoun cagéc otiu + A = A+ u = u yi ké0e v € X <N,
Tto cvvoro X <N opilovpe tn Sipehf oyéon C wg €€,
uEv <= |u| < |v| ko Vi < |u] (u(i) = v(i)).
INa mapaderypa (a,b) E (a, b, ¢) ko (a,b) £ (a,c,¢) yia b # c. Eniong A £ u y1x ke
u € X =N (kaBolkdg mocodeikTng pe Kevd medio).
Eivou capég 6T1 1 oyéon E kavomolei TIG TPELS 1d10TNTES TS NrdToéng,
u Eu
(v &VEU) — u=v
(ucv &vEw) — uCEw
Y1 k&0 u, v, w € X <N. To aneTnpd pépog tne = eivon 1) oyéon = e
UV <= uCZov&u#v.
TNa rapaderypa (a,b) = (a, b, c). Eivon cagés 61 u & v aw Ko povo av u = v Kol
lu| < |v]. O@a Aépe 6tinu € XN eivon apyud Tpipa tng v € X <N 4 611 v eivon
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EMEKTOON TNG U OV u = v. Oa Aépe emiong 6T 1 u givot YYNGL0 ApYIKé THNHA TG U 1)
o0T1 N v elvon ywiolx emékToeen s uw av u = v. To v eivan dpeon enékTacn TS u o
v =wu=(z)ylkarow z € X.

Abo nenepacpéveg akorovdies u, v Aéyovtan cOPPaTEG, COPPOAKE ul|v avu E v Q)
v & u. TNa mapaderypa (a, e, b)||(a, e) xou —=((d, a)||(d, b, ¢)) Y a # b. O pn copfatésg
TETEPACHEVES akolovBieg Aéyovtan emiong acvppfates. Oa coppoiriloope u L v dtow
ot u, v givon acdpPartes, étormov u L v <= —(ul|v).

Ou emikevTpwOoOE oTNY Mepintwon 6mov X = N. To cvvoro N<N givon api@uficipo
obvvolro. T va To dodpe avtod Bewpodpe yia kdBe n € N to cbvoro A,, OV TOV Tene-
PAGHEVOY aKOAOLBIOY amtd PVGIKODE ap1Bpovg pe pikog n. T tapdderypa Ag = {A},
Ay ={(%) | i € N} ko.x. Tote

N<N = UnEN An

Eivou copég 6t1 vmapyer avtiotoryio avapeca oto A, Ko 6TO TETEPAGHEVO YIWOHEVO
N™ yix k40 n > 1. Tote k&e A, eivou apiBpioipo ko enopévog ko to N<N eivon
ap1OUAGIHO GOVOAO.

Eivou xpfG10 Vol GmopoVvAOGODE i GuyKekpipérn amapifunon too N<N. Apyca
Bewpodpe Ty avgovca anapiOuncn TV rpaTor apibuvy

Po<p1 <pe<--<pn<...,

Miadn po = 2,p1 = 3, p2 = 5, p3 = 7, pa = 11, x.ox. Opiloope T covdptnon
K®OIKomToineng

2.7 NN S Nrw = (u(0),...,u(n — 1)) — (u(0),...,u(n — 1))
pe tov e€fg Tpodmo:
po PZ—l , o avn =1
1, avn = 0.
INo Topdderypo
(4,0,1) = 241 . 30+1 . 5141 — 95 .3.52 — 32.3. 25 = 2400.

Avtictpo@a av mapovpe Tov aptBpd 120 TOTE PTOPOVUE VA TOV PEPOVLE GTT) HOPPH
23 . 31 . 51 kou emopévmg Prémovpe 6T1 120 = (2,0, 0).

Eivan onpavtikd va tpocBéTovple Tn povdda 6Tong ekBiTes TV duvdpemy YiaTi £To1
HUTOPOVHE VO AVAKTHGOVLE TNV apytki akoAovBia. AAMAIDG Sev Ba giyape TpOTO VA YVO-
piCovpe av o apBpog 23 -3 - 51 =23.31.51.70 =23.31.51.70. 119 awricroyei 610
(3,1,1) foto (3,1,1,0) fot0 (3,1,1,0,0) k.T.A

Mo T akpifera and 1o OepeMmdes Oedpnpa tng Ap1OunTikng (povadikdtnTa ypa-
PG 0g Ywopevo TpdTov) 1 covdptnon { - ) eivon éva-tpog-éva (Acknon 2.2.1). And Ty
AAn n (- ) dev eivon empop@iopds. Na mapaderypa Sev naiprer Ty Tiun 0. MdhioTa
enedn pﬁ“ = 2F+1 = 2. 2% BAérovpe ot mépaw TG povadag n { - ) maipret povo dptieg
Tipég, dnAadn o apBpog (u(0),...,u(n — 1)) eivon dptiog axpipog dtav n akorovdio
u = (u(0),...,u(n — 1)) 8ev eivon n kev axorovdia.

Zopporilovpe pe Seq T0 GVVOLO OADY TOV TIROY TNG < + ),

Seq={seN | JueNNs={(u0),...,un—1))}.

Av s = (u(0),...,u(n — 1)) Ba Aépe 6T1 T0 s eivon KOIKOG TNG .
OpiCovope T @ooukn arapidunon (u,) ey Too N<N wg npog tnv kodicomoinon (- )
g e&fig:
{(k’o,...,kn_l), (XVS:<ICO,...,kn_1>€Seq,
us =

A, AMDG.

2oyypappa oe eE€Nién 15 8 Maiov 2022 23:12



INa nopdderypa (3,0,1) = Ugz0,1y = U352, Emiong A = uy ywari to 1 eivon
Kmdikog Tng A ko A = us yioti 0nwg eEnyfoape To Tavm 5 ¢ Seq.
o x&0e s = (ko, .. ., kn—1) Ko kGOE i < n opilovpe

Me adha Moy to (s); givon o povadikdg euoikods apldpds k Yo Tov omoio vdpyovy
koy ..., ki—1 ko kiyq, ..., ky—1 Y@ kdmolo n = 1 étol dote

s = <k/’0, ey kifl,k,kijq, ey kn,1>,

ePOGOV PUOIKG LIAp)EL TETOW0G k. Enekteivovjie Tov opiopd (S); Kot 6TIC TEPINTAOCELS
omov s = (ko ..., kn_1) € Seqko i = n 0 s ¢ Seq B¢tovrag tote (s); = 0.
‘Eyxovope Aowdv

k, owomapyoov ko, ..., ki—1,ki, ..., kp—1 Yt KGO0 11 > %
(S)z: HSS:<k0,...,ki_1,]€, ki+1,...,k7l_1>,
0, oAMkg.

o mopdderypor (22 - 31 - 5% - 72)5 = ((2,0,3,1))2 = 3. Axopa ((2,0,3,1))42 = 0 yrati
42 > 2,0,3,1| = 4 xou (5)42 = 0 yroti 5 ¢ Seq.

Me 71 fonBe1a TV T10 TAV® COVAPTHOEDY LTOPOVLE VX EKPPAGOV|E TPOTAGEIS TOV
QVAPEPOVTOL GE TETEPACUEVES AKOAOVBIES PUOIKOY OPIOU®V 06051 70TE pPEYAIOV PIKODS
€ TPOTAOCELS JI€ TOGOOEIKTEG TOV AVAPEPOVTAL GE PLGIKOVS aplOos. [ Tapaderypa
av (Pp,)nen eivon a axolovBia vrocoroiwy tov N tote 1 TpdTOcn

“vi k&Be n € N to cOvoro P, epiéyel TOLAAYIGTOV N SPOPETIK oToLyein”
eivon 100d0VapN pe TNY
VneN3IseNVi,j<n((s)ieP, &(i#j — (s)i #(s);)),

1 omoia eKPPALETO TPOPAVMOG LOVO HE TOGODEIKTES TAV® GTOVS PLGIKODS APLOPLOVG.

Téhog avapépovpe 6T1 O Oempodpe To 6Ovodo N<N pe tny tomoloyio wov wapd-
yeTou a6 T Srokpri) peTpiki 6mov kéOe rocdroro Tov N<N eivon avoktd. Epodcov
70 N<N givon apibpficipo covoro tpokdrtet 61 eivon IIohwuikog yHpog.

Aocknoelg
Acknon 2.2.1. H covdptnon
NN S Nw = (u(0),...,u(n — 1)) — (u(0),...,u(n— 1))
eilvo HOVopop@IoHOC.
Aocknon 2.2.2. Bpeite évav Gptio apiBpd moo dev Aappdretal og Tipi Thg covap-
mong < - ).

Aocknon 2.2.3. Oswpovpe éva Q = N x N. Exppdote pe tn fondein tocoderktiv
oto N v npodTacn

“yia kB n vrapyoov ki, . .., ks, € N Sopopetikd avd 500

29

pe (n,{(n,k;)) € Q,yuaxdbe i = 0,...,2n.
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2.3. Or ywpor tov Baire kon Cantor

Opiopog 2.3.1 (O ydpog tov Baire). Oewpodpe to cvvoro NN drav tov covapti-
ceov and To N oto N (drneipec akorovbiec). ZopPolrifovpe ta ototyeion Too NV pe tar
HIKP& EAAMVIKG Y pAppoTa o, 3, 7, . . . kot to obvoho NN pe N, Emiong Oa ypdpovpe éva
a € N ag “drepo didwoopa” o = (a(0), a(1),...,a(n),...).

Na o, 3 € N pe a # 3 0étoope

n(a, B) = o ehdyiotog n € N pe a(n) # 5(n).

Opilovpe tn cvovdptnon dy : N x N — R,
27m@B)  aua # B
0, ava = .

Tote n covdptnon da eivon petpiki 6to N (Acknon 2.3.14). O petpikdg x®pog
(N, dpr) ovopdleton 0 ympog Tov Baire.

Ou kaxhoOpe eniong xwpo Tov Baire Tov tomoloyiké ywpo mov npokdRTEL Ao TN pe-
TPIKN dpr.

INa rap&derypo av « = (5,6,7,1,1,1,...,1,...,), 8 = (5,6,1,1,
kouy = (3,6,7,1,1,1,...,1,...) tote n(e, B) = 2 kou n(a,y) = n(B,y
da(a, B) = 272 kou dar(a, y) = dar(B,7) =2° = 1.

Opwopog 2.3.2 (Ilepartépmw Zopporopot).
Enrexteivoope 1006 0p1opods TV # Kol = QUALECH GE TENEPACUEVES KO ATELPES
akolovBieg pe Tov Tpopavi TPOTO,
uxa = (u(0),...,u(lul = 1),a(0),...,a(n),...)

uE a = Vi< |u|u(i) = ai),

dn (o, B) = {

1,....1,...)
) = 0, onote

omov u € NN ko v e N.
Na k0e u € N<N opilovpe tn Paciki meproyn tov ydpov Tov Baire,
(2.8) Ny={aeN|uCa}
={u(0)} x - x {u(lu) — 1)} x NxNx....
BOa dovpe 611 k&e N, eivon awoiktd kou KAEGTO dTOSHLOAO Tov N (Afjppa 2.3.3

kot Aoknon 2.3.16).
Aocpévov a € N xou n € N opiCovpe

(2.9) = (a(1),...,a(n),...) eN

(2.10) | = (a(0), .. ,a(n—l))eN<N

(2.11) a(n) =<a(0),...,a(n - 1)) €N

(2.12) (@) = (a((n,0)),a((n, 1)),...,a((n,t)),...) N

MdéAiota o1 o whve npdéeis opilovv coveyeic covapthcels (Aoknon 2.3.18).
INo nopaderypo ov u = (3,4,5) ko a = (7,8,9,10,...) = (n— n+7), tote

u*xa=(3,4,5,7,89,10,...)

(7.8) C
Nu ={BeN | B(0) =3&B(1) =4 & B(2) = 5}
*—(8,9,10,...)
ald = (a(0), a(1), a(2),a(3)) = (7,8,9,10)
a(3) =(7,8,9)

(@)s = (a(B3,0)), (B3, 1)), -+, B, 1)), )
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= (a(2%-3),a(2-3%),..., (2" - 3F1),...)
=2 3+4+7,24-3247,...,20 30 L7 ).
Eivon sagéc 0t1 A £ «, a0 = A xon
UEa < aln=u, onovon = |u
1o k60 u € NN kou o € N.

To endpevo AMjppa covdéer Tig avoiktég purdeg tov (N, dy) pe ta covora N,
ue N<N,

ANppa 2.3.3. Ocwpodue r > 0 kar n tov eldyioro pvoiko apiBud pe 2~ < r. Tote
yia kdbe o, 8 € N oyver

dy(a, ) <r < Vi<na(i) = B(i).
Svvend¢ kdbe auoikti umdAa Bq,, (o, 1) 1000Ta1 pe To 6bvolo ./\/a|n yiakarowon € N,
ka1 kdfe svvolo Ny, 6zov u € N<N, i6ovtar pe v avoikei prdla By, (ux(0,0, . . ., ), 27 (4=,

Amoderén. Oenpodpe r ko n OTOG 6TNY ekPpOnon kot o, 3 € N. Mropodpe va
vrobécovpe 6T v # B alMidg n {nTodpevn 1Icodvvapia givon Tpopavng.

Avdy(a,f) < rtote 28 < r Aveiyope n(a, ) < ntote 2" < 27 "(@h) <
r Kol TOTE 0 1 Oev B TAV 0 EAGYIOTOG PLCIKOGS e TN W10TTR 27" < 1. Apa n <
n(a, B) kon i k&be ¢ < noyveri < n(a, f), enopévog (i) = B(7).

AvticTpoga av Yo k&be i < n oyver a(i) = B(i) toten < nla, B) xan dpr (e, B) =
2-M@B) L 271 < 1. Avto Seiyver T {nTodpevn 16odvvayia.

O 16 VPICPAG Y10 TIG AVOIKTEG UTAAEG EIVOL PECOG OO T TPOTYOOUEVL:

Avr > 0 kon n givon 0 EAAY16TOS PUOIKOG He 27" < 7 TOTE A0 O TAV® EYOVUE

B € By (a,1) < Bln=aln
< ant
— B € Na|n

Y ke 3 € N. Apa By, (o, 1) = Nyjp-

Emmhéov y1 ke v € N<N moiprovope 7, = 2~ (4= ko dpa 0 ehdyiotog pooikog
npe 27" < ry, eivon 0 m = |ul. Amd Ta Tponyodpevd EYovpe

BdN (u * (07 0,... )7 27(\11\71)) = Nu*(O,O,... )m = Nw

Avt6 ohokAnpmrel TNV arodeign. o

Topo propovpe va xapaktnpicovpe T cOykMon akoAovBiby otov ydpo tov Baire.

Mpotaon 2.3.4. Na kdbe axolovbia (a;)ien otov N kar kdbe o € N éyovue
(2.13) a; P q = n lim a;(n) = a(n)

1—00
< VYn Ji, Vi = i, a;(n) = a(n).

Amodeién. IMoapatnpovpe Ot N Televtaia 1odvvapio 16yvel yiati To ;i (n), a(n)

eivon ouoikoi apBpoi. Agiyvoope eTOPEVOG TNV TPOTY 1G0SVVApIL.
; , , dnr ; , ,

INa v evbeia katevOVVoN Oewpodpue a; —> « Ko Taiprvoope éva n € N. Ao to
Afppac2.3.3 yrer = 277 n prdda By, (o, 27") 1600tan pe 10 60v0Ao Noj(n+1)- EQocov
n akohovBia (a;)ien cLYKAiVEl 6TO @ €xovpE v € By, (o, 27") = Na‘(nﬂ) Yy Oho T
peydda i. Eidikotepa oy (n) = a(n) yio OAx Tor peyddo i

Avtiotpoga vrrobetovpe ot Y kdBe n € N oyver lim; o ;(n) = a(n). Oe-
wpovpe 7 > 0 ko N tov eldy1oto @uoiké pe 27N < r. Arnd to Afjppa 2.3.3 1oydel

By (o, 1) = Nyn. T kéBe n < N éyovope lim; o aj(n) = an) ko 6m0g éxovpe
eEnyfoer vmdpyet i, € N éror dote o k&e @ = i, 1w0yveL ai;(n) = a(n). Oétoope
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ip = max{i, | n < N}, tote Yo kdBe i = ip kou k&e n < N woyvel a;(n) = a(n).
Zovenmg yio kK&e i > ig €xoope ;| N = a|N, dnhadh a; € Ny v = Bay (a, 7). o

Mpotaon 2.3.5. H toroloyia tov (N, dy) eiven n toroloyia ywouevo oo NV,

ATode1EN. Aol 01 avoIKTEG PTTAAES OE VY HETPIKO ¥DPO ATOTEAODY Pdion Yo TNV
TOMOAOYiX EVOG PETPIKOD YDPOL TPokORTEL Omd TO Afjpupa 2.3.3 071 T 6OVoAx Ny, u €
N<N, eivon dpr-aworktd kou emmhéor anoterovy Baon yio tnv tomoroyia Tov (N, dyr).

EmnmAéov, agpod Ta povocdvora oto N anotelodv faon yix Ty Totoloyia Tov N,
éyovpe and v (1.1) oty Ewsayeyf 6t ta N, amotehody faon yio Tnv Tomoloyia yi-
vopevo oo NV,

Tovenmg n Toroloyia tov (N, dar) kou n Tomohoyia ywdpevo too NN éxovv pia kown
Baon ko &pa eivan icec.

Qg devrepn arnddeién avapépoovpe 6T1 amd Ty [IpdTaon 2.3.4 611 n Tonoroyia Tov
(N, dpr) etvon aoth) Tng katd onpeio cOykAiong mov Onwg eivat yrwotd avth givon 1
tomohoyia ywopevo otov NI, o

Ipétaecn 2.3.6. O (N, dy) eivar lijpng kau Siaywpioog petpikdc ywpog. Zove-
WS 0 ywpos tov Baire eivan [lolwvikoc.

AnoderEn. Ot tehikd pndevikég akolovdieg
ay = u*(0,0,...) = (w0),...,u(|ul —1),0,0,...) (ueN=N)

anotehody v apiOpnoipo kot Tokvd covolo Tov (N, dyr) kabbg éxovpe au, € N, Yo
k&0 u € N<N, Enopévag o ydpog eivon Staympicipoc.

TNa v TAnpotnTa Oewpodpe pa dar-Cauchy akorovbia (;)ien. Zrobepomolodpe
évan € N. Tote vndpyer éva i, € N 101 OOTE Y100 KGOE @, § = )y EYOOPE dpr (s, vf) <
27" Xovendyeton 0T

(2.14) a;(k) = oj(k) o kdBe k = 0,...,n ko kK&Oe i, j = iy,

Eidikotepa ) axolovBio puotkdv apBpov (a;(n))en eivon tehkd otabepn ko ion
pe tov apBpod «;, (n).
Enropévwg opiloope
a:N—-N:an)=lim a;(n) = a;, (n)
1—00
Omov 1, elvon OGS MO TAV®.
Eivon capég amd v (2.14) ot o (k) = ay, (k) = a(k) o kébe i > i, kon ke

k=0,...,n Ao v (2.13) tpokdntet oy 2> . o

Oa dovpe apyotepa (?7) 6T1 0 ydPog ToL Baire givon TOTOAOYIKE 1GOHOPPIKOG e
Tov [ToAwvikd xhpo Tov dppntev apltOpdv.

BOeopnpa 2.3.7. Ta kdbe [olwviké ywpo X vrdpyel Evac GOVEYHS EXUOPPIOUOS
TN - X.

Amoderén. Oswpodpe o KatdAAAN petpikn d oto A ko v cOvolo
D={r, | neN}

OV givat AplOPNGIHO Kot TOKVO DTocvroAio Tov X. KdBe = € X eivon to dp1o pog ako-
2ov0iaG (7%, Jnen TNG (T )nen. H 1€ eivon v méipoopie o = (ki )neny € NY ko toTe Ot
gyovpe T = limy 0 To(n)- TO TEAEDTORO Op10 B0t £ivon 1 TIpA TG T 670 .

‘Eva npopAnpa tov avakdntel eivon g n akoAovBia (7' (n) )nen UTOPEL VX pNY GO-
yrhiver yiokdOe o € N. T v o 810pBdcovpe avtod 0o auTIKATAGTHGOVLE THY KKOAOD-
01t (7o (n) ) neN HE Pt GAAN, oG TN GOUPOAIGOVHE He (75 ) nen, 1) OTOiX GLYKAIVEL V1o KGOE
o Kol 1 sovdptnon a — lim,,_, o, x5 eivanl coveync. EmmAéor yio o emopkag peyoin
coAhoyly v € N 1 (25) nen OV SLAQEPEL OVCIACTIKGE ANO TNV (To(s) el KA ETOPEVOG
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kGOe z € X B hapPdrveton og 6p1o piog akorovdiog Tng popPis (28)nen -Oa £xovpe
dNAadn Eva eTPOPPIGHO.

‘Exovtag avtd vndyn npoympdpe oTny KATooKewr TG . Apyikd opilovpe pia ot-
KOYEVEWX () yen<r (o} OTOLXEIOV TOL X' pe emaywyf) 670 phkog [u] too u € N=N\ {A}.

To [u] = 1 pe u = (ko), opiovpe 2, = T(y,) = T'r,. YTOOETOLUE OTL YIX KATO10
n > 1 éyovv opiotei ., Y10 k&Be w € N<N pe 1 < w| < n.

Oewpodpe u € N<N pe |u| = n. ®@¢toope nposwpwd w = (u(0),. .., u(n — 2)) kou
k = u(|u| — 1) éror oo

u=w = (k).

Ipogavag |w| = n — 1 ko and Ty Erayoyikn Yrobeon £xer opiotei 10 24,. Opi-

Covpe
Te, 0 d(Xy,TE) <277,
:L'u =
{xw, OAMADG.

‘Etot éxet opiotei n okoyéveiat (T, ) yen<m (A} -

Eivou ca@ég amd Tov 110 1éwm opiopo 0Tt d(y, ) < 271" 6mov u = w = u(|u| —1).
[Tpokontel 6T1 Y1 kGO w & u pe u = w * (Ko, . - ., km)s

(T, Tu) < A(Tw, Tws(kg)) + -+ A Zwse(ho,.. lom—1)> Tu)
<9 (wl+1) . .4 9—lul

©
< 2 o—(lw|+k) — 9—lw|
k=1

Enopévag yio kd0e o € N xou kéBe 1 < n < m 1oydet
(2.15) d(Tajns Tam) <27
Apa i k&Be o € N 1 akohoodia (24, )nen eivon d-Cauchy. Agot o (X, d) eivon mhipng
opileton n covdptnon

7N - X:n(a) = lim z4,.
n—0o0

Haipvovtag 6plo m — o0 oty (2.15) éxovpe d(xq,, T(a)) < 27" Y1 kGBe v € N

kot kiOe n € N. Enopévag av 8 € Ny, Snhadh av 3|n = a|n ioyvet
d(TF(O{),ﬂ'(ﬂ)) < d(ﬂ-(a)axam) + d(xa|n77r(ﬁ)) < 27t

Yo k&Be o, B € N ko k&Be n € N. Eivon t6te dpeco 6t m eivon coveyfg (ko pdiota

OHOIOPOPP GLVEYNG).
Télog deiyvoope 0T1 N 7 givon empopPiopos. Av z € X opiloope to o : N — N wg

ebng:

(2.16) a(n) = o ehdyiotog k € N pe d(rg, z) < 273,

(Ta kéBe n € N vrdpyer tétorog k yioti to oovoro D = {ry | k € N} givou nokro.)
Tote d(ro(n), x) < 27" ko

d(ra(n)ara(n+1)> < d(Ta(n),JT) + d(l“ﬂ"a(nﬂ)) < 9= (4+3) 4 9—(n+4) - 9—(n+2)

Yy k&Be n € N.
[Ipoxodnter pe emaywyn 6Tt

Ta|(nt1) = Ta(n) YW Kk&Oen € N.

(Anhadf) yU' vt To a svpPaiver ThvTa N TPOTN TEPITTOOT TOV OPIGHOD TNG Ty, )

Zovenmg
m(a) = lim 24, = lim z = lim rom) =2
( ) n— 00 aln n—o0 al(n+1) n—o a(n)
Ko 1 7 eivan EMMPOPPISUOGC. o
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Hopatinpnon 2.3.8. H covdptnon 7 : N — X 1tng nponyoduevng anddeiéng emi-
d¢xeton avticTpopn covdptnon. Anladi vrdpyel povopopPiopos T @ X — N pe

m(7(z)) =2 yuakdbe r € X ko 7(7(a)) = @ yakdbe o € T[X].
H ocovdptnon 7 divetou oty aponyodpevn anddein and to (2.16),
7(x)(n) = o ehdyrotog k € Npe d(rp, z) < 2~ ze X neN.

Av B¢éocovpe o = 7(x) ToTE 61006 Seibape w(a) = x, SnAadh w(7(x)) = = Yo kGOe
x € X. Ano antd npokdRTEL OTL 1 T €IV HOVOPOPPICUAG,

T(21) = 7(x2) = 7(7(11)) = 7(7(22)) = 21 = 22,
Emnhéov yia ke o = 7(x) €yovpe
T(r(a)) = 7(x(r(2))) = 7(z) = o

Hoépwopa 2.3.9. Kabe [odwvikoc ywpog éyer mAnbapiBuo pikpotepo 1 ico tov ovve-
yovc.

Amoderén. And tnv [apatipnon 2.3.8 v kdOe [Todwrikd ydpo X vrdpyet povo-
poppiopoe f : X — NN, Apa X <. NN =, R. o

Yrdpyoov poowkd [ToAmrikoi ydpor Tov dev eivan 1oorAndikoi pe tov R 6mwg yia
mapdderypa o N. O dodpe 6T1 T V0 TEAELTAIX GOVOAX ATOTEAOVY T1G HOVUDIKES ““TTAN-
BucotnTes” IloAwvik®dy YOOV £TG1 TOL 1) TEAELTAIX KAAGT) GOVOAWOV 1kavontotei Ty Y -
Beon Tov Zoveyoig.

Opropog 2.3.10. To 6OvoA0 OA®Y TOV SDASIK®OV (ATELPDOV) AKOAOVOLOV givar TO
{0, 1} 7o omoio copPoriCeran kon pe 2N, Tpopavie avtd eivar vrocHroro Tov N Kot
Bewpovdpe 6e AVTO TN HETPIKT

don = dpr|(2Y x 2Y).

O y®pog Tov Cantor givon o petpikds ydpog (2, don). Xpnoiponotodpe tov id10 dpo
K01 Y100 TOV TOTOAOYIKO YMDPO TOV TPOKORTEL.

Mia Béon yia Ty TotoAoyia Tov Cantor amwoteAeiTon amd OAX TO GOVOAX TNG LOPPNG
N, 0 2N omov v € NN axpipoc enedn ta Ny, u € N<N anoterovv paon yiox tnv
tonohoyia tov N Mlpogavig Ny, N 2N = & dtaw vrapyeri < |u| pe u(i) > 1, covendg
propovpe va mepropiotodpe ota u € {0, 1} <N, Katodfyoope howwov ott pia féeon yio
TNV TomoAoYial TOL x®@Pov Tov Cantor anotereitor amd OAX TO GOVOAX TNG HOPPTG

J\/jN ={ae2V |uca}, wue{0,1}=N.

Eivot cogég 0t1 tar o tdvm cOvora /\/'3N eivon aworktd otov 2V kou copQava pe
v Acknon 2.3.16 givon kot kKAe16TA GOVOAQL.

Eriong n tonoAioyia Tov y®@pov tov Cantor gival 1 GYeTIKH TOTOAOYIX TOL ¥MDPOL
Tov Baire, n onoia eivan 1 Tomoloyia ywopevo oto NV, TIpokdnter 61 ko 1) Toroloyio
700 ¥Hpov Tov Cantor eivan  Tororoyia ywopevo 6to cvvoro {0, 1},

Télog 1 6OYKAMEN akorovdimy otov 2N yapakTnpileton dnmG Kot 6T TEpinT@O
tov . Anhadi yia k6Be akoAovdiat (v, )nen oTov 2N ko k&Be o € 2N éyovpe

dy .
a; —> a <= VYn lim a;(n) = a(n)
1— 0

> Vn Jiy, Vi = i, ai(n) = a(n).

Mpotaocn 2.3.11. O (2V,don) eivar ovpmayiic petpikéc y@pog kai cLVERGS 0 QUTi-
OTOLY0S TOTOAOYIKOG Ypog eivar ITodwvikig.
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Amoderen. Av deitovpe 6110 (2V, don ) eivon GOPTAYAG HETPIKOS YOPOG, 1GOSOVALN
ot 7o 2N eivon copmayés vrosHroro Tov N, Ba éyovpe eniong 6t to 2N eivon KAe16To
otov V. Zovendg Oa éyovpe 6t1 0 2N eivon TTohwuikog ydpog.

‘Evag Tpomog i v Seifovpe Tn oopmdyela givon va mapatnpioovpe 6tt 2N =
[1,,en{0, 1}. Tvapilovpe 0TI TO KAPTEGIAVO YIWOHEVO GOUTAYDY GOVOA®MY EiVAL GOUTA-
YEG 6VVOAO (Y106 TUY IO YIVOHEVO TOTOAOYIKMV ¥Dpov yperdletor To Ocwpnua Tychonoff
€dm éyovpe Opwg povo apBpnoipo ywopevo). Apoo to {0, 1} eivon soprayég vrosbrolo
tov N £yovpe 6t1 70 [ [, {0, 1} eivan copmaryég vmosvrvoro Tov NN pe tnv tonoroyia
YWwopevo. Avti dpwg eiva 1) Toroloyia Tov ydpov Tov Baire dpa to 2N eivon copmayég
vrocHrolo Too N.

Aivoope pia akOpa anddeién, n onoia oTny ovcia e€nyei yrouti To aptOpncIpo ywo-
HEVO GUUTAYDV HETPIKAOV YDPOV iVt GOUTAYES 6OVOLO. Agiyvoope 0Tt kdBe akolov-
Ot (v )ien otov 2V éxer cuykAivovca vrakolovBin. Bempodpe apyik& THY akoAoLBia
(@i(0))ien. Agpod To {0, 1} efvon nemepacpévo vadpyet vrakorovbia (ago (0))ien mov €i-
vou otafepr| oo {0, 1}. l

‘Ererta Oempodpe Ty akoAovBio (Oékg (1))sen. ToTe LIGPYEL POt TEPAITEP® DILAKO-
MooBia (a1 (1))sen 1 omoia eivon Tedkd oTabepi). Zoveyilovtag avadpopikd Ppickovpe
pio (p@ivooésoc akoAovBia

L2l 2---2L,2...
L,={k|ieN}={kj <--- <kl <...}, neN,
ano dretpa vrocHroha Tov N, £tot dote yia ke n 1 axohovdia (ar (n))ien eivon oTa-
Bepny.
INa xdBe n < m o1 pooikoi apdpoi ki* < --- < k7 avikoov 6to 6OVvoho L, =
{kiy <--+ <kl <...}. Tpoxonter 6t1 k' = kI yiw kémoro i = m. Emopévog

mo__ n n n
S TS N

Apan (si)ien = (kb)ien etvon yunoing abEovsa akolovdia GuoIKOY aptOpdy
Opilovpe

a(n) = agn(n)

v k&0 n € N. Tote v € 2V,
Agiyvoope 6t1 a5, — . 'Boto n € N, t06te Yot k&Be 7 = n €yovpe

as, (n) = agi(n) = Qg (n) ywkdmroto j,

OmoL TNV TehevTaia 160TNTA Y pnoiponoifcape 6Tt L; S L,,. Ene1df) yio k&Be n n axo-
Aovbia (agr (n))ien eivon oTabdepi éxovpe

O (n) = agp (n) = a(n).

Apa o kGBe n € N éyovpe lim; o as, (n) = a(n) xou axd v (2.13) £yoovpe

dn , . ; , N , P
a5, —> . AQod ta oy, @ € N kot To o eivon oToryeion Tov 27 ko 1) petpikn don givon o
. , , dyn
nepropiopog e das oto 2N x 2N mpokontel 6t oy, — au. =

Oeopnpa 2.3.12. I kdbe térero Molwvikd ywpo X vrdpyel évag coVEYAS Hovo-
poppiopoc T : 2N — X,

Anoderén. ®étoope I = {0, 1} <N kou staBepomotodpe pia coppati petpikh d oTov
X.
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Katackevdloope avadpopikd pia okoyévela (Vy,)uer amd d-avoiktég prdheg Tov
X pe tig e€fg 1d16tnTES:

oxtiva(V,) < 271

yio k&Oe u € 1.

10 apykd Pipa emiéyoope éva o € X kon waiproope Vi = By(xo, 1). YrmoOe-
TOLHE OTL Yl K&mowo . = 1 éyovpe opicel V,, 0nwg mo mavm yioo OAx T w € [ pe
1< |w| <n.

OpiCoope ta Viyy(s)» ¢ = 0,1, yi Oha T w € I pe |[w| = n — 1. Oewpodpe éva
této1o0 w. H prndda V,, dev propei va mepiéyel povo to kEvtpo g, dAAM®MS avtd B o
pepovopévo onpeio tov X. Emopévmg vrdpyoov ctotyeia zy, )’ g Vi, pe zy # x7.
A@ob to Vy, eivon awoiktd GOVOAO, DRLEPYOLY aVOoIkTES pndheg By ko BYY pe kévtpa tor
xg, o} avticTolya, pe axtiveg pikpOTEPES 1) i6€G TOL 277, TOV IKAVOTOIOVV ENIGNG

BYnBY=¢g xm BYcV,cV, i=0,1

Omnore opiloope Viyu 5y = B, 1 = 0, 1. Eivou cagég 6t1 ikavonoodrta Tio ndwm
1010TNTES. ADTO OAOKANPAOVEL THY KATAGKED).

IMa k40e o« € 2V n (Vajn )nen €ivan i gBivovca akorovBia pn kevov khelstav
GUVOL®V TOV omoimy 1 SidpeTpog cuykAivel 6to 0. Ao o (X, d) eivon TAfpng, amd va
yvwoto Bedpnpa Too Cantor (Apyf Kifotiopov), n topf

e Valn

eivon povoovvoro. Opiloope
72V 5 X {7 (@)} = Nen Valn-
Avta a # 3 eivon otoryeia Tov 28 ko n etvan o ehdygiotog k pe a(k) # B(k) tote
aln=3n ko «a(n) # B(n).

Xwpic Prapn tng yevikotntog Oempoope a(n) = 0 kou f(n) = 1. Eniong 0¢tovpe
w = a|n = B|n. Tote 7(a) € Vo ns1)> T(B) € V(1) Kot

Val(n+1) 0 Vaint1) = Vws(0) 0 Vs 1) = -
Enopévag 7(a) # 7(5). Téhog deiyvoope dtin T eivan coveyic. Oétoope
Ty, = TO KEVTPO TNG AVOIKTHG PrdAag V.
Eoto o € 25, Tote y1x k&b n éxovpe () € Vg, Kot ETOPEVOS
d(1(), q),) < aktiva(Vy,) <27

Tovenmg av 3 € Nyjn, SNhadi) av |n = a|n tote

A(7(0), 7(8)) < d(7(@), Tajn) + A(ans 7(8)) < 2277 = 27741,
IIpokbOnter and to mo nhvw OTL N T €ivon GovEYTG. =

Onwg eival YVooTd 1) TPONYOOHEV GOVAPTNON T €XEL GOVEYT AWTIGTPOPN. ADTO
16 0e1 Moym Tng copmdyeing Tov 2. Avagepopacte ektevéctepa o avtd oo Iopiopa
2.4.4 mo k&tw.

Oocov agpopd tnv awrtictoiyn tAnBapiBuiki covéneia £xovpe To e&Ng.

Hoépwopa 2.3.13. Kdabe un kevo télero vmocbvolo evog Iolwvikov ydpov éxetl tov
wAnOcpiBuo tov cvveyoieg.
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Amoderén. Av X eivan ITohwvikdg ydpog ko P eivan un kevd Té€Aeto DToGOVOAO TOV
ToTe 0 P pe T oyetiki ToroAoyia givon télelog [Tohwrikog xdpog.
An6 to Oempnpua 2.3.12 vrdpyet coveyfic povopop@iopoc 7 : 2N — P kan e181k6-
tepa 2V <. P. Apa
R=.{0,1}"=2"<. P<.R
omov otny Televtain oyéon <. ypnoiponotoape to [opiopa 2.3.9. And to Oehpnpa
Schroder-Bernstein P =, R. o

Aoknoelg

Acknon 2.3.14. H covéptnon dar eivon petpikh oto N = NV, MaMota n dr eivon
vreppeTpikt] (ultrametric), eivon dSnAadi| peTpiki] Tov Kavorolei

dn(a, B) < max{dy(a,v),drn(7,8)}, vakdbea,B,yeN.

Acknon 2.3.15. Efetdorte Tig endpeves akorovbieg Tov ydpov tov Baire wg mpog
T cbykMon,

1,0,0,.. )

1)" % (0,0,...),

0,1,2,. ..,z,OO ),

0,2,4,6,...,42) * ((—1)") % (0,0,...)
= (0,2,4,6,..., 2i) = ((—=1)") % (0,0,...),

(
= (
=
= (

omov i € N,

Acknon 2.3.16. Ta ak6rov0a vrocdvola Tov N eivon kAgioTd,
A={(n)*(0,0,0,...) | neN},
B={(0)"*(n,1,1,1,...) | ne N} u {(0,0,0,...)}
C={1)"=(23,4,5,...) | neN} u{(1,1,...,1,...)}.

AciEte eniong 6t1 ) Paoikh neproyf Ny, 0mov u € N<N extdg and avoiktd eivon ko
K\e1676 oG HroLo Tov N. Topnepdvete 6T1 k&Oe Pacikn neproyi N, N 2N, u e {0, 1}<N
givan emiong avorktod Kat kKAe16Td vrosHrolo Tov 2N,

Aocknon 2.3.17. Kabe N, pe tn oyetiki] Torohoyio eivon Tomoroyikd 160pHopPikd
pe tov V. Bpeite évav katdAAA0 TOTOAOYIKO 1IGOHOPPISHO [y 1 N —> N,

Aoxnon 2.3.18. O1 covaptiicelg
s: N —> N (a =

omag Sivovtan otig (2.9) - (2.12) eivon coveyeic. YrevBopiCoope 6t1 Bewpovpe o N<N
pe TN SaKpITh HETPIKT.

2.4. To Oedpnpua Cantor-Bendixson

To endpevo amotérecpa divel T ox€0n AWALECH GTA KAEIGTA KOl TEAEIN DITOGOVOAN
evog Iohwvikod ydpoo.
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BOempnpa 2.4.1 (Cantor-Bendixson). I'ita kdbe kAeioto vroovvoto C eviog Holwvi-
ko0 ywpov X vrdpyovv 6o covola P, S < C, ue to P téleio (evdeyopuévwg kevd), 7o S
apibuiicipo, P NS = Jxar C = P U S.

Mdliota n mo mdvw Sidoraocn eivar yovadiki, dniadh av P, S’ eivai o Eéva vro-
ocvvola tov C pe to P’ téleo, to S’ apilBuiowo ka1 P’ 0 S’ = C téte P = P xau
S'=8.

Amoderén. Oewpodpe to khewotd C S X wan pio apBpioipn paon (Vi )nen yr1o0tny
Tomoloyia Tov X. Opilovpe

P={xeC | ¥YnpexeV,t0oc0voro V, n C eivon vrepapiBunoipo}
S=C\P

Eivon cagpéc 01t PNnC = ko6t C = PuS. Aeiyvoope 6t1to S eivan apiBpfioipo
ovvodro. ' k&Be = € S éyovpe x ¢ P xou apa vrapyer n € N étor wote x € V,, ko
o ovvoro V;, n C eivon apiBunoipo. Opiloope n(z) va eivon 0 A 16TOG TETO10G N Kot
I ={n(z) e N |z e S}. Tote to I eivon apiBpfcipo wg vrosvvoro tov N. Eniong

ScJVun0)
nel
akp1pog yti x € Vi) yia ke z € S = C. Agod to Vi, n C elvon apiBpnoipo yia
kdOe n € I &yovpe 6T1 TO GOVOAO S TEPEyeTUL O i aptBpf|on Evmwon apBuncipmy
ouvO Y. Zoven®g To S givon apiBpnoipo.

‘Enerta Seiyvoope 6tito P givon khe1otd 60voro. Eotw (z;)ien pra axolovdio péco
and to P nov cvykAivelt oto z € X. Eneid) P € C ko to C eivon khe1otd Exovpe OT1
x € C. Emn)léov yia ke n € N pe x € V,, ondpyeri € N pe z; € V,,. Apod z; € P
éyovpe ot1 o cdvoro V,, N C givon vrepapiBpnotpo. Apa x € P kou to P eivon kheloto.

Eniong to P dev éyel pepovopéva onpeioa. Ocwpodpe r € P xonn € N pe x € V,.
To cbvoro

VainC=WVanP)u(V,nS)

givan vrepapiOunoipo evd to V,, N S givon apBpi|cipo og vrochrolo Tov S. Zovenmg To
V.. n P givon vrepapOpnoipo kot e1dikdtepa vgpyet y € V,, N P mov givon didpopo tov
z. Apa to x dev givon pepovmpévo onpeio toov P.

Télog deiyvoope tn povadikotnta. Oewpodpe eva téleto P’ xon éva apiBpriowpo S’

pe P n 8" = & ko
PuS =PuS

Oeapodpe v € P, apod P’ € PuS = C éyoope 6tix € C. Avéyoope x € V,, To1e,
X PNOIHOTOLOVTOG P10t KOTAAANAQ p1Kpt] AVoKTh pndAa Tov X, propodpe va fpodpe m
¢torwote x € V,, € V,, € Vi, Tote t0 V), N P ivon pn Kevd KAE16TH DTOGVIVOAO TOV
Vin 0 P SV, 0 C. And Ty A0 t0 V,,, n P’ Sev éyer pepovopéva onpeia (Acknon
2.4.8), apa eivon pn kevd téhero cdvoro. Ewdikdtepa eivan vrepapiBunopo (Iopiopa
2.3.13) ko covendg to vrepovvoro V, n C' eivon vrepapiBunopo. Exopévmg x € P
Ko gpo P/ < P.

Avzx € 8 tote x ¢ P’ kou apod to TelevTaio cOLVolo givan KAEIGTO LITApP)EL N pE
zeEVaxaVy,nP =JF ApaV, nC =V, nS <5 ko to odvoro V,, n C eivan
apiBpfoipo. Mpokdnter 6T1 = € S Ko svvenag S’ < S. [ooddvapa P = P,

Kotaifyoope 0Tt P = P kon S = 5. o

Opiopog 2.4.2. Eotw & IMohwvikdg ydpog ko C S X khelotd. Oewpodpe Tar 6O-
vola P, S 6nwg oto Oedpnua Cantor-Bendixson. AnAadi to P eivan téleto, to S eivon
apBpnopo, Pn S =Fxuu Pu S =C.

To povadikd P 6mwg wo ndvem eivan o Téderog mopnrag (perfect kernel) too C' ko
TO pOVadIKO S OTmG o Tavm givon To SracTapto pépog (scattered part) Tov C.
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M Gpeon epappoyf) Tov Oempfipotog Cantor-Bendixson eivon n) enéktaocn too Oe-
wpipatog 2.3.12 otovg vrepapiBunoipons [Holwvikods ydpougs.

Hopwopa 2.4.3. INa kabe vrepapiBunoo Iolwviké yaopo X vrdpyel évag ovveyic
povopoppiousée T 2N — X.

Amoderén. Anod 1o Oedpnpa Cantor-Bendixson 1o kAeiotd cbvoro X druomdTon
ooV Téleld Tov Tophrva P kot 610 Sidomaptd Tov pépog S. Av giyape P = J totTe
10 X = S Ba fitav apiBpfcyo cdroro, &tomo.

Apa P # (J. Apo® to P eivon khetotd mpokdnter 611 givan [Todwuikdg ydpog kot
péiiota télerog. And To Oempnpa 2.3.12 vrdpyetl Evog covEXNG ETPOPPIGHOS

2N pPca.
H 7 eivon n {nTodpevn covdptnon. o

Hopopa 2.4.4. Kd&Be vrepapiBpnoipog Iohwvikds ydpog Exel Evav vTOY®PO TOV
eiva TOTOAOYIKG 1GOHOPPIKOG HE Tov ydpo Tov Cantor.

Amoderén. Eivon yvootd 6t aw €xovpe dvo petpikods ywpovg K, Y pe tov K ovo-
pmayf) kou évav coveyfy povopopgiopd f @ K —Y 1ote 10 f[K| eivon oopnayés (og
cuveyhg ekdva GOPTY00G Guvdlov) kann f1 1 f[K] — K eivon coveyic.

INa va dovpe yoti to f[K] eivon coprayég Oempovpe pia akohovdia (Y, )nen 6TOV
fIK] kon ypapoope y, = f(x,,) 6mov x,, € K yia k&0 n € N. Ao tn copndyeio tov K
ondpyel € K ko onoakoAovdiot (X, JneN HE T, — T, OTOTE OO TN cLVEYEWX TNG f
EXOOE Y, = f(Tm,,) = f(2).

ot covéyewa g f~1 Bewpoope f(z,) — f(z), 6nov x € K xou z,, € K Y1t
kaOe n € N. Av eiyope x, — = tote O vENPYE o prdha B(x, r) pe x, ¢ B(x,r) na
anepa n € N, kot Tt and Tn copmdyein Tov K (eQappoopévn otny vrakolovdia moo
TPOKOTTEL OO aVTA T Gmelpa n) B Ppickape pa vokohovdia (g, Jnen Ko 2 € K
pe xp, — z ko x, ¢ B(z,r), ewdikdtepa z # x. And ) covéyewx tng f Oa eiyope
Yk, = f(zr,) — f(2). Enopévag f(z) = f(x) xou apod n f givon povopop@iopds Oa
TPOEKLTLTE OTL 2 = X, XTOTO.

IIpoxomnter 6T1n 7 Tov [opicparos 2.4.3 emdExeTAL GLVEYT AVTIGTPOPT GLVEPTNOT).

(m]

Mix &GAAn epappoyn Tov Oewpripatog Cantor-Bendixson eivan 1) e€fc.

Hopropa 2.4.5. Ta kierord vrocvvola Holwvikav ywpwv ikavoroiovv thy Yrobeon
T0V 20VEY0DG.

Anodertn. Eotw X [Tohwuikog ympog kon C' € X kAe1otd. Oempodie Tov TéLEIO
nopiiva P kou To drdomapto pépog S too C.

AvP =gtote C = Pu S = 5 ko dpa to C givon apiBpficipo. Av P # I and
to [opiopata 2.3.13 ko 2.3.9 éyovpe

R<, P O X <R,

OmOL 6TN SeVTEPN KOl TPITN GYECT < O TAV® X PNCULOTOIGALE THY TAVTOTIKN GOVAP-
on. Ano to Oempnpo Schroder-Bernstein tpokdater 6t1 C =, R. o

AEilel Vo amopov®GoLpE TOV €EMG XAPOKTNPIGHO TV KAEIGTOV DTOGLVOA®Y [ToAw-
VIKOV ¥OpoV oL eivon aplOpfGLia, 0 0T0iog TPOKVTTEL AT TA EMLYELPHLATA TNG TPOT)-
yoopevng anddeltng:

Av 70 C' givai kAe1676 vmoovvolo evic Holwvikov ywpov X, tote to C egivar ap1Oui-
OO QU KAl HOVO QU 0 TEAELOG TVPHLVAS TOV EiVal TO KEVO 60VOAO.
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Aocxnoeeig

Aoxnon 2.4.6. Bpeite Tov Téle10 TOPHYA KAl TO JIACTAPTO HEPOG TOV KAEICTAOV
oOUVOLOV

A=[0,1]u{l+2™" | neN}
B=Au{14+27" 43| n,meN}
C={1}u{l+27" | neN}.

Acoxnon 2.4.7. Ta pepovopéva onpeio evdg KAEIGTOO DTOGOLVOLOL evog [Todmyikod
YXDPOV TEPIEYOVTAL GTO DIACTAPTO PEPOG TOV. oy e To avTicTpoPo;

Aoknon 2.4.8. Av (X, d) eivon petpikoc ydpog kar to P S X givon téhero, TOTE Yo
k&Be avorktd V 1o chvorho V N P eivon téhero (evdeyopévmg Kevo).

Acknon 2.4.9. O téherog Topfvag evdg KAEIGTOO VIOGVLLOAOL [ToAmrikod Ydpov
eivan To peyahbTepo TéAEL0 LTOGOVOAO TOV. Anhadn av o A eivan [Tohwvikdg ydpog, To
C < X eivon kK ewoto kou to Py © C eivan téhero tote 10 Py nepiéyetarl otov TEAELO
nopAva tov C.

Aocxknon 2.4.10. Ta G5 vrocOvora [Tohwvikdv yhpav ikavorotody thr Yrobeon
TOL 2VVEYOVG.

2.5. Aévdpa

Opiopoc 2.5.1. Eotw X pn kevd ovvoro. Eva T < X <N givon §évdpo oto X av
eivon pn kevd ko KAEIGTO TPOS TA KAT® MG TPog TN didtaln =, dniadn av w E u Kot
ueT toteweT.

Mo tapaderypa To covora X <N kon {A} eivon 86vdpa 6t0 X. AMha mapadeiypota
eivonto T = {A, (a), (a,b), (a,¢), (d)} k10 S = {(a,b)} U {(a)™ | n € N} yit xGmorx
a,b,c,de X.

Hapatnpodpe 6t 1 kevi) akolovBio A avikel oe k&Be d¢vdpo, yrati A = u yio kéOe
ueTl # .

2Tovg endHEVOVG OPIGHOLG Bempolpe 0Tt £yovpe Eva dévdpo T'. H pila too T eivon
1N kevi] akorovBia A. Ta ototyeia Tov T ovopdlovton kopufor | khadii tov 7. Evog
KOpPog u tov T ovopdletar TEPROTIKOS av dev yel YOI enéKTAC W PEGK 6T0 T,
dnAadn yro kdBe w € T pe u E w €YOVHE U = w.

To T eivon kAadepévo 1| mepikoppévo (pruned) o dev €xel TeEpPATIKODS KOPPOVC.

Me tov 6po Gmerpo khadi tov T evvoodpe o oovdptnon f @ N — X pe v
1010TNTOL

(f(0),.... f(n))eT

Yy k&Be n e N.

To odpa [T] tov T eivon to 6OVOA0 OAwY TeV dnelpov kKhadidv tov T'. Eivon cagpég
611 T0 GOpA eVOS dEVdpov 6To X eivan vrocHroro Tov X, Aivovpe pepikd mapadeiy-
pota: o) To chpa Tov dévdpov X <N eivan 6Aog o ympoc XV, e1dikdtepa to ciua Tov
N<N eivar 0 ywpoc tov Baire N, B) 10 chpa evdg menepacpévon SvSpov eivan To Kevd
60VOAO F, ¥) TO GCOPA TOL TPoNyodpevov dévdpov S = {(a,b)} U {(a)™ | n € N} eivon
o povostvoro {(a,a,...,a,...)} oo XN

‘BEva 8¢v8po T ovopdleton Bepehopévo (well-founded) aw [T] = & ko pn Oepe-
Mopévo (ill-founded) av [T] # . Eneidf) vrobécape ot1 kdbe 8&vdpo eivon pn kevd
oVVOAO, TpokVTTEL OTL K&Oe KAadepévo dEVDPO eivon pn Bepelopévo.

‘Bra 8évdpo S oto X O Aéyetan vmwodévdpo too T av S < T. T kdOe v € X <N
opilovpe To VTOdEVIPO T, TV otkoAoVOL®Y TTOV eivon cVPPATES e TO U,

(2.17) T, ={weT | ul|lw}.
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Me Ao Aoy w € T, aw ko povo av w € T' kon gite w E u gite u = w. AvTOG 0
0PIGHOG Exel peyaAdTEPO eVdlpEpPOY OTaw 1 € T, aA Mg To T, anoteleitan povo ond
T YVAGLOL OPYIKG TRAHOTA TNG U IOV avijkooy 6to T, propei va gyoope T, = {A}.

Eivan edxolo va det kaveig (Aoknon 2.5.18) 611 to T, eivan d¢vdpo ko Tog Yo K&Oe
u € T wov dev eivon TeppaTiKOg KOPPog Tov T 15y vel

(2.18) Ty = U {Tuna) | u* (z) e T}
(2.19) [Tu] = UA[Tus()] | v (x) e T}.

Aévdpa kon tomoroyia. Eivon cagéc 6t1 To copa evdg 8évdpov 1" oto X eivon
vmoctroro tov XN, Av Bewpicovpe 6to X TN Srakpiti Tomoloyia tote 0 XN eivon
HETPIKOC ¥hpog. Ommg ko pe Tov ydpo Tov Baire pia féon yia tnv Tomoroyia too XN
eivan 1 o1KoyEveELl OAOV TOV GOVOA®Y TNG HOPPHS

{xo} x - x{xpa} x X x X x ...

omov g, ..., Tp_1 € X.

Mia axorovBia (f;)ien otov XN cuykhivel oty f € XN aw kou povo av yio k&Be
n € N1 akolovBia (f;(n))en cvykhivel oto f(n) péoa otov X, 1c0dbvapa yio k&Oe
n € N éyoope f;(n) = f(n) Yo Oha Tor peydhat i.

Ta chpata Sévdpov ot éva cvrvoro X yapaktnpilovy Ta kKAeloTd cOvoa Tov XN,

Mpétoon 2.5.2. Eorw X un kevé ovvolo ue t drakpreh petpich kar F < XN, Tore
70 F eivai kAe1ot6 wc npoc ty tomoroyia ywouevo tov X av kai pévo av vadpyel Sévdpo
T oto X ue F = [T].

Amoderén. ot evbeia katevOLYON Bewpoe 6T TO F' elvon kKAEIGTO LTOGHVOAO
tov XN, Av 0 F eivon 10 kevd oOrolo ToTe emAéyoope yia T’ éva omo0dfmote Sévdpo
TETEPACHEVNG SIAKAGSWOTS e KeEVO Ghpa, TT.). To {A}.

Emopévng vmobétovpe 6t1 F # 5. Avu e X N kar f € XN ypagovpe u = f étav
f(k) = u(k) yiwk&0e k < |u|. Opiloope T < X <N g e&fc:

ueT < Ife Fuc f.

Enedn F' # F éyoope A € T xon apa T # . Eivon Gueco amd tov opiopd 6T1 to
T eivon d¢vdpo.

Agiyvoope 0t1 F = [T]. Eoto g € F xoau n € N. Eivon Tpogawég 6t1 vrdpyel
f € F pe (g(0),...,9(n)) E f, coykekpipéva pnopodpe vo hpoope f = g. Apa
(9(0),...,9(n)) € T yia x&Be n € N ko g € [T]. Avtiotpoga av g € [T] tote Yo kGOe
n € N éyoope (g(0),...,9(n)) € T kou apa vrapyer fr, € F pe (9(0),...,9(n)) & fa.

H axolovbia (f,)nen cvyKAvEL 6TO oTOL)Eio g. [Ipdypatt Yo k&Oe k € N, maip-
voope ng = k kon yiox k&be n = ng €yoope f, (k) = g(k) ywori (g(0),...,9(n)) E fn.
Apa fr (k) = g(k) o kaBe k € N kou enopévag fn, x5 g. Apo? f, € F yw kdOe
n ko to F eivon khe1otd mpokonter 6t1 g € F. Apa F' = [T] xou éyovpe anodeiter tny
evbeia katevOBLVON.

To Ty avtictpo@n katedBoven Bewpodpe pia akorovbia ( f;) ey oTotyeimv tov [T
n onoix cuykhivelt oto f € XN, Aeiyvoope 611 f € T. T k6Oe 1, OIAPYEL 70 £TCL OOTE
Y k&Oe i = ig ko k&be k < n éyovpe fi(k) = f(k). Ewdwkotepa (f(0),..., f(n)) E fi-
EE opiopod (f(0), ..., f(n)) € T. Hpokdrrer 6t f € [T7.

m]

Mopwopw 2.5.3. Eva cvvolo F € N eivan kAeloré av kau pévo av vrdpyer 5évépo T
oto N ue F = [T).

AnéderEn. Egappoloope tn [Ipotaon 2.5.2 yia X = N kou Qopilovope 6t1 1) TomO-
Loyia Tov ydpov Tov Baire givan 1) Tomoloyia ywopevo oto NY (Mlpdracn 2.3.5). =
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Ta copnayf cdvora Tov XN umopody emiong Vo yopaKTNPIGTODY OO TO GHOPKTO
oG 191KNG Kot yopiag SEVdpmv.

Opwopog 2.54. Eotw X pn kevd ovvoro ko 1" éva dévdpo oto X. To T eivon me-
TEPAGUEVNS NAKAAIDGNG av Yia kdOe u € T vrdpyovvr To TOAD Tenepacpéva w € T
OV eivan GUECES EMEKTACELS TOV U, ONAXOT Yiat K&Be u € T vrdpyovV Zg, ..., Tp—1 € X
£t01 OoTE

Ve (us (z) €T < z€{xo,...,Tn1}).

To mponyovpevo n pmopei va naiprel ocodfmote peydres TIpES. Mmopodpe akOpa
va éyovpe n = 0, ondTE GE AVTN TNV TEPINTMOOT 1] TO TAV® 100SVVAPIX OHaAivel OTL O
KOppoc u € T eivon Teppatikds.

Eva kAaoo1kd napdderypa dévdpov menepacévng StakAddmwong eivoan 1o cOVOAO
{0,1}=N ohov tov merepacpévov Svadikdy akolovbiev. TIpogavic 70 coua to
{0, 1}=N eivan 0 yapog tov Cantor 2V.

ANppa 2.5.5 (To Afppa too Konig). Kdbe dreipo 5évdpo merepaouévne drakddw-
onNg €yel ameipo KAaoL.

AnoderEn. Oempovpe X # F ko éva drepo dévdpo 1" oto X mov eivon Temepa-
opévng drakAddwong. Opiloope

P ={ueT | toonodevdpo T, eivon dmerpo}.
Aot Ty = T éyovpe A € P. Ioyopilopacte 6Tt y1a k¢e u € N<N,
(2.20) ueP = Jzux(x)eP.

Bewpovpe u € P. Apod to dévdpo T' elvon terepacpévns SkAGO®mong V&P oLY
Z0y- -y Tpn_1 € T Exc1BoTE U (2) € T 0w KO pOVO oW & € {xp, . . ., Tp—1 }. EmmALOV TO
u Oev elvan Teppatikdg kopfog too T yruti o Ty, eivon dnelpo covoro. Ano tny (2.18)
éyovpe Ot

T, = Uu*(m)eT Tus(a) = UZ;S Touse ()

‘Eva amtd Tl o v GOVOAX TNG TEXEPACHEVNG EVOONG EIVOL ATELPO, YIXTI XANMDS
7o Ty, Oo fytaw menepaopéro. Apa vrapyel k < n pe u * (zx) € P.

‘Exovtag anodeilel Tny mo Tdvm covenaymyn HTopodpe va Ppodpe pio akolovBia
(Zn)nen 670 X, 00g eENg. Apyikd epappolovpe Ty (2.20) Y u = A € P kou Bpickovpe
xo € X pe (xg) € P. Enerra mé pe epappoyi tng (2.20) Bpickovpe éva otoryeio p € X
pe (zg, z1) € P. ZoveyiCoope opoing ko Bpickovpe pia akohovdio (2, )peny 670 X pe
v wtnta (g, . .., Zn—1) € P yiakdBe n € N.

Edikotepa gyovpe (2o, ..., Tn—1) € T Yot K4Be n Kol EROPEVOS N (X )nen ElVOL
anelpo khadi tov X.

Znueiowon: Edd yiveton ypfotn tov Aéiduarog Eéaptnuévov Emloyov (DC), o
acBevéctepn pop@r Tov Aéibpatog Emhoync, ) onoia eivon evpéwg amodekti) 6Ta KAXG-
owkd MaOnpatikd. [Maparépnoovpe otny Acknon 2.5.27 yia teplocOTEPES AETTOUEPELEG.

[m]

[Ipoétaon 2.5.6 (Zoprayi cOvola ko dEVdpa TenepAGHEVNG dokAddwong). Eotw
X un kevé ovvolo ue ) Swakpirii tomoloyio kou K € XV, Tore 10 K eivan ovumayéc o
apoc ty tomooyia ywouevo tov XN av kou povo av vrdpyer Sévdpo T oro X memepa-
opévng Srakdadwong pe K = [T).

Amoderén. YroBétoope apyikd 6Tt To K eivon ocopmayés. Edikdtepa 1o K eivan
KAe1oTo kou and TN [potaon 2.5.2 vndpyer éva dévdpo R oto X pe K = [R]. To R
pmopel va eivon dmeipng Stk Addwong aAld B TepEAGOVIE GE £Vt VTOOEVOPO TETEPACE-
VNG S1kAGO®ONG e TO id10 GO,
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OpiCovpe S = X <N wg ekng,
ueS < [R,) #J.

Av w £ u eivon gdkoro va detl kaveic 0Tt k&Be akorovbia oL givon copPoati pe
To u €ivan GOPPTH Ko pe TO w, eEXOpEVRS Ry S Ry Apa o u € S ko w = u toOTE
& # [Ru] S [Ruw] xou emopévag w € S. Tlpokdmter 0Tt av To S givon pn kevd tote givon
Kot Oévdpo.

H nepintwon S = J 8ev propei va amokierotei: av K = F tote [R] = P kou S =
3. Xe avth TNV mepintmon emréyovpe yiou T' éva 0mo10dnToTE SEVOPO METEPATHEVNG
drakhddwong mov el kevd ompa, w.y. T = {A}, onote K = [T).

Yo e€ig Bewpodpe ot K # ¢ xon enerdf) K = [R] = [Ry] éxovpe A € S kanto S
eivon 8¢vdpo. Eivou evkoro va emainBedoel kaveic 0Tt

2.21) [Sw] = [Ry)]

vy k&0e w € S. (T copnepaivete oe oxéon pe Ty Acknon 2.5.19;)

Ioyvpitopacte 6T1 T0 S givon tenepacpévng Sakhddwong ko 6t [S] = [R], cove-
MG propovpe va tapoope T = S.

Hiootnra [S] = [R] eivon dpeon amd tnr (2.21) yiow = A € S. Eropévag Seiyvoope
0T1 70 S iVt TEMEPAGHEVNS SIAKAGOWOONG.

Eoto u e S.Ta k&b © € X pe u* (z) € S opiCoope

Viz) = {u(0)} x - x {u(ju| — 1)} x {z} x X x X x ...

Tote n owkoyévewn {V(x) | u=(x) € S} eivon ebkoda avo1kTd KAADHA TOV GLVOLOV
[Su]. Ao Ty [potaon 2.5.2 to [S,,] eivon kAeoTd vTocHroro Tov K kot cuven®s eivon
GUUTAYES. Apat DTAPYOVY Xy, . . ., Ty € X £TCL DOTE

[Su] = UiZo V(@s)-

Agiyvoope 6t1 yioe kaBe © € X pe u * () € S ondpyer i < m pe x = xz;. Eoto
w=u=*(x)€ S, tote [Ty,] # &. And tnv (2.21) éxovpe [Sy] = [Ry], Gpa vrapyet
f€[Sw] Tote f(lw] — 1) = w(w| — 1) = a.

Azd v &M f € [Syw] S [Su] xou dpa vrdpyer i < m pe f € V(z;). EE opiopoo
fw|=1) = f(|lu]) = x;. Zoverog z = ;.

Emopévmg to S eivan menepacpévng StokAddwong. Avtd anodeikvoer Tny evbeia Ka-
Tevbovon.

Avtictpoga éotw 6tt K = [T'], dmov to T eivon 8£v8po nerepacpévng Sioakhddmonc.
Agiyvoope o0t 1o K eivon oopnayés. Eoto (V;)ier éva avoiktd kaloppa tov K. Av
vrapyetiop € I pe K € Vi, t6te 10 {V;, } amotelel Tpopavic TenepacEVO DITOKGADLHAL.
Enopévwg Bempoope 0tt K £ V; yiakdOe i € 1.

Opitoope S < X <N g e&ic:

ueS < ueT &Viel [T,|EV;.

And v ondBeot| pog gyoope K = [T] = [Ta] & V; v k&Be i, emopévmg A € S.
Emimléov avw C u € S tote u,w € T xou [T),] S [Tyw], dpa yio kaOe i xovope [T,] & Vi,
dnhadf w € S. Exopévmg to S eivan vwodévdpo too T

Yrobétoope Tpog G&romo 6TL To S givan dnelpo. Apod to S (wg VITodévdpo tov T')
eivan menepacpévng drakAddwong, amd tTo Afppa too Konig (Afppa 2.5.5) ordpyer éva
anepo khadi f € [S] € [T] = K. Apo0 to (V;)ier givon kdAoppa tov K orndpyet ig € 1
pe f € V;, ko apod to V;, eivon avoiktd omdpyer n € N pe

{F(0)} > - x{f(n)} x X x X--- S V.
O¢toope u = (f(0),..., f(n)) € S ko éyoope
[Tu] < {f(O)} x - x {f(n)} x X x X --- =V,

7ov givon GTono yoti u € S.
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Apa to S eivon tenepacpévo oovoro. Maiproope n = max{|u| | u € S} ko F' =
{ueT | |ul =n+1}. Tote to F eivon nenepacpévo odvoro (Acknon 2.5.23). To prxog
K&Oe u € F eivon peyaldrepo amd ta uikn tTov ototyeiov tov S. Apa yix ke u € F
éyoope u ¢ S, ko apov u € T 15)0eL

(2.22) Jiel[T,) <V
Bewpovpe To oVVOAO J OAWV TOV ¢ dTMOG o TAV®, SNANN
J={iel|Jue F[T,]) <V},

Kon deiyvoope 011 1) menepacpévn vroowkoyevein {V; | i € J} amotelei kdhoppo too K.
Mpaypotiav f € K = [T] tote u = (f(0),..., f(n)) € F xou npopaves f € [T,]. And
v (2.22) vrdpyeri € I pe [T,] € Vi. Apai e J ko f € V.

Znueiwon. H amoddeién tng avtiotpopnsg katedOvvong propei var yivel kol e To
oTOoLYEIOON TPOTTO YWpPig TNV erikAnon Tov Afppatog Tov Konig. Tote 6pmg Ba npéner va
enovardPoope 6TV ovcia TNV andde1En cvTOO TOL AMPHATOS. ADTO SV €IV GOUTTHOOT).
Onwg eivan yvootd, to Afppa tov Konig kat n avtictpoen katebBovon tnhg TpdTacns
oL POMG anodeifape ATOTELOOV 10000VAUES EKPAVGELS THS 101aE UAONUATIKIG apyiS
(Aoknon 2.5.28).

]

Mopropw 2.5.7. Eva cvvoio K € N eivaun ovpunayéc av kai poévo av vmdpyel S56vdpo
T oto N rerepacuévneg Siaxiddwong ue K = [T).

AnoderEn. To ovpnépoopa eivon dpeco and tny [potaon 2.5.6 yuia X = N xon
ene1dn n Tomohoyia Tov ydpov Tov Baire eivon n Tomoroyia ywopevo oto NY (Ipdraocy
2.3.5). O

Mopropa 2.5.8. O yawpoc too N Sev eivar o-copmayfic, Snladi yia kdbe axolovbia
(K pn)nen and ovpunayn vrocvvoda too N n évwon | J,, o Ky eivai yuijoio vmocvvolo tov

N.

neN

Amoderén. Oewpodpe pa akohovdia (K, )pen 0md copmayf) vrocvvola Too N kot
pe epappoyn tov Mopioparog 2.5.7 pa axolovbia (T}, ) nen dEVOpoV tenepacpévng dia-
khadwong pe K,, = [T,] ywa k&Be n. Mropodpe va vrobecoope o0t1 K,, # & yio kabe
n.

Av 1o T eivon 8évdpo memepacévng dtakAddmwong tote yia kK&Be m € N vrdpyoov
70 oD memepacpeva u € T pe |u| = m (Acknon 2.5.23). Zovendg Yo KAOe n To GOVOAO
{ueT, | |u| = n+ 1} eivon nenepacpévo vrocdroro Tov T, Kot AP KOt TO DLITOGHVOAO
TV QUOIKOY apiBpov A, = {u(n) € N | u e T, & |u| = n + 1} givou nenepacpévo.
Mdahota to A, eivon pn kevo ywri K,, = [T,,] # .

OpiCoope o : N — N pe

a(n) =max A, +1

ko Seiyvoope 0t o ¢ |,y K-

INo va to dodpe avtd Bempovpe n € Nxou 5 € K, = [T,]. Tote to u = f|(n + 1)
eivan kOpfog tov 1), pfxovg n + 1 ko covendg 0 PLoIKOS apBpdc u(n) = B(n) eivon
otoiyeio tov A,. [Ipokodnter 6Tt

a(n) =max A, + 1 > max A, = 5(n).
Edikotepa éyovpe a(n) > B(n) kon dpa o # Sy k&be B € K. o

Aévdpa ko ocoveyeig covaptiocels. O coveyeic covaptioelg HeTald COUATOV
SEVOpOY PTOPOVY VO TPOGEYYIGTOOY PHECH CLVAPTHGEMY PETAED TV avTicTOlY ™Y OéV-
Spov.
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Opropog 2.5.9. Aivovton dvo dévdpa S kat T’ move ce éva P kevd covoro X Ko
ma ocovaptnon ¢ : S — T. H ¢ ovopdleton povotovn av yia k&be u,v € S pe u = v
éyoope (u) E ¢(v). Oa Aépe 6T1 1 @ eivon Kat@AAnAn (proper) av yix k&be f € [S] Ta
pikn Tov o f|n) anoktodr ocodfnote peydro pikog, dniadi yio kabe M € N vrdpyer
neNupelo(fln)| = M.

Eivan cagég 0Tt av €yovpe pia KatdAAAN povotovn covgptnon ¢ @ S — T tote
Y k&Oe f € [S] 1oy0er

e((£(0))) € @((f(0), fF(1))) & --- = 9((f(0), fF(1) ..., f(n))) E ...

KOl TOG 1 EVOOT OA®V ATV TOV KAXSIOY Topdryel Eva drelpo kAadi tov T'. Emopévmg
opileton n covdpTnon

" (8] = [T1: ¢*(f) = Upen 2(fIn)-

Me dMa Aoy 1 o* ikawomotet

e*(f)(m) =2 <= 3In([p(fln)] > m & o(fIn)(m) = z)

ywekdOe f e [T],me N, knz e X.

Hpoétaon 2.5.10. Ocwpodue éva un kevo ovvoro X pe tn diakpity) tomoAoyia ka
Svo sévdpa S kau T oto X, pe 1o S khadepévo. Tore a ovvdptnon @ : [S] — [T eivan
oVVEYTIC aU Kl UOVo av vrdpyel katdAinin povotovn o @ S — T pe = p*.

Amoderén. Tt anddeién copporiCoope V, = {g € XV | u € g}, énov u € X <N
TaV,, ue X<N, arotehody Bé&on v tov X N,

Agiyvoope apyikd Ty avticTpo@n katedBovon: Bewpolple o KaTtdAA)AN povdtorn
¢ : S — T xon Seiyvoope 6T1n ©* @ [S] — [T etvan coveyng. T kdde v € X <N xon
Kk&Oe f € [S] éxoope

e (f) eVu = u= ¢*(f)
<~ InuC (f|n).

Enopévag (*) 7 V] = (U,en An) N [S], 6mov A, = {f € XN | u € o(f|n)} na
k&@en e N.Av f e A, xou h € X pe hln = f|n t6te h € A, covendpg to A, eivon
avotktd vrocHroro Tov XN yi k&Oe n € N. Apa to (p*)~1[V,] eivon aworktd chroro
oo [S] xoun p* eivon coveyng covdptnon. (IapatnpHote OTL SeV Y PCLHOTONGANE THY
orobeon 6T1 10 S eivon KAadepEVO.)

Avtiotpopa Bewpodpe o coveyi covgptnon @ : [S] — [T]. H1déa va va opicovpe
v @ hote va éyoope p[V, N [S]] S Vi) Y10 kdOe u € S. Apyikd mopatnpodpe 6Tt Yot
k&Oe u € S ko wy,we € T av D[V, N [S]] € Vi, N Vi, T0TE W1 ||we. Avtd copfaiver
ywti to S eivan khadepéro ko covenmg Yo kdbe u € S yoope Vi, n [S] # O, dpa
Vi, " Ve, # &, T0 0m0io copfaivel povo 6tav wy ||wy. Emmiéov yia kdBe u € T vrdpyel
w e S pe D[V, N [S]] € Vi, ovykekpipéva w = A.

Yovenmg yux k&Oe u € S kot kdbe N € N ondpyel n “peyoaddtepn” akorovbia w €
S pe pAkog < N ko @[V, n [S]] € Vi, dnhadf n w kawomotei Tig Televtaieg 500
WiotnTeg kou yra ke w’ € S mov wavornoei Tig Tehevtaieg dbo 110TNTES 16YvEL W
w. Opiovpe

©: S > T:p(u) =n peyordrepn akohovbia w € S pe |w| < |u| kon @[V, N[S]] € V4.

Avu; © up € S1ote lwi| < |ui| < |ug|, emahéov @[V, N [S]] € o[V, N
(S]] € Vi(uy)- Emopévag to o(u1) € T eivon éva w' mov kavomotet |w'| < |uz| kou
D[V, N [S]] S V. Ad Tov opiopd tov p(us) éxovpe 6t o(u1) = p(usg).

T va SeiEovpe Tig vOAOIES 1810TNTES Y10 T 0 Bewpovpe eva f € [S] koau m € N.
Eneidn n  eivon coveyng oto f omdpyern € N pe @[V, N [S]] S Vi (f)jm- Mropodpe vat
vroBécoope 6t n = M ko dpo |D(f)|m| = m < n = |f|n|. Enropévog and tov opiopd
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Tov @(f|n) wyver @(f)|lm = o(f|n). Ebdwortepa 1 ©(f|n) éxer pikog Tovldyiotov
[B(f)m| = m.

To mo whvw deiyver 6T N @ givon kKaTdAANAN Kou emimAéov 6TL * = &, T v Sodpe
TO TEAEVTAO, TAPATNPOVHE OTL Yiot KGBE M VIAPYEL N OTWS TO TAVW, ONAXDIN N = M Kot
O(f)|m & @(f|n). Ereidn o(f|n) = ¢*(f) npoxdnter 6t1 (f)|m = p*(f) yio k6O m
kot covendg D(f) = o*(f).

]

Aévdpa 6o N. X710 e€nig, Kot eKTOS AV avapEpeTon StapopeTIKd, Oor acyorodpocTE
pe dévdpa 6TovG PLOIKODS ap1BoS. TTOAAG ad Tar EXOPEVX ATOTEAEGHATA KOl EVVOIES
Tavw oe dEVdpa pTopovy va SraturwBlody o yevikOTeEPO TAaioo. [Tap’ dha avtd 1 me-
pirtwon X = N eivon enopkng Y1 TOLG 6KOTOOS L.

Opopog 2.5.11 (O ywpog twv Sévdpwv Tr). Oewpodpe To cvvoro Tr OAwY Twy Sév-
dpwv oto N,
Tr = {T < NV | 10 T eivou 86v8po oto N}.
@ewpovpe eniong pia amapiOunon too N<N, yia mapdderypa tn ook (ug) sen, 700
€yovpe otabeponomoel 6to 2.2.
Tore oe k&Oe 5évdpo T oo N avtictoryei To ar € 2V pe

ar(s) =1 < u,eT.
Eivon cagég 0t1 n covdptnon
F:Tr—2Y: F(T) = ar

eivon povopopiopog.

Bewpovpe to Tr pe v tomoloyia mov Aaupfdaver and tny F, dnhadh éva V' < Tr
eivon owoktd aw kou pévo av vrdpyet avorktd W < 2N pe Vo= F~1[W]. Avti eivon
eldy1otn Tomoroyio oto Tr wg wpog Tnv omoia n F' elvon coveyng.

Mia copfoti petpiki) otov Tr givan n

d(T,S) = dyx(F(T), F(5)) = dy(ar, as).

H an6de1En Tov tedevtaion yiveton pe To 1010 T EXLYEIPTHATA TOL ¥ PNGILOTOL00-
vton ot andderén g [lpodTaong proposition being Polish is a topological property.

O yapokTnpiopog tng cvykiiong otov Tr diveton otny Acknon 2.5.25 .

To ovvoro Tr pe Ty TponyodueVn TOTOAOYIX Eivat 0 X ®POS TWV dévdpwv oto N.

Mpotaon 2.5.12. O ywpoc twv dévépav Tr eivar ovunayic olwvikéc ywpoc.

Amoderén. Bewpovpe Ty aneikovion F = (T € Tr — ap € 2V) ko Seiyvoope 6t1
70 6bvoho F[Tr] eivon kAe1otd vrostroro tov 2N, Ernedn o 2N eivon sopmayfic mpokdntet
ot to F[Tr] eivon coprayég cbvoro, icoddvapa to F[Tr] pe tn oyetiki toroloyia eivon
OUUTAYTG TOTOAOYIKOS ¥dpog. O ydpog Tr eivon Torohoyikd 1GopopPopikog pe tov Tr
pécw tng F, emopévmg ko o Tr eivon copmayfg.

11 cvvgyeia deiyvoope 6T1 To sopTAfpwpa Tov F[Tr| eivon avoiktd vTosOVOAO TOD
2N Botw a e 2V pea ¢ {ar | T € Tr} xou sp € N pe ug, = A. Av a(sg) = 0 tote Yot
kaBe S € T pe B(so) = a(sg) éxoope § ¢ {ar | T € Tr}. (AMuwg 8 = ar kon 1 kevn
akolovBia dev Ba avike oto T'.)

Enopévwg Bewpodpe 0t1 a(sg) = 1. Av yia k&Be s pe a(s) = 1 kon k&be ¢ pe uy = ug
woyvet at) = 1, t0te @ = ap dmov to T eivon to dévdpo mov opileTon wg eENg:

T={ueNVN|3Is(u=u,&a(s)=1)}.

Avto Opeg givon drono Yot vobécape tog o ¢ {ar | T € Tr}. Exopévog vrdp-
xoov s,t pe as) = 1, uy T u, ko at) = 0. Tote yia kdOe B € 2V pe 3(i) = a(i) y
kaOe i < max{t, s} éyoope B ¢ {ar | T € Tr}.

Te kaOe mepintoon To copmifpopa 2N \ {ar | T € Tr} eivon aworktd vrocHrolo
Tov 2N, o
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Opropog 2.5.13. Opiloope Ta cOVOAX
(2.23) WF ={TeTr|[T]=J}
(2.24) IF ={TeTr| [T +#J}
Tov OepeMopévov kot pn BepeMopévor avtictotya Sévdpov 6to N.

To enodpevo arotéhecpa propei vo BewpnBei wg n wapauetpixy exdoyr tov Iopicpoa-
706 2.5.3 kot amotehei piol eEXPETIKA Y PN EPAPHROYTH 6T BE@PIX TV AVAAVTIKOV KO
GUVOVOADTIKOV GOVOAMY TOL B HEAETHGOVIE OTT GOVEXELX.

Afqppa 2.5.14 (To Baocikd Afppa Avarapdotacnsg Kieitotov Zovoiwv).

Oewpobpe évav Iolwviké yipo X éva P < X x N kai 1o cvvoro N<N e i Siaxpiri
uetpixij. Tote o P eivau kAe1676 akpiforc 6tav vadpyel éva kieioté cvvoro T < X x N<N
ue tig 1dotnrec 7o T(x) = {u € NN | (2,u) € T} va eivau 5évdpo 610 N yia kdbe x € X
Kat

P={(z,a)e X x N | a€[T(x)]}.

Amoderén. INa tn pio karevBovon vroBéTovpe 6TL TO P givon kKAeoTd DTOGHYOAO
o0 X x N ko Oewpoope pia apiOpioipn Béon (Vi) nen Too X. Zoppolilovpe pe ¢ P to
copunAfpopx Tov P otov X x N. Tote

(2.25) P =Uperves Vo x N,

omov I € Nxou J € N<N,
Mmropoope va vrobécoope Ot A ¢ J. Ze avtifetn nepintoon avtikabiotodpe kdbe
Vi X Na € cP,ne I, pe t évoon | ;e Vo x N;). Eneidi

Vi x Ny = Vo x N = Vi x Uien Moy = Uien(Va x Niiy),
N (2.25) mapopéver alndig av avtikatacticovpe to J pe To
J'=(J\{A}) v {(i) | ie N},

MmropoOpe erniong va vroBécovpe 6T Vo = F. AAMMOG avtikaBioToOle THY oKO-
MooBia (Vo, Vi,...,Va,...) pe v (&, Vo, Vi, ..., Vp,...). H (2.25) eEakorovBei va
Tapapével aAnonc.

Opiloope

(2.26) (z,u)eT < YveJVnelpen<|ul(x¢V, &v & u).

Ene1di kaOe V,, eivon aworktd ovvoro kar 1o N<N givon epodiacpévo pe tn Stocpith
HeTpIKT eivon edkoAO v Set kaveic 6t1to T eivon kheloté vrochrvoro tov X x N<N (Seite
v Acknon 2.5.26).

Oewpoovpe x € X kou Seiyvoope apyikd 6t to T'(x) eivon S¢vdpo. Iapatnpodpe ot
avn < |[A|tote n = 0 ko dpa z ¢ Vo = . Emmhéov v £ A yi k6B v € J enerdn
A ¢ J. Ano v (2.26) éyoope 61t A € T(z) kou enopévag T(x) # . Avu' & u ko
u € T(x) tote o xkdPe v € J ko ke n € I pe n < |u| wyderz ¢ V, kon v & u, o’
onov wpokdrTeEL OTL Y1 kGO v € J ko kGPe n € I pen < |u/| < |u| wyderz ¢ V, xou
v & . Zoverdg v € T'(z) xou to T'(z) eivon dévdpo.

Thpa Seiyvovpe tn {ntodpevn wdtnTa Yo to P. Av (2, ) ¢ P tote vmapyern € 1
pe x € V,,. Ipokonrel and tnv (2.26) 6T1 k&0 u € T'(z) Tpénel v £xel pKOG PKpOTEPO
Tov n ko ovvenag [T ()] = . Edwotepa a ¢ [T'(x)].

Av (z,a) € P tote yia kG0 n € I xou ke v € J éyoope x ¢ V, xou o ¢ N,
onhadh v £ a. Apa

Vte NVuve J (v & alt).
A@od = ¢ o, Vi 1oy0e1

ViVvve J¥nel (v ¢V, &v E alt).
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Edwotepa to Levyog (z, alt) wavonoiei To de€16 okéhog Tng (2.26) xou Gpa |t € T'(x)
v k&Oe ¢ € N, Snradh o € [T'(z)].

Mo Ty avticTpoen katedOuron Bewpodpe v khelotd covoro T < X x N<N pe
P={(z,a) e X x N' | a € [T(x)]}. Tote

(x,a) e P < Vtalte T(z)
> Vt (z,alt)eT.

A@ov to T eivon kAeotd ko 1) oovdptnon fr = (a — «alt) eivon cvveyis (Aoknon
2.3.18), to ovvoro P eivan kAeloTo. o

Aocxnoeeig
Acxnon 2.5.15. Adote ta napadeiypata Sévdpov TO, T, T? xon T2 oto N pe tig
eEng 1d10TNTECS.
(i) To T° eivon menepacpévo chHLOLo Kat £xel TOLAAYIGTOV piat akohovBiat -
Koug 3.
(i) To T eivon dmerpo cdvoro ko ke u € T £xer pfxog To TOAD 1.
(iii) K&Be u € T? éyer akpipdg Tpeic Gueces TpoekTdoels péca 6to 172,
(iv) To T eivon memepacuévng Stoxhddmwonc kon yiokdde n € Nomépyeru € T
oL £yet akpiPs n Gpeces TpoekTdcelg péca 6to 15,
Eniong emiéEte u € T2 xou w ¢ T2 pe |u| = |w| = 4 xau Ppeite Ta vrodévdpa T2,
T3,
Acxnon 2.5.16. TN x&0e T mov eivon éva amd tar Sévdpa 10, T, T? wou T2 mov
dooate oty Acknon 2.5.15 Bpeite To copa [T].
Acknon 2.5.17. T k&Be pn kevd cvvora X kou J € X <N 1o
T(J)={ue XN |Jwe Juc w}
eivan To eAdy1oTo 8¢Vdpo oto X mov mepiEyet to J. Anhadi) to T'(J) eivon 86vdpo oto
X, J € T(J) xon 1o k&g 8£v8po S oto X pe J < S éxoope T'(J) < S.
To T'(J) Aéyeton To 8évdpo oo opdyeTon amd o J.
Acknon 2.5.18. T k&Oe évdpo T oe éva shvoro X # F kou Yo k6Oe u € X <N
70 cOVYolo oo opictnke ot (2.17)
T, ={weT | ul||w}

eivan 8¢vdpo oto X. EmmAéov 16yvovv ot ic6tnTeg (2.18) xou (2.19):

T, = U Tyus(xy v To u dev eivon teppatikog koppog oo 7T
wk(x)eT
wk(x)eT

Acxknon 2.5.19. T k&Be dévdpo T oe éva pn Kevd odvoro X, To omoio €xel pn
KEVO oMU, vIdpyel éva KAadepévo dévdpo S S T (dnAadi to S Sev Exel TeppatikoDS
KOpPovs) pe [Sy] = [Tw] Y1 k&Be u € T. Exdikotepa eovpe [S] = [T).

Acknon 2.5.20. [N kdBe éva omd Ta akoAovBa kKAeoTE cOVOAX TG Acknong 2.3.16
Bpeite d¢vdpo T 6to N ToL 0TOiOL TO CHOpX EiVL TO AVTIGTOLYO KAEIGTO GOVOAO,
A={(n)*(0,0,0,...) | neN},
B={(0)"=*(n,1,1,1,...) | ne N} u {(0,0,0,...)}
C={1)"=*(2,3,4,5,...) | neN} u{(1,1,...,1,...)}
Ny, ueN.
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Eivon ypficipo vo eEnyficovpe y1oTi 1 TOpopeTPIKOTOIEVT ekdO)T EVOG OMOTEAE-
OpaTOG givan To 16T and TV anAf ekS0)T). AVTOG Eivai 0 GTOYOG TNG EXOPEVNG AOKN-
ong.

Acknon 2.5.21. Xopzrepavete and to Afppa 2.5.14 Tov apaktnpiopd ToV KAEL-
6thOV vrocvvorev Tov N og Ta svvola [T] émov to T eivon dévdpo oto N (Ilopiopa
2.5.3).

Acxnon 2.5.22. Topnepdrete and to [opiopa 2.5.7 61 to sdvoro 2N givan sopma-
véc vroovvoro tov N (Mpdtaocn 2.3.11).

Aoxnon 2.5.23. T k&Be dévdpo T menepacpévng drakAddwong kot kdde n € N to
ocovoho F,, = {u e T | |u| = n} eivon tenepacpévo.

Aocxnon 2.5.24 (Aeite [Kec95] - 2.8). ['o k&Be pn kevd kheiotd cdbvora F € H <
N vrmdpyer po soveyhg covdptnon @ : H — F pe (o) = a yuakdbe a € F.

Acknon 2.5.25. T k&e nenepacpéva sbvora I, .J < N<N opiCoope
B(I,J)={TeTr|VuelVweJ (ueT &wé¢T)}

Tote n okoyévewn O wv Tov covorwy B(1, J) anotelei fdon yia tny Tomoloyia Tov
Tr.

Sopnepdrete 0Tt Yo kGBe akorovbia 8évdpav (T})ieny otov Tr ko k4Oe T € Tr
€yoovpe
T,23T e VueNNIVizlg[ueT) «—> ueT].
Aoknon 2.5.26. Eotw X Tohwvikog xdpog, (Vi )nen pror akorovbia and avoiktd
vrocvvola Tov X ko TS X x N<N 1ov ikavomotet tnv icodovoypiar (2.26),

(z,u)eT < YveJVnelpen<|ul(x¢V, &v & u).
Téte 1o T eivan kA1t vrocHroro tov X x N<N kot n covdptnon f: X — Tr
f(@) = T(x) = fue N | (z,u) e T}
OVTIGTPEPEL AOIKTE GOVOAX o€ F; chrvola.

Emnhéov av ta V,, eivon kAelotd-avoiktd vtocbrola tov X toTe 1 covaptnon f
eivon coveyng.

To Aéiopa EEaptnpévng Emioyng (DC) eivon n mpdTaon: yia k&Be pun kevd 60-
voho X ko kGbe Q € X x X pe v idiotnra Vo € X Jy € X (z,y) € Q vndpyet
ocovaptnon f : N — X pe (f(n), f(n +1)) € Q yakdbe n € N.

To Aéiopa AmapOuntie Emioyng (ACy) eivon 1 mpdTaon: yio kdbe pn kevd
obvoro X kot k&Be P = N x X pe tnu ididtnta Vn € N3z € X (n,z) € P ondpyer
ocovaptnon f : N — X pe (n, f(n)) € P yiakdde n € N.

Orwg eivon yvooto woydet 1 ovvenaywyl DC = ACy. To ACy amotelei o and
716 mo BepeMadels popPég emhoyig ota kKAacotkd Mabnpoatikd kabag pog emtpénet
va AapPavoope akolovBieg pe cOYKeEKPLLEVES 1O1OTNTEG.

Aoxnon 2.5.27. E&nyfote Aemtopepdg tny epappoyi Too Afiopatog EEaptnpévng
Emiioyng DC otnr xatackevn) Tov dreipov kAad1od otny anddeén too AfpHaTos Tov
Konig (Afppa 2.5.5).

Aocknon 2.5.28. Aedopévov tov Aéibpatog AtapiBpntig Emloyig ACy deikte ot1
70 Afjppa Tov Konig (Afppa 2.5.5) givan 16050vapo pe Ty e€fg npdtac: yia kdbe dév-
Opo T ce éva pn kevd cdvoro X pe tn dwokprtiy petTpikn, av to 1" elvon nemepacpuévng
Sraxhadwong tote to [T eivan copmayég vrochroro Tov XN, (Avth eivan n pia kKated-
Bovon tng [Ipdétaong 2.5.6.)
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2.6. Mepwkég KaBorikég Iorotnteg

Eidape 011 k&0e Tohovikdg yhpog X eivon coveyhg etkdva tov N ko KGOe vrepa-
p1Opnopog Ilodwvikdg ydpog X mepiéyel Evay YdPO TOL €IVt TOTOAOYIKH IGOPOPPIKOS
pe 1o 2V, Avagepopacte oe avtéc TIc 1010TNTES WG kabolikéc yio Tov ydpo N ko 2N
avticTorya akp1Pmg yroti avapépovta gite oe Ao Tovg [oAwrikovg ymdpovg gite oe
pioe pey&An vrokAdon auTOY (GTHY TPOKEPEVN TepinTOon 6TV KAJOT TOV LREpPaplO-
pnopov Hohwvikov yopov.) Edd Ba deifovpe pepikéc akopo kaboAkés 1010TnTES Y
Tovg }hpovg Tov Baire, Tov Cantor kot Y1 Tovg ydpovg [0, 1]V, RN,

Opropdg 2.6.1. TopPoriCoope to khestd didotnpa [0, 1] pe I. O kdPog Tov Hilbert
eivon o ovvoro H = IV pe Ty tororoyia yivopevo. Topgova pe 6ca éxoope net o H ei-
VoL LETPIKOTOGLHOG, S0 PiGIHOG Kol GUHTAYNG - ETOUEVMS KoL TAN PG OG TPOG OO
dnmote petpiki N onoia wapdyel Ty ToroAoyia Tov. [Ipokdnter 61 0 H eivon copmayng
[MoAwvikdg ydPoG.

Mia fdion yia TV TOTOAOYiot TOL ATOTEAEITOL ATO OAAX TA GOVOAX TNG HOPPHG
((ag,b0) N I) x ((ag,b0) NI) x -+ X ((an,bp) NI) x T xITx ...

omov ag, by, . .., ay,, b, € R.
H ooykhon otov H givon n katd onpeio cOyklon: yia kGO akorovbia (;)en 6TOV
[ , 17— 00 , . , 1—00
H xon k&Pe = € H éyoope z; — x aw kou povo av yio ke n € Nioyver z;(n) — z(n)
ctol=[0,1].

BOevpnpa 2.6.2 (Kaboiiki [d160tnTa tov k6Pov tov Hilbert). Kdbe olwvikdg yw-
PO¢ eival TomoloyIKd 160u0pPikic ue éva G5 vrootrodo tov kofov tov Hilbert H.

Amoderén. Oswpodpe évav [Modwvikd ydpo X kot i KatdAMAN petTpiki d otov
X. An6 tnv Acknon 2.1.10 propodpe va vrobécovpe 6T1 d < 1. [Maiprovpe eniong éva
D = {z,, | n € N} mov eivon nokvéd otov X' kou opilovpe T covdpTnon

J X o H: f(x) = (d(,20))nen

Aeiyvoope 6t f eivon cuveync povopPIoHog kou g N avtictpoen f1 1 f[X] —
X etvon coveyg.

Bewpodpe v # y otov X kou Oétoope r = 271 - d(z,y) > 0. Ard Ty TokVOTHTAL
tov D vmapyer n € N pe d(z,z,) < r. Ipokonter tote 6t d(y, x,) > T, E101KOTEPA
d(x,x,) # d(y, x,) xou apa f(z) # f(y). Apan f eivon eva-npog-éva.

INa tn covéyein g f, Bewpovpe pio akohovdio (2;)ien pHE 2; — 2 € X kou dei-
yvoope 011 f(z;) — f(2), 100d0ovapa 6Tt d(z;, ) — d(z,x,) yia k&Oe n € N. Haip-
voope n € N ko €yoope

|d(zi, ) — d(z, 2p)| < d(z,2) — 0.

Apan f eivon coveyne.

INa tnv avtictpoen covaptnon Bewpodpe 6Tt f(z;) — f(2) yia kGrowt z;, 2 € X,
1 € N. Ilpémer va dei€ovpe 0T1 z; — 2. [aipvoope r > 0 kot awd TNV TOKVOTNTA TOV
D rnaipvoope éva n pe x, € B(z,7/2). Epooov f(z;) — f(z) éxoope eidikotepa OTL
d(zi, ) = d(z,xy,). Exeidn d(z,x,) < 1/2 ondpyel ip £T61 OOTE Yo0 KGO @ = Qg
woyoer d(z;, ) < r/2. Exoope ooy yia kKGOe i = ig 0T

d(zi,2) < d(2i,@n) + d(Tn, 2) <7/247/2=7

Enopévog z; — z.

Kataifyoope 6t1 1 f eivon TOTOAOYIKOG IGOHOPPIGHOG avdjleca oTtov X Kol 6TOV
vroywpo f[X] tov H. And tnv Hpodtaon 2.1.2 o f[X] eivon [lodwrikdg yhpog ko dpo
and Oedpnpa 2.1.8 to cvvoro f[X] eivan Gs. =
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Opwopog 2.6.3. Aivovton 0o tomoroyikoi ympor X kot Y pe tov Y copmayf. O Y
OVOPACETO GURTTAYOTTOINGT TOL X oV DIAPYEL cLVEYNG pHovopopPlopos f + X — Y
pe f71 ¢ f[X] — Y enmiong ovveyfg kan f[X] = Y. Andadi o X eivon tomoloyikd
1COHOPPIKOG HE £Vay TUKVO DIOX®WPO TOL Y.

Yrépyoov Sidpopotl TPOTOL Yl VO COPTAYOTOGEL KAVEIS EVOV TOTOAOYIKO X(DPO,
MO eVOIPEPEL OPMOG 1| COUTAYOTOINCT Vo GEPETO KATOEG KAAEG DOPIKES 1010TNTEG,
OGS Y10t ToPAdETY o TNV 1O10TNTA TOL vt €ivon 0 SOGpHEVOS TOTOAOY1KOS YDdpog [Todw-
vik6s. Mia tétola copmoryomoinon diveton pe tn PoriBeix Too Oewpripatog 2.6.2.

Hopopa 2.6.4. Kdabe IloAwvikos ywpog Eyel pia copmayomoinon mov gival exions
THolwvikég yapog.

AnoderEn. Oewpovpe évav [Tohwrikd ydpo X Kot EVoy TOTOAOYIKO 1GOHOPPICHO
f: & — G 6mov 1o G eivan G5 vrosHroro Tov H (@empnpa 2.6.2). Maipvoope Y = G.
To Y eivon kAe16T6 DTOGHYOAO TOL GLUTAYOVS ydpov H, Gpa 0 Y givon GOUTAYG ¥ DPOC.
Emnhéov eivan [Tohorikdg og kAeiotd vrocOroro ITormvikod ydpoo. o

‘BEvog ITohovikog ympog dev eivon anopaitnTol TOTOAOYIKE 1IGOHOPPIKOS e EVOL KAEL-
0T6 LIOGVOYOAO Tov kVPov Tov Hilbert yiati adldg k&Be [Molwvikdg ydpog B fTtow
copmaync. Oa Sodpe dPOS OTL ALTH eivan cnoTd av avtikatacthcovpe Tov H = IV pe
tov RY. Q¢ covnBaog Bempodiie To TEAELTAIO GOVOLO g THY TOTOAOYIX YIWOEVO.

Oempnua 2.6.5 (Kabohikh Iivtnta tov RY). Kdbe ITolwvikéc ybpoc eivan tomo-
L0YIKd 160pOPPIKOC e Eva kAg16To vIocivoio Tov RY,

Amoderén. And to Oedpnpa 2.6.2 apkei va arodeifovpe Tov 16 vptopd yix to Gs
vrocvroia Tov H.

BOewpovpe howmov G < H mov eivan Gy ko ypagoope G = (), oy Un 0oV kGBe
U,, € H eivon oavoiktd. Mropotpe va vroBécovpe tag U, # H yix k&Be n € N. [Ta va
70 dovpe avTHd TAiprovpE apyikd TNy mepinTwon omov U, = H yia kdbe n. Toéte G = H
KOl TO GOUTEPAC LA €IV TPOPAVES. TNV TEPINTWOT OTOL VIGp)eL évan € N pe U, # H
ypaoope {U,, | U, # H} = {U], | n € N} (evdeyopévwg U, = U} yian # m). Tote
G = N,en Uy, xou U;, # H yi k60 n € N kou énerta naipvoope ta U], otn 0éon tav
Un.l

Haipvoope o katdAAnAn petpikn d otov H ko yiox kéBe n € N opiloope

fon G—>Rf2n(f) =2Zn, OMOLT = («Tk)k:eN>
font1: G = R: fong1(F) = (d(T, F,)) " 6mov F, = H\ U, # &.

(Mapaznpodpe 6T1 Y10 k&be T € G kou k&Oe n Eyovpe T € U, emopévwg d(T, F,) > 0.)
‘Emeita opilovpe tn covdptnon

f:G—->RY T (f(T))men-

Aeiyvoope apyikd 6tin f eivon povop@iopds. Ipaypatiav EQoope T = (T )neN, ¥ =
(Yn)nen € H kot z,, # y,, Y100 kw010 n, TOtE [0, (T) = Xy # Yn = fon(Y). Emopévag
f@ # @) ) , ,

To T ovvéyeia g f Bewpodpe T — T, 6mo0 T° = (2%)nen, T = (Tn)nen € H,
i € N. Aeiyvoope 6t1 f(T?) — f(T), 160d0vapa 6Tt yio k6O m € N 1oyvet fr, (T 1) i

[ (T).
Iaipvoope m = 2n, tote

fm (@Y = 2!, =% 2, emed T — T

Mo m = 2n+1, ypnoiponotodpe 6T1 1 GLVEPTNOT TNGS ATOGTAGTG ATO Ve (UN KEVO)
cvrolo eivon coveyfic. Enopévag d(T ', Fy,) — d(T, F,), kou epocovzt, 7 € G < U,, =
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_1 %—®0

H \ F, éyoope 611 o1 Tponyoduevor apidpoi eivon pn pndevikoi. Apa d(Z ¢, F,) "t —>
d(fv Fn)_l’ 67]7\0‘671 f2n+1 (Ez) =% f2n+1 (E>

Tt covéyela deiyvoope tito £[G] eivon kherotd otov RY. Bempodpe howmov f (T ) e

7 € RY, 6mov 78 € G y1a k&0e i € N. Eidicotepa n arcohovdia (fan (T?))ien c0YKAL-
Vel 6TV 2n-6oVTeTaypévn Tov ¥ yia k&Oe n. [pdgpoope T8 = (2! pen Y100 K&Oe i ko
T = (Yn)neN KO £XOVHE OTO TO TPONYOOUEVO OTL :_vf1 =2 Yon VIO KE&OE N.

Ondte opilovpe T = (Yor, )nen € HeéTo1TOO T — T. Aciyvoope 0TI T € G kabbg Kot
oty = f(T). Av eiyape T ¢ G toTe Y kamoio n Oa icyve x ¢ U,. Ondte d(T, F,) =0
kot agod d(ZH, F,) =3 d(T, F,) 6o eiyape d(T?, F,)~' — o0, To onoio eivon &romo
noti d(Z4 F,) ™t = foni1(TY) — yans1 € R ApaT € G.

Emm\éov ioyver d(T ', F,) "t =5 d(T, F,) ! ko qpat yan 41 = d(T, F,) ™! yro kéBe
n € N. Eyoope howwodv ot

fon(@) = 2 = Yo xU fon1(T) = d(T, Fo) ' =yapy1, neN
Anhadi woyver g = f(T). Avto deiyver 6t to f[G] eivon kKhew5Td GOVOMO.

Té)hog y100 Tn GVVEYEI TNG AVTIGTPOPNG GLVEPTNONG LRODETOLHE OTL f (Y — f(@)

omoo T', T € (G, i € N. Ilpéner va dei€ovpe 6T1 T® — . AvTO OGS givon GaPEg Yot

T = (fon () et 1608 8, T = (fn (7)) 00 fon (7)) =5 fon () yroien. o

21 covéyela divovpe pio akOpa kaBoAki 1816TtnTa yia Tov ydpo tov Cantor.

Oempnua 2.6.6 (Kabohikh Id1otnta Tov 21 Y1 Tovg copnayeic Molwvikodg yo-
povg). Kdbe couraync Holwvikds ydpog eivar ovveyic eikéva tov yapov tov Cantor
2N,

AnoderEn. Oempovpe évav copnayi [lorwvikd yopo X. Amd tnv Acknon 2.6.12
propovpe v vtobécovpe 6t o X eivon kAeloTtd LTOGVVOAO TOL KOPoL Tov Hilbert. Oa
deiovpe Ta e€ic:

o) To kheloto Srotnpa [0, 1] = I eivon coveyng ewcdva too 2N,

B) O kvPog tov Hilbert H = IN eivou coveyng eicova tov 28,

YroBétovpe Tpog oTiypn 0T1 £yovpe deiker T ) kKo P) kot OewpoOpe Eva Govey
empop@iopod 7 : 2V — H. H avtictpogn ewova F = 771 [X] eivon kheiotd vrochroro
oo 2V, Egapuoéloope tnv Acknon 2.5.24 ota kheotd vrocvvora F ko 2N Tov A ko
Bpickovpe cvveyh covaptnon f : 2N — F pe f(a) = ayiakdde o € F. Tote n odvbeon

h:2V - H: h(a) = (7o f)(a)

givon coveyic covdptnon ko maipret Tipég otov X. Mpdypatt av o € 2V tote f(a) €
fI2N] € F = 77 Y& xou h(a) = w(f(a)) € X. Eyovope dnhadn h[2N] € X. Méhorta
woyvet h[2Y] = X. INa va o Sovpe avtd Bewpodpe v € X < H. Enedf n 7 eivon
empop@ropog vrdpyer o € 2N pe (o) = x, dpaa € 1 HX] = Fxou h(a) = m(f(a)) =
7(a) = x. Enopévwg n h eivon coveyiic empop@iopdg and tov 2N otov X. Ondte pévet
vo dei€ovpe Ta o) kot f) o Tév.

H18¢a y10 to ) eivon v méipoope o kAeiotd Sraotipata Iy = [0, 1], Igy = [0,1/2],
Iy = [1/2,1], Lio,0) = [0,1/4], 0,1y = [1/4,2/4],...xon pe tn Pofifeix avtdvy vor opi-
Govpe évaw coveyh empop@iopd and tov 2N 6to [0, 1] 4nwg oty anddeitn too Bewpi-
patog 2.3.12.

Toykekpipéva opiCoope kAetotd vrodactipata I, u € {0, 1}<N tov [0, 1] pe ava-
dpopn 670 pnkog |u| Tov u wg eng: Iy = [0, 1] kon vroBéTovtag 0T Yo Kamowo n € N
éyovope opioer eva kheloto didotnpa I, = [I(u), r(u)] y1o k&Oe u pe |u| = n opiloope

Loy = [[(w), 27" - (I(w) +r(@))],  Tuxqy = 271 (U(u) +r(w)), r(u)].

Tote eivon edvkoro va amoderyBei 6t1 k&Oe I, eivan éva kKAe10TH dAGTNHX PAKOVG
2~ 1, = Tyse(o) Y Lusx(1) ¥ou Iy S I, 6tow u E w. Emopévmg yia k&0e o € 28N Topd
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(Mnen Lan €ivon povosdvoro. OpiCoope

7N [0,1] : {7(a)} = ﬂneN Lo

H 7 eivou coveyng 6nwg kon otny anddeitn tov Oewprfiporog 2.3.12. (Ze awtibeon pe
v tedevtaio amodeEn Ta Ly (0, Lus(1) OV eivan Eéva Ko exopévng dev propovpe va
oopumepdrovpe 6TL N T givan povopop@iopds. Mo tny axpifela dev eivar poVOLOPPIGHOG,
v mapdderypo 7(0,1,1,...,1,...) = 7(1,0,0,...,0,...) = 1/2))

Oa ypnoporocovpe TNV ISIOTNTA Ly, = Ly (0) U Lyx (1) Y10 Ve Sei€ovpe 6Tin T efvon
empop@iopogc. Maipvoope = € [0, 1], epocov [0, 1] = Iy = Iy L I(1) vrdpyetip € {0, 1}
pe x € I, emAEYOOHE TO EAAY16TO TETOW0 Go. Enerta © € [0y = L(i0,0) Y (40,1
&pa omdpyet i € {0,1} pe x € I(;, ;,), EMAEYOOE TO EAGYIGTO TETOM0 71. Zoveyilooue
EMAYWYIK& KoL BPicKODPE v = (ig, 01, - - -, in, ... ) HET € Iy, Y10 K&Oe n. TIpokdRTEL OTL
{z} = Nhen Lajn = {7(@)}, Snhadn 7(a) = . Apan T givon eTPOPPIGHOG.

Mo va Seitoope to B) Oewpodpe Ty mponyodpevn 7 : 28 — [0, 1] ko opilovpe

7o @YY 5 [0, 1N F((@n)nen) = (T(an))nen.

Tote 7 eivon soveyng empopopiopog and tov (2NN srov [0, 1] = H. To co-
prépacpa tov B) tpokdntet oamd to 6t o (2M)N eivan Tomoloyikd 1Gopop@ikoc pe tov 2N
(Aoknon 2.6.13). =

21t ovvéyela teprdyple oe pia e191kn Katnyopia [loAnvikov ydpov.

Opropog 2.6.7. Eva vtoodvoro V' evdg Tomoloyikod ydpov X Aéyetal KAELGTO-
ovoikTo (clopen) av eivou kAe1otd ko avoiktd otov X. ‘Evag tomoAloyikog ywpog X
eival pndevodidotatog av £yet pia Pdon yix TV TOTOAOYIA TOL TOL ANOTEAEITOL AT
KAEIGTA-0VOIKTH GOVOA.

O1 undevodidiotator [Tohwvikoi ywpot Exoov pia aprBunoiun Baon and KAEIGTA-AvoIKTd
ocvvoha (ITpoTacn 2.6.9).

O1 NV xou 2V eivon pndevodidotartor ITodwvikoi yhpot yioti ot yywotég Tovg Pacelg
Ny | v e NNk {N, n 28 | w e {0,1}=N} anotehodvton and kheiotd-awoiktd
cOvola. Méota k&0e khe16T6 vrosdvoro F tov N eivon pndevodidotatog Iodmuikog
xopoc. T vat 1o Sovpe avtd Bempodpe ta sovora N, N F, u € N<N (evdeyopévng
Kk&mowx vou eivon kevd). H okoyéveia O o tov tedevtaiov covdiov eivo faon yia To
F pe 1 oyetikn tororoyia. And tny &M to cdvoro N, n F eivan kheioto otov N
g Topf dvo KieioTdOv covdrov. Eivan tote dueco ot to N, n F eivan kAeiotd otov
F. Katarfyoope Aowodv 6t o F' éxer pia fdon nov anotedeiton amd KAEIGTE-AVOIKTH
GOVOA.

Ha‘zgt&?ﬂﬁ&%&?&crarm [ToAwvikoi yhpot HoG EXITPETOLY VO OPICOVE CYETIKE
evkola cuvEYEiC cLVOPTNGEIS TdV® 6e TS I v To e€nyficovpe KaAd-
Tepa AT, oG OewPfoovHE apyIKA Eva KAEIGTO-avo1kTO obvoro A © X ko
ovveyeic oovaptioels f1, fo : X — Y. Tote novvaptnon f : X — ) pe

1(z), zeA
f(x){f( ) €
fa(z), w¢ A

eivon emiong coveyng. Avtd ooppaiveryiati f U] = (f7 HUINA) A (f5 HUTN
(X\ A) o kaBe U < V. Apod ta oovoha A kon X'\ A eivon ookt ko o
ovvaptiocelg fi kot fo eivan coveyeic éyoope to {nTodpevo.

Znv nepintwon evdg pndevodidotatov ITodwvikod ympoo X pmopodpe
gvkola var Bpodpe pa akorovdio (V;,)nen omd khelotd-oavoiktd chvolo pe
X =, ,en V- Oewpodpe 16 Srapopég

Wo=Vo, Wany1=Vor1\ Ui, Vi
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¢to1 oo 1 (W) nen ivon pioe axohovBio amd khelotd-avorktd Eéva avd 800
oovoha, Kot |, ey Wi = U eny Vo = X Me 1 xpfion g (W), )nen propodpe
Vol OPIGOVE Y10 TUPADEIYHA T GOVAPTNON

f: X >R: f(x)=sin(n-7-2), 0On0v N eivon 0 poVASIKOG PLOIKOG pe & € W,.
H f eivon cvveyng covaptnon yoti yia ke (a, b) < R éyoope
ze f(a,b)] = In (xeW, & sin(n-7-2) e (a,b)),

smhadi) £ [(a,5)] = Upen(Wa 0 £ [(@,0)]) 6700 f(2) = sin(n -7 - ).

Ze auTd TO TOPEOELYP ¥ PNOIHOTOI00HE 0VCIXOTIKG TO 0TL Tor W), eivan
Eéva o 800 Yo va givon To n oTov opiopd Tov f(z) eivon povadiko. Mo va
propei yiver avtd ko va givon oo W, ko avotktd yperdletan vo EEKIWNGOLLE
oand T KAEIGTE-0VOIKTE GOVOAX.

(ii) TToAAég katackevég oty Teptypa@ikn Bewpia covdAmY oTnpilovtal oe pio
mo ovvBetn enefepyoasia TV Tponyovpevey 10edv. o ntopdderypo avopé-
PODLE TNV KATAGKELH TOL GLYEXODS Hovopoppiopod 7 : 2N —— X et amo-
oei€n tov Oewpipatog 2.3.12. Exei ypnoiponorodpe éppeca 0Tt Yoo kK&Oe n
propovpe va Bpodpe covora Wi, ..., Wan, (coykekppéva ta Ny, N 2N yia
u € {0,1}=N pe |u| = n) ta omoia £yovv pikp Sidpetpo, eivon avorkTd Ko
Eéva avd Svo. Kabe a € 2V avijkel oe axpipac éva oo ta Wy, cuykekpipévo
oto Ny, N 2N, 6mov u, = ajn. H tpf 7(a) kaBopileton and To chroro dAov
Tov V.

(iii) Zrov avtimoda ot pndevodidotator [loAwrikoi ywpor nepropiloov onpa-
VTIKG TIG GovE)EiS cuvapTHoels Tov Aappdvooy Tipég oe antods. Ilpokvnter
otrotkotackevéc e T ¢ 2N — X Tov Bempipatog2.3.12 ko tne T : N — X
00 Oewphpatog 2.3.7 dev B fitaw egiktéc av o1 2N xou N Sev firaw pndevo-
didotarol. Agite tny Aoknon 2.6.16.

Ipotaon 2.6.9. Kabe undevodiaorarog [olwvikog ywpog Eyel puia apiBunoiun Pdaon
OV AmOTEAEITAL AMO KAELGTA-AVOIKTA 6UVOAQ.

Anode1&n. Oempovpe évav pndevodidotarto [Todwrikd ydpo X ko piar KATGAANAN
petpikn d otov X. [aiproope éva apidpioipo cdvoro D = {x,, | n € N} nov eivon nto-
k6 otov X. Onwg eivon yvwoTto 1) 01K0YEVEIX OA®V TOV d-0VOIKTMOY PTAADY TNG HOPPNS
B(zn,q), 0movn € Nkai g € QF, anotelet fdon yio tny toroloyio tov X, dev onpaivel
OPMG OTL ATOTEAEITAN ATO KAEIGTA-AVOIKTR CUVOALL.

Bewpovpe Kol P 01KOYEVELN V and KAEIGTA-VOIKTA DTOGOVOAX Tov X, 1 ool
eivan fdaon ya tov X. Opilovpe

I={(m,n,p,q) e NxNxQ" xQ" |IVeV&B(xm,p) SV < B(xn,q)}

To I eivon tpopovmg apBpioipo cdvoro. (IIpoxdnTel and T IO KATW EMLYELPHLATA
ot 7o I givon pn kevd.) lNa kabe (m, n, p, q) € I emAéyoope éva V(m, n,p,q) € V pe

B(zm,p) € V(n,m,p,q) € B(zn,q).

Ioyvpitopaote oT1 N owkoyévewar V' = {V(m,n,p,q) | (m,n,p,q) € I} eivon faon yix
Tnv torohoyia Tov X. Epocov 1 V' givon apiBpficipn koan V' < V av to Seifoope avtod
Ba éyovpe To {nTovpELO.

Apxket va eifoope 6T k&0e B(xy,q), pe n € N ko g € QF ypdoerar og évmon
otoiyeiov tng V. Oewpodpe n € N kon g € QT, kon Seiyvoope 6t yia kdle x € B(wy, q)
vrapyer (m,n',p,q') e T pex € V(im,n',p,q') S B(xn,q), yro TNV axpipeio O £xovpe
n =nxuqg =q.

‘Eoto x € B(z,, q), apod To TelevTaio givan awoiktd cOvolo kain V eivan fdon yio
Tnv tomoloyia tov x vrdpyer U € V pe © € U < B(xy, q). Emmléov agod to U eivan
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avoiktO 6OVoAo vrdpyel r > 0 pe B(xz,r) € U € B(xy, ¢). ATo Ty tokvotnta too D
ko Tov Q vrdpyoov m € Nkoup € QT pe d(z, z,,) <p <71/2.
Tote © € B(x, p) kou Y10 k&Oe y € B(z,, p) 10)deL

d(y,z) < d(y,zm) + d(@m,z) <p+p=2¢=r.

Apa x € B(xp,p) € B(x,r) € U € B(x,,q). Eropévag (m,n,p,q) € I xon axd
T emhoyf Tov V(n, m, p, q) iydet

z € B(xm,p) < V(n,m,p,q) < B(zy,q).
Ewdwotepa x € V(n,m,p,q) S B(x,, q) xou £xovpe to {nTodpevo. o

Iponyovpévmg eidape 6Tt T KAe16TG DTocOVOAX Tov N eivon undevodidotatot [o-
Aovikol y@pot. To endpevo amoTéAespa HoG Aéel OTL 6TV 0VGIa SEV LILAPYOVY GAA TTOL-
padeiyparta pndevodidotatov [Todovikdv ydpov.

Oedpnpua 2.6.10 (Kaborkr [816tnta Tov N Y1 Tovg pndevodidotatong [lolwut-
K00G ywpovg). Kabe undevodidoraros IoAwvikos ywpogs eival TomoAoyikd 160Uoppikos
Ue éva kAe1oto vocdroAo Tov ywpov tov Baire N.

Amoderén. Oewpoidpe o ocoppati petpiki d < 1 otov X ko pio aplOpfGipn otko-
yvéveln V and KAEIGTA-AVoIKTE DTOGVVOAX TOL X' 1 ooia eivan faon Yo THY ToToAOYiN
Tov X (IIpoTaon 2.6.9).

Ioyvpiouoe. Ta k&Be oawoiktd covoro W < X kou kdBe r > 0 vdpyer akoAovdin
(Aj)ien am6d otoryeia tng V pe W = |,y Ai ko d-S16petpog(A;) < 7 yio k&g .
(Emrtpémoope to U va eivon To kKevd 6OVoN0, 6€ avth) TN Tepintoon £yoope A; = O Yo
kd0Oe i € N, pe d-drapeTpo Tov kKevod ourvdhov evvoodpe to 0.)

Amébeitn woyvpiopov. AnapilBpoope V = {V,, | n € N} kon Bewpodpe éva avokto
W < X xour > 0. Tote kdbe © € W vnapyer v’ > 0 pe B(z,r’) < U ko v’ < /2.
A@ov n V eivon Baon vrapyern € N pe x € V,, < B(x,r’) © W. Emléyoope tov
eMGY16TO TETO10 PUGIKO aplBpd 1 ko Tov cupPorilovpe pe n(z). Eivon tote capég 0T
W = Uev Vaz) = Uies Vi 0moo I = {n(z) | € U}. Emnhéov n d-Sidpetpog kébe
Vi(z) etvan < 2" < 7. H (A;)sen wpoxdntet and Ty (V;)icr pe koawodpyla anopifunon
TOV OpWV TNG TEAELTAING EMTPETOVTAS EXUVUANYELS. ADTO ATODEIKVVEL TOV 15 VPIGHO.

1 cvvéyeia opilovpe pix okoyévela (Cy,) yen<n and vrocOrvola Tov X pe Tig e€fg
ot Tec:

i) X =Cy
(i) 7o C, eivou KAEIGTO-WOIKTO (EVDEYOUEVMG KEVO)
(i) Cu = Ujens Custi
(V) Cus(iy N Cus(jy = I
) d-Srapetpog(C,) < 271
Y1 k&0e u € N<N ko k6e 4, 7 € N. O opiopog yiveton pe avadpops| 6To pikog [u| Too
ue N<N

TN |u] = 0 éxoope povo v nepintoon u = A, opiloope Cp = X. Ilpogovdg To
Cx eivou KAE16TO-ao1kTo Kot 1 S1épeTpoc tov eivan < 1 = 27 1A amd Ty emroyh Tng d.

Yrobétoope 6T1 Y kémoto n € N gyovpe opicer ta C,, Y1 K4Be |u| < n éto1 dote
VoL IKowomolovuvtal ot 1910tnTeg (ii)-(v) mo movw. Mo Tig (iii) ko (iv) aotd onpaiver 6t
10y 0voLY Y1 KaBe |u| < n dote |u * (i)] = n Y1 kaBe 4. [Ipémer va opicovpe ta Cyy, Y10
KaOe |w| =n + 1.

Mo k&0e u € N<N pe |u| = n epappoéloope tov ioyvpiopd yio W = C,, xon r =
2=+ Yrépyer tote axohovdia (AY);en otoyeiov g V pe Cy = ;o AY xon d-
Sapetpog(AY) < 2~ (1) 11 cuvéyein Taiprovpe TIC S1aopég

Bg = Ag, B;L-Q—l = A?-H\ Ujgi A;‘L'
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Ta B, i € N, givou Eéva o 500 ko | ;. AY = Uien B = Cu. E@ocov ta
AY elvon kAeiotd-avoiktd To cbvola B eivon eniong kAeiotd-avoiktd. Emniéov 1 d-
didpetpog k&be B} eivan pikpodTepn 1 ion tng d-Sioepétpoo Tov A} mov eivon pikpoTepn
1y ion Tov 2~ (") Onodte opilovpe

Cus(i) = B}

‘Etot €yovpe opicel ta Cy, Y1 kaBe |w| = n + 1 kou eivon capég 6T1 16 vOLY o1
(i1)-(v) yix To n + 1. T0 emaywyKd Pipo £xer OAOKANPmOEL.

O 1diotnreg (i)-(v) givon cageic amd Tov opiopd.

>tn covéyewa opifoope tn {ntodpevn covdptnon f : X — N. N k&e x € X
gxoope v € Cp = J;en Criy- Emopévag vmdpyet i € N pe v € C;,). Aoto 70 ig eivon
povadiko yruti T Cpyy, i € N, elvon Eéva awd V0. Epocov C;,y = (J;en Cig i) OTEpyEL
i1 pe Cyy,ip) Ko OMOG pe Tpw aotd 70 i1 eivon povadiko. Zoveyilovtag enaymyikd Ppi-
OKOOWE (70,01, .- 0n,--.) He T € Clig 4. - Hrypng e f o7o z eivon axpifog to
(io,il,...,in,...) eN.

Andadi éyoope Ty f 1 X — N -

iy

f(z)(n) = o povadikég i € N y1a Tov onoio vrdpyet u = (ig, . . ., in—1) HE T € Chy(i).-

Amodekvidovpe 6t1 T0 f[X] elvon khe15TO vocvoro tov N kou g N f etvon to-
TOAOYIKOG 1GOHOPPIGHOG peTatd Tov X ko Tov f[X]. T va Sovpe ot to f[X] eivon
KAe10To 10 vP1LOpaoTE OPYIKE OTL

(2.27) ae flX] < YnCy, # &

Yo k6Oe o € N

INa v evbeio katevBoven av éxoope o = f(x), TOTE Amd Tov opiopd Tng f Exoovpe
Y k&60e n 0t1 = € Cr(2)(0),....f(x)(n—1)) = Cajn- [0 TNV avticTtpoen xarevbovon
vroBétoope 6Tt Y kGOe n 16Y0el Cyp, # . OmOTE N (Coyjy ) men eivon piar @Bivovca
akoAovBia pUn KEVOY KAEIGTMOY DTOGVVOA®Y TOL X T®V omoiwv 1 d-O1GUETPOG GLYKAI-
vel 670 0. Zovenmg 1 Topf OAOV ALTOV TOV GOVOAMY E€ival PHOVOGOVOAO. Oewpodpe TO
povadikd z pe x € Cy), Y100 KGO n. TOTE propovpe va odpe edkoha pe enraywyn Ot
a(n) = f(z)(n) yia kdBe n. Apaz = f(a).

Amo v (2.27) €yovpe 6T1

X = Mhen Frs F,={aeN |Cy,# T}, nelN.

Kabe F;, eivou kK e1otd vrocbrolo tov Fi, yioti av éyovpe «; € Fy, Yo kdBe ¢ € N
Ko o — o ToTe Y1 Oha T peydha i 1oy 0el an = aln ko dpa Cpppy = Co,pn #
. Mdahota to F, givon khe1oto-avoikto.) Eropévag to f[X] eivon kheiotd wg Topn
KAEIOTOV GOVOADV.

Mo v Sodpe 0t1 N f givon HOVOLOPPIGHOG TapaTnPOvpE OTL aw Exovpe x,y € X pe
X # Y TOTE LRAPYEL N APKETE peydho dote 27" < d(z, y). Zovendg yio k&Oe u pe |u| =
n o x,y dev propody va avijkoor kot T 500 610 Cy. AQod = € C1(2)(0),...,f (x)(n—1))

kot § € Cf(4)(0),.... £ () (n—1)) OOVETAYETON OTL f(2) # f(Y).
[Matn cvvgyertng f Bewpovpe x € X xoun € N.Egocovx € C ) (0),...,f(x)(n—1))

Ko to tedevtaio cvvolo givon avorktod vnapyer k € N pe B(x, 27F) < Cl(@)(0),....f (2)(n—1))-
[poxbmrter ToTe OT1 Y1 KGPe y € B, 2"“) wx0ery € Cf(a)(0),....f(x)(n—1)) KO &pa
(f(@)(0),..., f(z)(n — 1)) € f(y)., onore

dy(f(z), fly) <27

Avto Seiyver T covéyxewx g f .
Télog Y T cvvéyewn tng fHX] — X maparnpodpe 6T Yo ke n kou k&Oe
a= f(z)xuf = f(y) e N pe ajn = B|n éxoope x,y € Cyy;, Ko Gpa

d(f~He), [71(8)) = d(z,y) < 2 - d-Biapetpog(Copn) < 27"

Aot ohokAnphrel TNV amdOEIEN. =
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Mo Toyaia copfoti) petpikf) oe évav pndevodidotato Iohwvikd ympo dev diver
ATOPAITN TR AVOIKTES HTAAES TOL EiV KAEIGTA-OVOIKTE GOVOAW, Oeite TNV Acknon 2.6.17.
ATd TV GAAN TPOKOTTEL OO TO ETOPEVO TOPIGHR OTL DEAPYEL LK COUPATH HETPIKT [
oot TNy wWotnTa. oty akpifeloc oot eivon pio VITEPRETPLKT), SNAXOH P HETPIKT
d mov 1kowonote

d(x,y) < max{d(z, 2),d(z,y)}
Y K&Oe x, y, z oL avijkoov otov doopévo Ilohmvikd ydpo. Arodeikvdeton OTL 01 PTRAESG
kd&Oe vreppeTpikig oe évav [Todwvikd yopo X givon KAEIGTE-AVOIKTA GOVOAX, deite TNV
Aoxknon 2.6.19. [Agite eniong tnv Acknon 2.3.14 oty onoia deiyvoope 6t 1 das givon
vreppetpikn otov N. Ovpiloope 0T 01 dpr-avolkTég Pndheg eivon Tng pop@hg N, 6mov
u e N<N, ta onoia givon khe16Td-avo1kTd 6OVOAX. ]

Ioépropa 2.6.11. Evac [odwvikoc yapog eival undervodidoTaros av kal povo av Exel
Ui cOUPaTi VIEPUETPIKT.

Eidikérepa kabe IloAwvikoc yapog €yel pio coppati LETPIKH OTOD Ol AVOIKTEG UTAAES
elval KA€16TA-QUOIKTd cOVOAQ.

Amoderén. Oswpoope vav IMorwvikd ydpo X. Av o X €xel o copPoati) vreppe-
Tp1Kf TOTE and TNV Acknon 2.6.19 ot avoiktég PraAeg eivan KAEIGTR-AVOIKTE GOVOAX
ko dpa o X eivon pndevodidotatos. Avtictpoga av o X eivan pndevodidctatog tote
an6d 1o Oedpnpa 2.6.10 vedpyet kKhestod svvoro C' S N ko TOTOMOYIKOG IGOHOPPIGHOG
f: X —>C.Opilooped: X x X - R pe

d(z,y) = dn(f(2), f(y))-

Me &hla Aoy opilovpe tnv d otov X wote 1 f va yivetou woopetpio. Enedn to C
etvon khewoto ko o (N, dy) eivon Thfpng, Exovpe 6TL ko to C' pe Tov meploplopd Tng dar
eivan emiong TAMpng peTpikog xdpog. Mpokovnter 6T 0 (X, d) givon mifpng. H arddeiln
o111 TomoAoyix TG d eivan 1 id1x pe TV TomoAoyia Tov X eivan OTwg oty anddelEn Tng
IIpoéTaong 2.1.2. =

Aocknoeelg

Acknon 2.6.12. Kdabe copnayng Ilolovikdg xdpog eivor TOTOAOYIKG 1GOHOPPIKOS
pe éva kAeiotd vTocHrolo Tov kOPov Tov Hilbert.

Acknon 2.6.13. O y&pog (2NN eivon Toroloyikd 1opop@ikog pe tov 2N,
Aocknon 2.6.14. O yopog R \ Q Twv &ppntov aplBpdv pe T 6YeTIKNA TOTOAOYiX TOV
R eivou pndevodidotarog Iorwuikdg ymdpog.

Aoxnon 2.6.15. Ta péva vroovrora Tov R mov eivon kAeioTd-awoiktd 6tn covion
tTomohoyia eivon To & kar o R. Xovenwg o R pe tn coviOn tomohoyia Tov Sev givon
pundevodidotartog [ToAwvikds ydpog.

Aocxnon 2.6.16. ) Av o X eivou pndevodidotatog [Todavikog ydpog toTe K&Be 6O-
veyng oovaptnon f : R — X eivou otabepn.

Xopnepdvete 6t ota Oewpripata 2.3.7 ko 2.3.12 dev PTOpPOvUE VO AVTIKOTOOTH-
covpe Toug yhpove N kau 2V pe tov R.

Acknon 2.6.17. Oewpodpe tov petpikd yapo (N, |-|) koutn petpikh d otov NN = A
OV TPOKVOTTEL ATO TNV TOTOAOYI YIWOpEVO COPPOVA [e TV Eicaymyn:

e}
d(a, ) = >, 27" -minfla(n) — B(n)], 1}, a,BeN.
n=0
Egocov n tororoyia tov N eivon 1 Tonoloyio ywopevo o petpikes d kon dr eivon

wodbvapec. Agifte 0T 1 d-oawoikt) prdaha kévtpoo (0,0,...,0, ... ) ko aktivag 2 dev
eivat KAe16TO 5HYOAO.
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Sopunepdrete 0T1 pia Toyoio copPartt petpiki) oe vov pndevodidotato Iorwrikd
X ®Dpo Sev Sivel ATAPAITNTR AVOIKTEG PUTGAAES TOL €ivail KAEIGTR-0VOIKTH GOVOAA.

Aoxnoen 2.6.18. To evBd dbBporopa dvo pndevodidotatonv [lohwvikdy ydpov kot To
(remepacpévo 1) drelpo apBpncipo) yivdpevo pndevodidotatmv [olovikov ydpwv eivan
pundevodidiotatog [Molwrikdg ympog.

Acknon 2.6.19 (Bourbaki). I'a k&Be vreppetpikn d oe éva pn kevd covoro X ko
K&Pe x,y,z € X, r,r’ > 0 15ybovv Ta e€ic.

(o) To By(z,r) eivon kKAe16TO-0W0IKTO GOVOMO.

B Avd(z, z) # d(y, z) tote d(z,y) = max{d(z, z), d(y, z)}. Eidikétepa 500
and tovg apBpote d(x, y), d(zx, z), d(y, z) eivon icot.

(y) Avy € By(z,r) tote By(y,r) = Ba(x,r).

(8) AvBy(x,7)nBy(y,r") # & toteeite By(z,r) S By(y, ') eite By(y,r’) <
By(z, ).

Soprepdrete 6t 0 TOTOAOYIKOG ¥DPOGS Tov TpokdrTel and Tov (X, d) givon pndevo-
didoTartoc.

2.7. Tomohoyikoi Xapaktnpiopoi tov yopov tov Baire kot too Cantor

ZKondG HoG €80 iV VO TOVG YOPAKTNPICOLE TOLG YDpovg Tov Baire ko Cantor
amd TOmoAOYIKAG &moyng. Anhadi va fpodpe Tomohoyikég 1816tnTeg Py ko PL mov va
T1¢ wawonotovy ot N kan 2V awticTtorya kot “otny ovsia” va ivon o1 povadikoi ydpot
OV TIG KAVOTOLOVV.

Oporoyia. Otav Aépe 6t1 0 X givon péypt T0n0loyikod 160p0PPIoUOD 0 UOVAIKOS
Holwvikécg yapog mov ikavonoiei thy 1010tnta P evvoodpe 611 0 X wawvonotei Ty P kot
yia kdBe [Morwrikd ydpo Y mov wkavomolel tny P, o Y eivan TomoAoY1K& 1GOHOPPIKOGS e
Tov X.

Oedpnua 2.7.1 (Alexandrov - Uryshon, deite [Kec95]-7.7). O yapoc tov Baire N
elvan puéypt Tomoloyikod 16ouopPLopuod o povadikos lolwvikog yawpog mov eivar undevo-
didoTaTOC Kl KO GOUTAYES DTOGOVOAO TOV €€l KEVO ECOTEPIKO.

Amoderén. Apywa deiyvoope 6t1 0 N éxer Tig {nrodpeveg 1810tnTeg Onwg gyovpe
der o N eivon pndevodidotatoc Molwvikog ywpoc. Eniong yia k&e u € N<N 1o cvoro
N, Bev eivan soprayég: nakohovbio a; = ux(4,0,0, . .., 7 € N anoteheiton and ororyeio
Tov NV, ko dev €xet ouykhivovoa vrakolovbia. Exopévag yia k&Oe coprayés K € N
woxver Ny, & K yiokéOe v € N<N, Snhadi K° = . [Mropodye emiong va to Seifovpe
aoto pe tn Pofbewx Tov Iopicparog 2.5.7: to K o copnayés givon to ompa [17] evog
dévdpov nemepacpéng diakhddwong. Tote dpwg eivon capég 6t N, £ [T] yir k&Oe
ue {0,1}<N]

21n covéyela Bewpodpe évaw Tlohwvikd ydpo X mov eivon pndevodidcTaATos Ko
KOOe CUUTOYEG DTOCVVOAD TOV €XEl KEVO €0mTEPIKO. Oempole o GOLPATH HETPIKT
d < 1 xou o apiBpfiopn péon V and kheiotd-avoktd vrocdvola tov X (IlpdTaoc
2.6.9).

Kotackevdlovpe pe avadpoph 6o pikog [u| tov u € N<N o owoyéveia (C,) yen<n
VROGLVOAWY TOL X pe Tig eENG 1010TNTES:

i) Ca= X
(i) to C, eivon pn Kevd KAEIGTO-AVOIKTO DTOGHVOAO TOL X
(i) Cu= Ujen Cux(i)
(V) Cusiy N Cus(jy = I
(v) d-8iapetpog(C,) < 271
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11 k60e u € N<N kou imj € N.

Av kdvovpe TNV O TAVD KATACKELT] £YOVLE oTNY 0LGin TeEAeimoel. O {ntovpevog
TOTOAOYIKOG 160pOpPIopdS [+ X — N opileton 6nwg kon 6Ty anoddeién tov Oewpi)-
potog 2.6.10: o1 1816tnTeg (i)-(V) mov €xovpe €dd covendyovtat kat Tig 1d16tnTES (1)-(V)
oty anddeiEn tov Oewprpatog 2.6.10 (1 povn dapopd givon 6t1 edcd BELovE emmAEOV
Cy # ). Enopévog propodpe va mdpoope toh tny f : X — N pe

f(x)(n) = o povadikog i € N yia Tov omoio vrépyet u = (ig, ..., 9n—1) He T € Cyy(y).-

Onwg otnr anddeién tov Oewphpatog 2.6.10 n f eivan coveyng HOVOLOPPIGHOG e
ovveyh avtiotpogn f1 : flX] — X. Emmhéov n f eivon empop@iopds: cOppova pe
v (2.27) 16y vet yia kéOe o € N,

a€ f[X] <= VnCy, # J.

Agoo opwc C,, # & yiokaOe u € N<N 10 8e£16 okéhog TG Tehevtaiog 16odvvapiog
oy vet yi ke o € N. Enopévag f[X] = N.

Amnopévet Aomov va karackevdoovpe ta Cyy, u € N<N, mov v ikavomotodv Tig mo
navw Wotntes. Mo |u| = 0 éyovpe u = A onote opiCoope Cp = X. Tpogavig to Cy
etvan pn kevd khesto-avotktod ko d-didpetpog(Ch) < 1 =279,

YroBetovpe 6T1 Y1 kGmoro 1 £xovpe opicel ta Cy, Y10 k&Oe u pe |u| < n €Tl dote
va ikoevootovvtan ot wotnTeg (ii)-(v). I Tig (iii) kon (iv) oaotd onpaivel 6Tt 16)HGOLY
Yo kGOe |u| < n dote |u  (i)| = n yio k6Oe i.

Ocwpodpe va u € NN pe |u| = n, B opicovpe T Cyy(s) Y100 kGO i € N.

H 18¢a givan 6mog oty anddeiEn tov Oeswpipatog 2.6.10 va ypdyoope to C, ®g
gvwon T pop@ig | ;o Vi oo ta V; eivan ototyeio tng V katdAnia pikpig Sopé-
TPOv, Kart ENEITA VX TAPOOE Y1 Oy () T1G S10p0pég Vi \ | o; V- AvTdt Tar sOvoda Oar
éyouv Oheg Tig 1810TNTEG pe povadikn e&aipeon 6TL kK&mo1o Cyy ;) Hropei va eivon Kevo.
Mo va eEacparicoope 6t1 Cuy (i) # & O xpnoiponocoope TNy veddeon pog 0t1 ke
GUUTOYEG DTOGOVOAO TOL X €)Yel KEVO E0CWTEPIKO.

A@o0 to C,, givan avoiktd kon pn kevd £yovpe ewdikotepa 6t1 Cf # J Ko dpa To
C,, dev givan GOPTAYEG.

YrevBopiloope 6t1 éva vTocOLOAO C' VOGS peTpikod ympovo (Y, p) eivan oMkd @pory-
Hévo av yix kdBe r > 0 vapyoov avoiktd cdvola Uy, . .., Uy, pe p-drdpetpo < r ko
C < Ui, Ux. Onag givon yvwoto to C' eivon copmayés av ko povo av givar KAe1oTto
KoL OMKE @parypévo.

Emotpépovtag micw oto C;, apod To TELELTRIO GVVOLO gival KAEIGTO KOt O)1 GL-
praryég, £xovpe and mo évw 6t to C,, Sev givon ohikd @paypévo otov (X, d). Enopévag
omdpyer r, > 0 dote o O dev kaAdRTETOU ATO OTOINONTOTE TEXEPACHEVT OKOAOVOiaL
and avoIkT& cOVOAX d-StpéTPo pKpdTEPT 1] i0NG TOL 7).

Onwg otnv anoddeiEn tov Ocwphipoatog 2.6.10 vrapyet akorovdin (V;);en oToryeiov
eV pe Cy = Uy Vi ko d-81épetpog(V;) < min{2~ "+ 1} Enerta naipvovope tig
Srapopég

U=Vo, Uit1=Vigr\ Up<i Vor 121,

101 mov k&Be U; eivon kAe1oTo-awoktod pe d-Sipetpo< 2~ () ta U; eivan Eévar owd
800, kot ;o Ui = Uien Vi = Cu

Ioyopilopacte 6T1 Y1 Grelpa To tAnBoc ¢ € N éyoope U; # J. AMag Ba vrfpye
ip £T01 OOTE Y10 KAOE ¢ > ig Ot ioyve Vip1 S (Jpo; Vi [TpokOmTer bkl pie enayoy
070 % = 39 OT1 O eiyope Vipy S U,KiD Vi xon emopévmg Ba ioyve

Cu= UieN Vi= Uksio V.

Apa Ba vpyE PL TETEPAGHEVT AKOAOLBIX AVOIKTOV GOVOA®V d-SIAPETPOV PIKPOTEPTG
f) iong tov r,, n onoix B ktAvate To C, OV givon &romo.
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A@ov éyovpe U; # & 1 drelpa to TAn0og ¢ € N, propodpe vo anaeiyoope ta
1 € N ywx ta omoia U; = (J, ko va €xoope ndAl dreipoog 6povg U,;. Emopévag ywpic
BAGPN Tng yevikdTNTOG PROpodpE va vroBésovpe 6T1 U; # J yia k&Be i € N. Tote ta
U, eivon pn kevd KAEIGTA-aUotkTd cOvoAw, pe d-Siapetpo< 2~ (1) eivon Eéva awdt Soo,
Kot 1 évoot| Tovg givon to C,. Opilovpe Aowmdy

Ou*(z) = Ui 7€ N.
AVTO OAOKANPOVEL TNV KATACKELT. =

Onwg avagépape otny Aoknon 2.6.14 ot Gppnror apiBpoi R \ Q pe tn oyetikn to-
moAoyia aroteloOy pndevodidotato Ilohwvikd ydpo. Me faon to Oedpnpa 2.6.10 wpo-
KOTTEL PUGIOAOYIKK TO EPOTNHA PE TO10 KAEIGTO LITOGHYOAO Tov N eivon Tomoloyikd
160p0pP1Ko To cvvoho R \ Q. H amdvenon givon o idiog o ydpog tov Baire.

Mopwopa 2.7.2. O Holwvikdc ywpoc twv dppnrav apifudr R \Q eivar toroloyikd
LGOUOPPIKOC Je TOV ypo tov Baire N.

Amoderén. Anod tnv Acknon 2.6.14 o R \Q eivon pndevodidotarog [Torwuikdg yo-
poc. Aeiyvoope 611 KaBe copmayég vrocrolo Tov R \Q éyel kevd ecntepikd. Oempodpe
évaoovoro K € R\ Q pe K° # . Tote vmdpyer éva avoiktod didotnpa (a, b) too R pe
(a,b)n(R\ Q) € K. Azno tnv mokvotnta tov pnthr ondpyel g € Q pea < ¢ < b ko and
TNV TOKVOTITA TV 0PPHTOV DIEPYEL AKOAOVDIR (T, )neN OO GppNTOVG AP1OpROHS 6TO
(a,b) pe x,, — q. Tote N (Tp)nen €ivon i akorovbia Tov K ywpic cuykhivovoo vra-
KkolovBia, &pa to K dev eivan copnayés. Eropévmg €yoope K° # J yia kdBe copmayég
K cR\Q.

An6 to Oempnpa 2.7.1 0 R \Q eivon Tonoroyikd i6opop@ikog pe tov N. o

2T GOVEXELN KO OAODHAOTE e ToV ydpo Tov Cantor.

BOewpnpa 2.7.3 (Brouwer, deite [Kec95]-7.4 ). O ywpoc tov Cantor givar o uova-
OIKOS HEYPL TOTOAOYIKOD LOOUOPPLEUOD COUTAYHS TEAELOS undevodidotaros TloAwvikés
YDPOGS.

AT6de1&n. Oempovpe évav copmayt, TéAeo ko undevodikotato [Todwvikd ympo
X kou o copPorty petpikn d < 1. T evkodia copPorilovpe pe §(C) tnv d-Siapetpo
To0 C,0mov & # C < X.

B0 KATACKEDAGOVLE P10 OIKOYEVELN (Cu)u€{0)1}<N VTOGVVOAWY TOV X pe T1g €ENG
1010TNTES:

i) Ca= X
(i) o C, eivou un kevd kAelotd VITOGHYOAO TOL X
(i) Cu = Cux) Y Cux1)
(iv) Cu*(O) N Cvu>l<(1) =g
) lim §(Cym) =0
m—0o0

Y1 k60e o € 2N o ka0e u € {0, 1} =N,
Tote propovpe va opicovpe T cOVAPTNON

f: 2" - v {f(a)} = ﬂneN Caln-

H f eivan éva-mpog-éva kot coveyng, avTd PTOPOOHE VX TO dOvpE OTWG Kol GTNY
anodeén tov Oewprpatog 2.3.12. o va dodpe yatin f eivon empop@iopog Bempodpe
évax e X.Tote x € Cp = Cgy U C(1) pa vrdpyet povadiko ig € {0,1} pe x € Cpyy =
Clio,0) Y Clig,1)- ZoveyiCoope avadpoptkd ko Ppickoope o = (ig,41,...,0n,...) He
C € Cqyn 1 k&0e n. Enopérog f(a) = x kou n f eivon empop@iopog. Egocov o 2N
eivon copmayfic ko 1 f eivon coveyfg éxovpe 6TL kou 1| avtictpogn covéptnon f1 :
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X — 2N givon ooveyic (Seite Ty amddeiEn tov Mopicpatog 2.4.4 Y neplocdTEPES
AETTOPEPEIEC).

Onote apkei va kataokevdcovpe Ty (Cy)yeqo,13< 0T0G ToO Tdvm. O 181oTnTEG
(1)-(iv) eivon oyetikd evkoleg va emitevyBoOY: ovolacTikd dapepilovpe To X ce dOo
HN KEVA KAEIGTA-KAEIGTE DTOCVVOAN KOl ETXVOAXUPAVOLE TN d1odIKAGio Y1ox TO KGO
éva oo avtd. H duokoMa givon va SeryBei n drotnta (v). H 18éa i v Eemepdoovpe
ovTd TO eUnOOI0 givan va coveyicovpe T SIAPEPIOT 6 dVO LIOGOVOAN HEYPIS OTOD N
ddpetpog va yiver pikpry. Hopakdte Sivovpe TNy KATACKELT [lEe AETTOHEPELA.

Onwg otov 16)LPIGHO TNG ArodelEng Tov Oewpiipatog 2.6.10 yia kdbe pn kevd KAEIGTO-
avoiktd vrocbroro C tov X ko kdBe r > 0 propodpe vo fpodpe pio akohovdia (V) nen
amd KAEIGTE-avoIKTd DTOGVVOAX X e d-Siapetpo< 1 £to1 hote C' = |, .y Vi AoD
opwg to C eivan KAEIGTO DTOGHVOAO TOV GOUTAYOVS YMPoL X giva ko TO id10 GOUTAYES.
Apoa vdpyer TenepACHEVO VIOKGALPpR Vp, ..., V,. Exerta maipvovtag Tig diopopés
Vi \ Ui Vi propodpe va vrobécovpe ywpic PA&pn e yevikotntag 6t ta Vp, ..., V,
eivon Eéva awd dvo. Enedn) J # C' = |, ., Vi ondpyer Toordyiotov éva i yi o onoio
Vi, # @. Anadeigpovtag ta V; v T omoia V; = F ko anoprOpmdvtag Eavd propodpe
eniong v vroBécovpe 6t1 OAx Ta V; glvon pn Kevd. ZOUQOVX pe TO TPONyovpevo Ba
nopopeivel TovAdyiotov éva V;, pdMota pnopodpe va btobécovpe 0T1 B Tapapeivooy
TovAdytotov dvo V;, dnhadi 6t n = 1. [Na va To dovdpe avtd YpnGipoTolovpe 6TL o X
eivon télerog: apod to C' eivan avoiktd prnopodpe va Ppovpe x,y € C pe x # y. Tote
emovahapfdroope OAa T Tponyovpeva pe To min{r, 271 - d(z, y)} otn 6éon tov r. Tote
d(Vo) < d(z,y) eropévag to Vp dev propei va kahdwer 6Ao to C. Katahfyoope Aorrdy
oto e&ng.

Hapazipnon. T kdBe pun kevd kAeloto-avotkto vrocOvoro C tov X kot kdBe r > 0
vdpyovY pn Kevd, Eéva owd S0, kAeloTd-avoiktd covora Vo, ..., V, pen = 1 étor
oote C=Vyu---uV, kud(V;) <ryukabe i < n.

21n covéxein opilovpe TNV orkoyEveln (‘Fu),ue{071}<l\] pe Tig €€f g 1010TNTEG:

() Fa={Xx}

B) Fu={Vo,...,Vp},ono0ota Vj,...V, eivon pun kevd, Eéva avd 8do, kheroTd-avorktd & X

@ UFu=U (Fuso) © Fux1))

® (UFux) n (UFux) = 2

() avF, = {C}16te Frn(o) = {Vo} xan §(V) <271 - §(C) yra ke V € Foyue(0) U Fuse(1)
(c1) av Fy = {Vo,..., Vot n = 1,701 Fop(o) = {Vo} kot Fupry = {V1,..., Vo)

Y1 k60e u € {0, 1}=N. Aeite to Zyfpa??.

H xotaockevf| yiveton pe avadpopfy 6to pnkog |u| Tov u. Av |u| = 0 tote u = A,
0¢toope Fp = {X'}. YroBétoope 6T1 yio koo m € N éyovope opicel ta Fp, yior kéOe
u € {0,1}<N pe |u| < m ko 6T1 IKawomolovYTON 01 110TNTES (0)-(0T) MO AV, QA
ocovnBwg 6mov &yovpe u * (0), u * (1) oe pia 1810TNTA EVVOOLpE OTL QTN 16 HEL YK
lu| < m.

Haipvoope u € {0, 1} =N pe |u| = m o opilovpe To Fyyu(0)s Fun(1)- AV T0 F, €lvon
70 povochroro {C} Tote eQappolovpe THY TapaThHpnon ond mo néwm yixr = 27 1-§(C)
KoL TaiprovpE pn kevd, E€va avd 800, kAe1oTd-owotktd covoha Vy, ..., V,, pen > 1 dote
C=Vou- - uV,kad(V;) <ryaxdde i < n. Oétovpe 10t Foupo) = {Vo} xan
Fus)y = {V1,..., Vo). Av to Fy €xer tovddyiotov 8o otoryeia, F, = {Vo,..., Vol
n = 1, opiCoope Fuso) = {Vo} kot Fusry = {Vi,..., Vo). Aot ohokhnparer Ty
KOTOOKELN.

Télog opilovpe

Cu=UF. voxdOeue{0,1}<N.
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OudotnTeg (i)-(iv) eivan cageic and Tig (a)-(8). Mo Ty (v) Bewpodpe o € 2. Eivon
capég and Ty TNt (7) 0Tt Cyj(my1) S Copm Y10 KE&Be M, enopévmg 1 akoiovbia
TV d-S10peTpav (6(Cyjm ) men ivon @Bivovsa.

Ioyvpiopds. Ta k&Oe m onapyer m’ > m pe §(Copy) < 271 8(Copm).-

Amédeiln ioyvpiopod. H anddeién yivetou pe emaywnyf 6to tAn0og tov ctoryeimv
TO0 F |- [100 TN Pliom TG emaywyfs (mov eivon ko TO peyarAdTEPO PEPOG TNG ATOBEIENG)
Bewpodpe m € N kou vrobétovpe 0TL Fy |, = {C}. OéTovpE U = a|m. A6 TIG1810TNTEG
(B) xou (&) éxoope Fus(0) = {Vo}s Fus) = {V1,..., Vo) 0moon > 1 xon yrakdBe i < n
gyoope 8(V;) < 271 - 6(C). Mpogavig C' = |JF, = Cy = Copm, Gpa Y1 k60e i < 1
€Yovpe

6(‘/1) < 2_1 . 6(004\7n)~

Enopévag apkei va fpodpe m’ > m pe Fo |, = {Vi} yioti tote 0 éxoope Cy =
U Fapm = Vi kan &pac §(Cy ) = 6(Vi) < 271 6(Cpom).-

A@od Fu1y) = {V1,..., Va} éxoope edkoha ano tnv (67) 611

(2.28) fu*(l,l) = {‘/27"'7Vn}7 ceey fu*(l)" = {Vn}

(IIpopavmg yioe n = 1 n mponyoOpevn Ypoppm eivon TepttTh|.)
Enopévag av éxoope a(m + k) = 1 yio x&Oe k < n, toTe

ux(1)" = (a(0),...,a(m—1)=(1)" = (a(0),...,a(m—1),a(m),...,a(m+n—1)) = a|(m+n),

onoTe madiprovpe m' = m +n > m Kot EYOOUE Fu|pny = Fus(1)r = {Va}-
And v dAAn aw ordpyer k < n pe a(m + k) = 0 naiproope tov eMdy16TO TETO0
k, €To1 TOL
((0),...,a(m +k)) = (a|m) = (1)* = (0).

IMaiprvovpe Aowwdov m’ = m + k + 1 ko éxovpe
Fajm' = F(a(0),....a(m+k)) = Flalm)*(1)*(0)-
Avk = 0n (1)* eivon n kev) akolovBia ondte
Flalm)=)k0) = F(alm)x0) = Fux©) = {Vo}-

Av k > 0 pe xpfion g 166tnTag Fusry = {Vi,..., Va} ko tng (2.28) maiproope
Flalmyzyk = {Vi, .-, Va}. Enopévog and tny 810t (67) 16)0€L F (o fm)s(1)k#(0) =
{Vie}.

Te kGBe mepintwon éxovpe Fujpy = {Vi}. Avto ohokhnpdvel T Baon Tng enayw-
yns. To eraymyikd Pripa eivan dpeco. Yrobétoope 4Tt yio kdmoo n = 1 16 vet To €€ic:
Y1 k6Be m € N aw 10 Fy)p, €)€L TO TOAD 1 TO TANO0OG GTo1y el TOTE LRGAPYEL M > M
He 0(Cypmr) < 271 - 6(Cyypm ). Agiyvoope To 810 Y100 To 1 4 1.

Bewpovpe Aomody 6t1 £xoope m € N ko mwg 10 Fyry, €YEL TO TOAO 1 + 1 TO TAN-
Bog orouyeia. Ilpopavag av éxer Mydtepa amd n + 1 otoryeia KaALTTOPXOTE ONd TNV
Erayoyikn Yno0eon, ondte vrobétovpe 6t €xel akpifodg n + 1 to mAnBog otoyeia.
pdpoope Fopm = {V0, ..., Va}. Onwg npw Bétovpe u = a|m. And Ty 1810ttt (67)
gxoope Fus(0) = {Vo} kot Fus(1y = {V1,..., Vi }. Ze k&Be mepintwon 10 Fo|(m1) €XEL
70 TOAD n To TANB0¢ oTotyeia. Apa and TNy Eraywywki YroOeon pe to m + 1 otn 6éon
tov m omapyer m’ > m 4 1 pe 6(Cypms) < 271 0(Cojminy) < 271 0(Cypm). Aot
ATOJSEIKVOEL TOV 10 VPICHO.

Me tn PonBeia Tov o TAV® 1Y LPIGHOL PpicKovpe pia YINGING AHEODCA AKOAOD-
Bict (1M, )nen PUOKOY APOPOY e §(Copm,,,) < 271 6(Cyjm,, ), A’ 6TOL TPOKHITEL
edkora 0T1 0(Coyjrm,,,) < 2-(n41) . 3(Cam,) Y1t k&Oe n € N. Eyovpe enopérog ot
nll_I)ICl)o 3(Cqm,,) = 0 xon apod 1 axorovdia (6(Cjrm))men eivon @Bivovca €xovpe to {n-

tovpevo lim §(Cy)p,) = 0. AvTO 0lokAnphdvet TNy anddeidn. o
m—00
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Aocxnoeeig

Aoxnon 2.7.4. Bpeite évav téhelo pndevodidotato [ohmwvikd ydpo mov dev eivan
TOMOAOYIKA 1GOPOPPIKOC 00TE pe Tov N ovte pe Tov 2N,

Bpeite eniong éva coprayn pndevodidiotato [Molwrikd ydpo tov dev eivot TOTOAO-
V1K 160popPIKOG pe Tov 2N,
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KE®AAAIO 3

Baocikég kKAXGELS GLVOA®Y KO LEPAPYNGT)

3.1. OepeMmderg TeAeGTES KO 1] EVVOLX TG KAAGNG

Opwopog 3.1.1. Me tov 6po TeLe6TNG GLVOL®Y EVVOOVLE OTTOIONTOTE TPAEN V-
HEGHK O GOVOAM, Y10 TXPAOELY X £YOVLE TOV TEAEDTH TNG VMO OTOL TTaiprel OO 6O-
voha A, B xou diver tnv évwon A U B. [lepropilovpe o medio epappoyng Tov TeecTdY
pog ota vrocvroia [Todwvikdv yopwv. Eyoope toug e€ic tehectéc.

(I O teheotig g hraevéng v. Av éyoope P, QQ < X opilovpe To oOVOAO TNG did-
Cevéng P v Q € X pe
rePvQ < zxzePhreq.

Moapatnpodpe 6t1 to P v Q givon n covohoBewpntiki évoon P U @, y' avtod Ba
amokolovpe tn ddlevén P v Q kou o¢ évoon tov P, Q). H Siapopd avapeca 6e avtodg
TOVg OVO TEAEOTEG €lvon OTL 1] £EVWOT PTOPEL VAL EPAPROCTEL GE CVVOAX TOL OV givon
ATOPAITNTA VTOCVVOAX TOV 1010V YDPOoL. ' TaUPAdETYPO LTOPOVIE VO TAPOLLE TNV
£vmon evOg GOVOAOL TPAYHATIKOV PlOPOV pe £va 6OVOAO cOVOPTHGEDY. ATO TNV GAAN
o teheotig NG d1alevéng opileTaun o€ DTOGVVOAX TOV iSLOV YDPOU.

Edd kdvoope pio pikpr| katdypnotn Tov ooppfoMopod. Onwg £xovpe ava@épel TNy
eloaymyn 0o ¥pno1Lorotode To GOUPOAO Vv VI Vo ONADGOVHE TOV TEAEOTH TNG O1d-
Cevéng péoa oe AOYIKES TPOTAOCELS. X€ ALTO TO GNHELO Y PNCIHLOTOI0E TO 1510 GOUPOAO
Y va opicoope pio tpdén avdpeca oe cdvora. Ioyvel n Tpoporic oyéon

reEPvQ < zeP v zeq.

Ba eivan capég and TO KEIPeVo Ge molx Xprion TOL GUUPOAOD Vv aaPeEPOLAOTE
Kkd&Be popd ko dev Ba Sivovpe teportépm eEnynoeis.

(II) O teleothc g 60Levéng &. Av éyovpe P, Q < X opilovpe To cOvoro g 60len-
Eng P & Q < X pe

reP&Q < xzePxuzxeQQ.

Mapatnpodpe 6t to P & Q) givan n covoroBewpntiki) Topfi P N Q) vrocovdérmv
TOL id10v Y®pov, Y1’ avTod B amokadlovpe T ovlevén P & @ ko g topn tov P, Q.
Ioyvovv o1 avdhoyeg TapaTnpOELS CYETIKA [ie TOV GOPPOMOHO.

(III) O teleotc TOL COPTANPORATOS C. Av P © X opilovpe 10 copuminpopa cx P
tov P wg pog X wg to cvvoro X\ P. Ilpogavig

recyP < —(zeP).

Otav o X eivon cagng and to keipevo ypaPovpe arid ¢ avti TOL Cx .

(IV) O teleotig TG Amelpnc aprOpnoipng Sidievéng N évwong \/y . Av éxyoope pia
akolovbia covdlwv P, < X, n € N, opiloope tnv dmerpn Sialevén \/ (Pr)nen 0
egne,

€\ (Pu)nen <= IneNuzeP,.
Me dAha Aoy 1) dmerpn S1aCevén \/y (Pr)nen ivon 1 évoon |, oy Pr vmocovo-

AoV tov id1ov ITohwvikod yapov. Otwg kot Tponyovpévas Ba arokaloOpe TNy drelpn
O14levén ko og Evwon).
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(V) O teleotic TG amelpne oaprOpnoipng 6vsevéng | Topic /\y . Av éxoope pia
akolovbBia covorov P, € X, n € N, opiCovpe tnv dmerpn c0ievén /\N (Py)nen ©G

et
z€ Ay (Pn)nen <= VneNuzeP,.

H dmepn 60leven Ay (Pr)nen givan 0 toph [,y P ©T060V0A0Y TOD id100 TTo0-

AOVIKOD ¥(DpOov, Kot Bal TNV ATOKOAOVHE KO OG TO.
(VI) O tedectic Tow dapEroncod mocodeitn 3¥ vrepdvm Tov V. Av éxovpe éva P <
X x Y opilovpe to cOVOAO
PP ={reXx |3y (z,y)e P}
To 3Y P eivan axpipic n mpofolsi tov P vrepdvw tov Y, pe dhha Aoyt
3YP = pr[P] émovpr: X x Y — X : pr(zx,y) = z.

ISwitepn onpacia £xovv o1 tepinthoeig 6mov Y = N kou Y = N. Ze avtég Tig
MEPINTOCELS EXOVHE

reIP «— In(z,n)e P omov P < X x N,

zeVP «— Ja(z,a)e P omov P S X x N.

O tereotic I “npocopotdler” Tny apiBpnGIUN VMG [E P OVCIAGTIKT S1popd
Op®G oL B €NYHCOLE TAPAKAT®.

(VII) O telectic Tov KatBohtod TocodeixTn VY vrepdvm tov ). Av éyovpe éva P <
X x Y opiloope to cOVOAO

VWP ={xe X |Vy(x,y)e P}

Eivan g0ko)o vax 8et kaweig 0t1 VY P = cx (3 (c(x xy) P)). Onog pe mpw 1ioitepn
onpacia £yovv o1 tepimtcels 6nov Y = Nk ) = N.

(VIID) O telectic TOL @paypévov vrapélakod mocodeiktn I<. Av éyoope £va 6o-
voro P € X x N opilovpe 1o 6Ovoro ISP < X x N pue

(r,n) € ISP < Im <n(r,m)e P.

IMapatnpodpe 6t To cHvoro IS P mapapévetl vrocdroro tov X' x N. Eriong pré-
novpe 6T To ISP “npocopoidler” TNy nemepacuévn £vwon covdlmr. To kawovpylo
otolyeio givan 6T1 To “pNKos” TG £vwons (0 LoIKOs apBpos n + 1) anotelei peta-
pAnTi.

(IX) O telectic TOL @PPaypREVOD KaBoAKkod mocodeiktn VS. Av éyoope P € X x N
opilovpe T0 cOVoAo VSP = X x N pe

(x,n) e YSP < VYm <n (z,m) e P.

Onog mo ndve to 6hroho VS P apapével vmocdroro tov X x N. Eriong to VS P
“npocopoldlel” TNV TENEPAGHEVT TOUN COVOA®Y OTOV TO “UNKOS” TNG TOPNG AToTEAEL
petopinTi.

(X) O tereotiic tng memepacpévng évoong \/ < - Av éyoope nenepacpéva To TAN00g
Py, ..., P, € X tote opiloope 10 cOVOLO
\/< (Po,...,Pn)ZP()U"'UPn.

Me aiha Aoy to \/ . (FPo,. .., P,) eivon n memepacpévn évoon Tov covoOloY

Py, ..., P,. Areokpwiloope 0Tt T0 n elvat Toxaiog puo1kOS aplOpos. Anladn to nedio

eQappoyig Tov tedeoth \/ L eivon ddeg o1 un kevég memepacpéves akoroodieg LTOGL-
VOA®V TOL 6100 YHPOL.
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(XI) O teleotng Tng memepacpévng topng /\ < - Av éyoope menepacpéva To TAHB0g
P, ..., P, © X tote opilovpe T0 cOVOLO

/\< (Po,...,Pn):Poﬁ-'-ﬂPn.

Me &M Aoyato A\ < (P, ..., P,) elvoun menepacpévn évoon tov covodov P, . .., P,
kot To medio epappoyng Tov teheotn /\ < €lvon ddeg o1 pn kevég memepACHEVES KO-
AovBieg DTOCLVOA®Y TOV id1oD YMDPOVL.

Znueiwon: Kamoieg @opég B ava@epOPAOTE GTOVG TO TAV® TEAEGTES Y1 DTOGD-
VoA HETPIKOV ydpov X, Tov dev tpokdnrTovy amapaitnta arnd [ToAwvikovs. O opiopds
divetou pe Tov TPOoPavi TPOTO.

Zrov ak6AovBo Tvaka ToapaBETOVE CLVOTTIKA OAODG TOL TPONYOOHEVOLS TEAE-
otéc poli pe To medio eQapHROYNG TOLS KO TO €100 TOL GLVOAOL TOL TAPEYOLV.

Teleotng E@appoleton oe Mapdyer

v, & PQcXx vrocvrolo Tov X

c Pcx orocOroro Tov X

BRI A Pc X x) VoG OVOAO TOL X

N N Pc X xN VTOGHVOAO TOL X

Vi s Ax (Pp)nen € P(X)N VToc Lol Tov X
ERTA PcXxN vrocOrolo Tov X x N

Ve A< | (Po,....,P,) e P(X)=N | vrocdroro too X

Eriong ovvoyiloovpe otov akdAovbo Tivaka TNy avarloyiol Tov GYoMEcaE Tpon-
YOOPEVOG HETAED TOV TEAEGTOV TOV TEPIEYOLY TOV 0pO (z, 1) € P Kot A0TOV TOL TEP1E-
Yoov tov 6po x € P,.

Opog (z,n) € P | Opogx € P,
N Vi
v A
3s V<
Vs N<

Apybdtepa eEnyovdpe eKTEVESTEPA T GYXECT HETAED TOV TEAEGTOV TNG APIOTEPNG
oTAAMG Kot 0Ty TNG Se€rig. (Agite Ta 3.2.6 - 3.2.10 kabdg kou Tn ovliTnon mov Tpon-
yeitan.)

Opropog 3.1.2. Thakdbe P < X x Y kou k&Be y € Y opilovpe To cOvoro
Py={red | (z,y)}.

To P, eivan 1) y-topn (section) tov covorov P.

Mropei kaveic vo Bempricel Ty y-TopN ®G TEAESTH G GOVOAX, XAAG dev pog eivan
wlaitepa ypHoipun aoti 1 Bedpnon.

E1d1k mepintoon aotod tov opiopo? eivon 6tav Y = N ondte Yo kdBe P < X x N
Aappdvoope Tny akorovbia (P, ) nen TOV TOP®V T00 P. Ztnv nepintwon Y = N 1o n 6to
deikTn propel va £xerl 00 £vvoieg: a) TNV N-TOpM kot ) TO N-6TO GOVOAO OGS QOGHEVNG
akolovBiag, Ba eivon capég amd To Keiplevo 6e Tota and Tig SO0 EVVOLEG AVAPEPOPACTE.
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Tevikdtepa, extoc av avapépetar diagpopetikd, O povtiCovpe 6tav éyoope P < X x N
Ko pioe axohovbiar (P, )nen T0TE 1 Py, v glvon n-topt) Tov covdrov P étot mov ot dHo
évvoleg v coppadifoov.

Opropog 3.1.3. Me tov 6po KAXGT GOVOA®Y EVVOODE TN GOALOYT OAOV TOV G-
VOM®V G€ PETPIKOVS ¥MDPOLS TOL yapaktnpilovtor and o cvykekpipévn wrotnto. Mo
Top&derypa Bar avapePOPACTE TNV KAAGT TV aroiktdy cuvdlov. Ot kAdoels Ba cop-
BoAiCovtou cvvnBwg pe I'. Ektég av avapépetarl Sta@opeTikd ot kKA&GeS cuvOrwY Ba
avapEPOVTOL 68 DTOGOVOAX [Todwuikdy YHPOV.

INa k&Be [oAwrikd ydpo X ko kdbe kKA don covdolwv I' Bétovpe

I'(Xx) ={A < X | 10 A awiker otnv khdon I'}.
Oa Mépe 0t1 eva A € X eivon I vrosdvoro too X av A € I'(X).

Oa avaPepOLACTE ENIONG 08 KAAGT covapTiee®V. Me avtd Tov 6po Ba evvoodpe
p1ot GLALOYT GLVAPTNCEMY AVEpECH G HETPIKOVGS ¥Dpovg (cuviBwg [Todwrikods) mov
yapoktnpilovtar and pia cuykekpipévn wrdtnto. [Na tapdderypo €yovpe Ty KAAOT TOV
oovey®v covaptioenr. Otoav Ba Aépe kidon ywpic va dievkpwilovpe av TpoKeITO Yio
cvvoha 1] covaptioels fa evvoodue wavta kKAdon covéiv.

Enekteivovpe ™0 6)€0n TOL €YKAEIGHOD KOl TIG GTOLYEINOEIS CLVOAODEWPNTIKES
TPAEEIS 0TIC KAAGELS Y1 DTOcOLYOAA TOV (5100 y@pov: o €xovpe khdoels I'yg ko I'y opi-
Covpe

'y €T’y <= xd&Be otoryeio tng I'y eivou ororyeio tng I’

Toul'y =nxhdon dhwv tov A nov avijkoov otnv 'y 77 otnv I'y

Tog n Ty = nxhdon 6hwv tov A oo avikoov oty Iy kot oty 'y

o \T'1 = nxhaon 6hov Twv A tov avijkoov oty I'g kat Sev avijkoov otn T';.

Eniong opiCovpe v évoon <, T'x kou topn ﬂkgn 'y tov khdoewv Ty, ..., T,
pe Tov Tpooi Tpdmo. Opowx opilovpe Ty drelpn Evwon kot ATEPT TOUT KAAGEDY.

Av ® glvon évag and Tovg Tponyodpevovs TeAecTéS, Y. = IV, ooppolriloope
pe ®I' Ty kA&on 7oV TPOKOTTTEL ATO OAA T GOVOAX TNG popeng PP 6mov to P
avikel otn I ko epminter oto medio epappoyig tov @. O avdhoyog copfolicpds divetan
Y10t TOVG TEAEGTEG TOL AVAPEPOVTOL G SVO GOVOAX 1] O piat akoAovBio covdlwv. T
Topdderya £yovpe

cl’ = n ovMoyf 6hov tev cy P = X'\ P émov P e I'(X),
v k&morov ITodwrikoé yopo X
vI' = n ovlhoyh Ohovtwv A v B = A U B émov A, B e T'(X),

v k&morov ITodwrikoé yopo X

3T = n coMoyh Grav tov 3V P omov P e I'(X x ),
v k&morov ITodwrikod yopo X

Vi I' =novdhoyn 6rov tav \/ (F)ien = U,en P
omov P; € I'(X), i € N, yiae kémorov ITohwvikd yodpo X.

Opiopog 3.1.4. Oa Aépe 6T1 1 KAdon I eivon kAeroth ©¢ mpog tov tehestn O
OV TO AWOTEAEGHX TNG ePOpHOYNS Tov ® ota sOvora tng I' mov epnintoov oto medio
EPOAPHOYNG TOL givan 6OYOAO oo avikel otn I, icoddvapa I < T'.

INa map&derypo n I eivon khe1oth wg Tpog tov tedeoti v av yio k&be P, Q € I'(X)
n évoon P v Q aviiker 6t T'(X), evd eivon kKAe16TH ©G TPOG TOV TEAEOTH IV av y10 k6O
P e T (X x N) 10 oovoro IV P awiker oty T'(X).

M khdon I eivon kAe16Ti O¢ TPOG GVVEYT] AVTIKATAGTOGT oV Y10 KAOE GOvEYT
covdptnon

f: XY
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ko ka0 Q € T'(Y) éyovpe f71[Q] € X(T), 160dbvapa To sovoro P = X mov opileton
oG e&ng
reP < f(r)eQ

aviker otn I'.

Mo Ttopdderypa n KAGOT TOV AVOIKTOV GOVOA®V iVl KAEIGTT ®G TPOG GLVEYT AVTL-
KOTAOTAON Y10Ti 1] AvTioTPOPn E1KOVA EVOG AVOIKTOD GOVOAOL HECH PG GOVEYOVS GL-
vapTNONG €ivan avolktd GOVOAO.

2116 eappoyés o1 yopor X, Y eivon cuvBwg menepacpéva ywopeva Xy x - - - X X,
Kol Yp X - X Yy, qUTiGTOLY L.

TevikOTepo av €YovpE P KAGon amd covapthoeg IV Oa Aépe ot n I eivon kher-
ot @¢ mpog I -avtikatdotacn av yia kéde [ : X' — Y mov avfker otnu IV xon yix
k&0 Q € (V) éyovpe f~HQ] € X(T). Enopérog 1 KAEIGTOHTNTA 0G TPOG GUVEYT AVTL-
KaTdoToon givon kKhewotoTnTa g mpog IV -avtikatdctacn 6mov IV = kAdon dhov Tov
GLVEYMV GOVOPTICEMV.

Hapatipnon 3.1.5. H kleiototnra pua kAdong I' og mpog coveyn avtikatdotoot
pog emtpéner va (1) ovadiotdEovpe n-adeg peTafAntav kabag ko (i) va topaieiyoope
pepikéc petafAntés ywpic va eEEABovpe TG KAGONGC.

Zoykekpipéva yio (i) o tévw: av £yovpe pia kKAdon I' moo eivon kheioth og Tpog
ooveyn avtikatdotoocn Kot [Todwvikodg ywpoovg Xy, . .., X, téTe Y10 K&Oe cvvdpTnon

7:{l,...,n} > {1,...,n}

Ko KGBe 6Ovor0 Q & A7 (1) X+ - X Xz () mOL akeL 6T ', TO GOVOAO P = Ay X - - - X Ay
oo opiletar og e€Ng
(X1,...,2n) E P <= (xr(l)v"'7x7(")) €Q

ovfkel emiong otn I
O 1oyvpropdg eivan dpecog and To 4T1 1 GLVEPTNON

f:Xl Xoeee XXnHXT(l) Xooee XXT(TL)
@1, @0) = @y r).

etvon coveynge.
INa to (ii) mo tévw: av €yovpe o kA&on I' moo eivon kheloth) g Tpog covey avti-

katdotaon kot [Tohwvikodg ywpoog Xy, . . ., X, ToTE Y1 K4Oe cvvdpTnon TpoPforrg
pr:X; x - x &, > &, x---x A

m

pr(z1,. .. xn) = (Tpyy -, Ty )
kot k&Be QQ < Xy, x .-+ x &, mov aviker otn I' to cdvoho P < X x - -+ x &), pe
(x1,...,2p) € P = (Tgy,...,%,,)€Q

avikel eniong otn I'. Avto coppaiver yiati n covdptnon tng TpoPoAng pr eivon coveyng
Ko Tpogavapg P = pr1[Q].

Q¢ wapdderypa epappoyns TV TPONYOLHEV®V oG DTOOECOVHE OTL £YOVUE I KAGOT
T, Tpeig Mohwvikovg ydpovg X, YV, Z, ko 800 covoha Qg € X X Y, Q1 S X x Z x ),
mov awnkoov ot ['. Tote Tt cvovora Py € X x YV kou P € X x Y x Z mov opilovtan

wg eEng,

(‘Tvy7z>€P0 — (z7y)€Q0
(x,y7z)EP1 g (m,Z,y)te
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avfikoov eniong otn I'. [ v To dovpe awtod maipvoope Xy = X, Xy = Z ko X3 = Y
Kol epappofovpE TNY TOPATH PO TAiprOVTOS

pr: X x Xo x X3 —> Xy x Xy :pr(z,y,2) = (z,y)
7:{1,2,3} - {1,2,3} : (1) = 1,71(2) = 3,71(3) = 2.

21n covéyeln B epappolovpe THY TAPATHPNGT XOPIG AVAPOPE OTIC AETTOPEPELES.
Q¢ kavdOv €YovpE OT1 PTOPOVHE VO avadIATAEOVUE KAl VA TAPAAENYOVUE UETOPINTES
TaAPAUEVOVTAS 6TNY KAdOT.

Hapaztinpnon 3.1.6. Y6 xaroieg tpovimobécels yio Tny kAdon I' propoodpe va ma-
papeivovpe 6 QLTNY OV OVTIKOTAGTHGOVHE TOV Opo N < M HE TOV Mo YeVIKO n <
f(z,y) omoon f: X x Y — N eivon coveyhg covdpnon.

Zoykekpipéva Oempotpe pia kAdon I' oo eivon kAe1otTi) ¢ TPog cvveyh AVTIKATA-
otacn kot Tov telecth IS, évaw Todwvikd ydpo X ko £va ovvoro P e T'(X x N).

Tére Y kdBe TTodwvikd yhpo YV ko k&dBe coveyn covaptnon f : X x Y — N o
ocbvolo Q € X x ) pe

(z,y) €Q < In< f(z,y) (x,n)e P

ovikerotn I

IMo va To dovpe avtd Bempodpe To cOvoro S e
(x,m)e S < In<m(x,n)eP
KOl TOPAT POVHE OTL
(r,y) €@ < In< f(z,y) (x,n)e P < (z,f(z,y)) €S

To cdvodro S avijker oty khdon ISI < I'. H sovéptnon h(z,y) = (, f(z,y))
eivon coveyig kou amd To mo mhwm woyder Q = h~1[S]. Adym tng KAewotoTNTAC TG T
®G TPOG GLVEYT AVTIKATAGTACT £Yovpe 0TL To () avikel emiong oty I.

3.2. Extuipnoeig pe facn toog tTeAecTéG

Otav Bélovpe va meptypdyovpe Eva cOVOAO divovpe covBwg évav “Tumo” le Baon
TOVG YV®OTOVG AOYIKOVUS T0G00eikTeES (KoBOoAKS Kot DRTopELokd) Kol TOVG AOY1KOVG Te-
AeoTég (00levén, Sialevén, dpunomn, coveraywyn). O TOTOG KATAANYEL GE P O OTAT
EKQpOoT.

INa mapaderypo To covoho Bdy dlwv twv gpayuévov akolovbov uéoa and éva
doouévo ovvolo A < R meprypageton og e€Ng:

(Zn)neny € Bdg <= 3k Vn (z, € A& |z,| < k).

Avti n mo “anif éx@pacn” ToL avaPEPOLE IO Tdvm opilel oty ovoia éva 6O-
VoAO TOL omoiov o1 peTaPfAnTEG elvan kdmoleg (Iowg OAES) and TIG ApYIKES HETOPANTES
poli pe 6oeg HeTAPANTEG ELPAVICTNKAY HTPOCTA ATO TOVS AOYIKODS TOc0dEiKTES. ZTO
TPONYOLHEVO ToPADEY Ot XVTO TO GOVOAO giva TO

Ca={((zi)iew;n, k) e RN X NxN | ,, € A& || < k}

éto1mov Bdy = IYNCy,.

Av to obvoro A avikel oe i kKAdon I' eivon puokd va avapotnBodpe ce oo
KAdon avikel to Bd 4. Ag 0100£G0VE TPOG OTIYHT OTL TO TTponyodpevo C' 4 aviKeL eTi-
ongotn I ko 611 T eivon kheoth) wg mpog VY. Tote eivon cagéc dtito Bdy = INWNCy
aviket oty INVNT < 3N,

2t ovvéyela divovue pia uéBodo ektiunons e KAAons oty omoia aviKel T0 6OVOAO
OV ACYOoAOVUACTE pE fdon TNy TEPYpaPY] TOV Kal Ti¢ 1010TNTES KAglotoTnTag Tne T
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Hapd&derypa 3.2.1. Taipvoope pia kAdon I' mov givon coveyh og Tpog coveyT avti-
KatdoTaon kot Tov Teheoti) TG S14levéng. Omwg eidapie TO TAV® PTOPOVE VL OVod10-
T&EovE 1) Vo TapaAeiyovpe peTaPAntég yopic va eEélBoope g I'. Zovdvalovtag avtd
LE T1G DTOAOITEG 1O1OTNTEG KAEIGTOTN TG HTOPOVE VX KAVOVHE N0 GOVOETODS DTOAOY!1-
GHOVG.

Maipvoope dvo cvvohx QQ € X x Z x YV, R € Y x Z moo avijkoov otn [ ko
opiCoope P = X x YV x Z pe

(#,y,2) e P = (z,2,9)€Q 0 (y,2)€R.

Aeiyvoope 6t to P avikel otn I'. T va to Sodpe autd maiproope to covola QF,
R* pe
(r,9,2) € Q* <= (z,2,y)€Q
(v,y,2) € R* <= (y,2)€R
€701 TOV
(z,y,2) € P = (z,y,2) € Q" v (x,y,2) € R*.
Azd v khetotdtnTta TG I' oG Tpog cuveyh avTIKATAOTHGT KOl TOV TEAEOTN Vv
éyoope 6t Ta cvvola Q*, R* xou P = Q* v R* avfxoov ot T

Hopaderypa 3.2.2. H kAe16TOTNTA ©C TPOG GLVEYT AVTIKATAGTAGCT EQPapUOleTan
Y ®Pic TOAEG AERTOPEPEIES KO GE GUVOPTNGELS TOV iV IO CVVOETES ATO AVTEG TNG
Mapathpnong 3.1.5 (avadidratn ko tapdrenyn petapintov). o tapdderypo Oopi-
Coope Ty (a)p : N — N : ¢t — ({0, 1)), deite tn 2.12.

Azn6 v Acknon 2.3.18 n covdptnon h : N — N : h(a,n) = (a), elva coveyig
kowoovenagn f: N — N : f(a) = (a)g = h(a,0) eivon eniong cvveync.

Bewpoovpe o kKAdon I' mov eivon KAEIGTH OC TPOG GLVEYT AVTIKATAGTHGT) KOl Toip-
voope v Q € X x N mov avfiker otn I'. Opiloope to cbvoro P = X x N pe

(z,a) e P < (z,(a)o) € Q.
Téte to P avfjket eniong otn L. (Me Aentopépein avtd copfaiver yioati P = g~ 1[Q)]
omov g : X x N = X x N : g(z,a) = (z, ()o), Tpogaveg 1 g eivon coveyhg.)
Doo1KE PTOPOLLE VX GUVOVAGOVE TO TPONYOVHEVO HE AVOIIATAEN Kot TOPEAELYT
petapintov. o mapdderypa av Tapovpe 10 @ axd To Tdv®, ToTe TO chvolo P <

N x N x X pe
(@, f,2) <= (z,(a)) €@

avikel emiong otn I'. (Me Aentopépei avtd copfaiver yiati P = r~1[Q] émov r :
NN xX—>XxN:r(a,B,z) = (z,(a)o), tpogavdg n r eivon coveyhc.)

Hapd&derypa 3.2.3. Oewpodpe 6nwg Tpw pio kKAGon I' mov givon kAe1oTi ©g Tpog
cLVEYT ATIKATAGTAGT OTOG entiong tn coveyf covdptnon h : N — N : h(a,n) =
(@)p- Tote yio ke cOvodo Q = X x N mov awfker oty [ o cdvoro P = X x N x N
pe

(z,a,n) e P = (x,(a),) €Q
avikel eniong otn I'. Onwg mo ndve autd givar capég and TNy KAEIGTOTNTA O TPOG
cLVEYT AVTIKATAGTOOT]. TT) GOVEYELN PTOPODHE VX TAPOLE TO 6OVOho R = X x N pe
(z,a) e R < VYn (z,a,n) e P < Vn(z,(a),) € Q.

Eivon tote cagéc 6t 0 R awiket otnu kAdon VT

Hapdaderypa 3.2.4. Emavepyodpocte 610 apyikd mapaderypa Tov covdéiov Bdy
OAwv Twv ppayuévor akolovliov péca and éva Soouévo ocvvoto A < R:

(Zn)neny € Bdg <= 3k Vn (z, € A& |z,| < k).

Haipvoope yio I' va eivan n kAdon oAV ToV KAEIGTOV cOVOA@Y. AvTh] givon KAel-
0Ti WG TPOG GLVEY T OVTIKATAGTAOT), YIOTi 1] AvTIoTPOPN KOV EVOG KAEIGTOD GOVOAOD
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HECH P0G GLVEYOVS cuVAPTNONG ivat kKAetotd cOvoro. Eniong eivan kAetoth) og Tpog
Tov teheoth & (Topn V0 KAEIGTMOY GOVOA®Y givan KAEIGTO GOVOAO), kKo OTMG Bar Sovpe
apyoTepa eivon emiong kAetoth og Tpog V. T Tovg okomove Tov Tapadeiypatoc Oew-
povpe dedopévo Tt N kA&on n INT eivon axpiPac 1 kAdon Tov F, covdrav.

Agiyvoope 6t1av to A givon khelotd 6Ovolo TOTE To Bd 4 givon F; obrolo, SnAadn
otroviker oty VL. AvTo eivan capéc G GYEGT JIE T TPOTYODPEVX, TO TTO KATM GHVOAN
avijkoov ot I Mym Tng KAEI6TOTNTAC G TPOG GuveyN avTiKatdoTaoT Kot V':

((.’L‘Z‘)ieN,’l’L,k) € Fl <= Ip € A
(®i)ien,n, k) € Fo = |zo| <k
((xi)i€N7n7 k) € F3 — ((xi)iEana k) € Fl & ((xi)iEN; n, k) € FQ
((zi)iensn, k) € Fy <= Yn ((2;)ien, n, k) € F3.
Eivou sagéc 0t Bd 4 = IVF, xon emopévog to Bd 4 aviket oty kidon INT.
Avoypappotikdg ZoALoYIGHOG. AvTi va ypdpovpe kKdDe popd Eva EexmpioTd GO-

VOAO UTOPODLE VO GOVOYIGOV|E TNV TPONYOVHEVI] AVAADCT] Y PTCLHOTOIOVTHG Oty pdijL-
poto og eENG:

(Tn)nen € Bdg <= 3k Vn (z,€ A & |z,| < k).
— { ,

Avti efvon P apkeTd 1601 Kot Kopyh HEB0S0S KBNS PG ETITPETEL VAL EKTIUN-
COVLUE TNV KAAOT GTNV OToixX AViKEL TO DOGHEVO GOVOAO KaTevdeiar amd Ty mept-
YPOLPT) TOV KO [Ie OYETIKE AHEGO TPOTTO.

INo va avadeifovpe To TEAELTAIO OG MY EIPTGOLLE Vo Sei€ovpe 6TL TO cOVOAO Bd 4
7ov [Tapadeiypatog 3.2.4 eivan F,, 6OVOAO e KAXGO1KES PeBODOVS TaiprovTag Sedopévo
ot 7To A givon kheotd. Apyikd opiCoope Ta cOvora F, i, My, i, My, i, 0100 k,n € N g

e€iic:
(xi)ieN € Fn,k <= Ip € A
(i)ien € My = |z,| <k
Ln,k = Fn,k: N Mn,k-

Avtd givon edkora kAeloTd oOvola. EmimAéov

Bdy = UkeN ﬂneN L k-

To 60voho Ni = [),,en Lin,k €ivon kKAEIGTO 0G TOPf KAEIGTOV, GOVENMS TO Bdy =
Uken Nk givan apibpfiopn évaon kheiotdv dnladn F,.

H xopyotnta tov Siorypappatikod GOALOYIGHOD avodelkrdeTon KOADTEPK GE O
ovvBeTa TapadeiypaTa.

Hapdaderypa 3.2.5. Oewpoovpe piakhdon I' mov mepiéyer ta kAe1ioTd 6OVOAN KAt TOL
eivon kKAe16TH 0¢ Tpog Tovg tereotés v, VN, IV ko cvveyl avtikatdotaot. Opilovpe
T0 ovvolo P € X pe

x€P < VYniaVm (z = fn(a) v gm(z,a)=0)

Omov ot fp, gm, m,n € N givon coveyeic cvvaptioels. Agiyvoope 6T1 T0 P avikel ot
I". Aoto eivon dipeco pe ypfion Tov daypopHATIKOD GOAAOYIGHOD TOV TEPLYPEYAlLE TTLO
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Thvm Kot Tov 1010THiTev kKAeltototnTag Tne I
xreP < Vn da Vm (z = fo(a) v gm(z,a) =0).
— —_—

r r

“

vIer

vNTcTr

INTST

vNrer

A@irovpe Y10 koKnon TNV avticTolyn KAXGG1KH amodelén pe fdon Tig surorobem-
pNTIKES 160TNTES OT1 TO TPponyovpevo P avikel otn I' (Acoknon 3.2.13, yia va yivoov mo
ENPOVEIG 01 D1APOPES KAVODHE Pial PIKPT) ovadioTOT®GT TOV TPOPANHATOGC.)

0O vopé&raxiog mocodeiktng vaepdr® tov N kon n aprOuneipun évwon. Onwg
YIVETO GUPES OO TA TPOTYOOHEVA DIAPYEL PO KAANAETIOPACT) AVEAUECK GTOVG TEAE-
otéc IV ko Vy - TNomopaderypa avapépape 6t av I' givan n kAdon AV Tov KAEIGTOY
covohov tote 1 IV copmintel pe TNV KAGoN dhov Tov F, covdiov, Snhadh pe thv
Vi T.

®aivetar 61 o1 Tedeotéc IV kou Vy Teptypégoor Ty iSia pabnpartiki évvoia, Ko-
0ig ko 01 dVO avaPépovton oTNY HIAPEN KEATO10V PLGTIKOV APlBPOD N MOTE TO SOGHEVO
T va kel oe éva 6Ovoro P,. Zoykekpipévo:

Av gyovpe pio akorovdia (P, ) nen DT0cOVOAV KaTolov [Todovikod ydpov kat opi-
GOLLE

(3.1) P={(z,n)e X xN|zeP,}

Tote givon Gpeco tog INP = U, ey P Avtiotpoga av éyoope P < X x N kot opicoope

neN

(3.2) P,={zeX | (z,n)e P}, neN,

tote md Eyoope NP =, Pa.

Me arAha Aoy PAETOLpE OTL O €VOG TEAEGTNG avdyeTal 6ToV GANO. Aev onuaivel
ouwg 6T N KAetorotnta oG khdong I' wg mpog tov évav tehesth) eivan To id10 pe THY
kAetorotnra tng I' og mpog Tov dAlov.

Mo va e€nyfoovpe To TeElevTaio KaAOTEPX g DTOBECOVHE OTL £yovpe o KAdon I
Tov eivon kKAeoTh o¢ Tpog Tov tedeoth IV kan ag eEetdcoope av n I eivon kheioTh 0g
Tpog tov teheotii \/ . Oewpovpe piax akoroodia (P, )pen dTOGUVOA®Y Kdmotov ITodm-
VKoV yopov X mov avfikoor otny I'. TOppova pe 6ca meprypdyape mo mdvm vradpyet
€vac “PLG10A0YIKOS” TPOTOG VX TPOYMPTIGOVLLE.

Bewpovpe To cvroho P dmwg opieton otny (3.1) étoimov IV P = Unen Pr- Avyvo-
pilape 0T1TO P owfiker otn [ TOTE MOy TG KAEoTOTNTOS TS [ G TpOg T1g aepiOpf|opleg
EVHOELS DTOGLVOA®Y ToL X O eiyopie

U,en P = NP e T(X).

Edd akpifag evtomiletan n Siapopd avdpeca 6Tovg 000 TeEAECTES. Acr gipaote o€
Oéon va ovumepdvovue 6t To mponyoduevo cvovolo P aviker otn T ywpig va yvwpiloope
K&t TEP16c6TEPO Y1ox T dopr) TG . Zoven®dg o “@uo1oAoyikds” Tpdnog yia va deiEovpe
071 N KAEIGTOTNTA OG Tpog I cuvendyeTon Ko TNV KAEIGTOTNTA 006 Tpog \/py amotvy-
yGuvet.

MéMota vrdpyovy Tapadeiypara kAdoeov I' mov eivan kAe1otéc og mpog I addd
o1 og mpog \/yy . ‘Eva tétoro mapaderypa kAdong I' propei va katackevaotel edkola
(Aoxnon 3.2.11). To mapdderypa eivonr KAmwg TeXVNTO A DRAPYOLY KOt GAAX TToL-
padeiypata tétoiwr kAdcemy ' mov TpokORXTOLY HE O PLGI0A0YIKO TPOTO. AVTEG O1
KAAOELS elVon QVTIKEIPEVO PEAETNG TG KATACKEDAOTIKHG TEPLY POPIKNG Oempiog cLVOA®Y
(effective descriptive set theory) Tov Sev PaGg XTAGYOAEL GTO TAPOV GOYY PO
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O avtiotolyog GLAAOYIGHOG Propel var Yivel av adldEovy Bécelg o1 d0O TeAECTEG.
Yrobétoope 6T1 €xovpe pia khdon I' oo eivan KAE1GTH ®G TPOG APIOUNCILES EVDCELS KO
g emyelpfoovpe va Seifovpe 6t N I eivan kAeoT g Tpog Tov tedesth 3. Oempodpe
P < X x Nrov aviiker otn I' kou v kBe n € N opiloope P, 6nwg otnv (3.2) dote va
gxoope INP =, . Po-

Av yvwpilape 6T1 kdBe P, avfikel otn [', Adym g kAerotodHTNTAG TNG TEAELTAING
og mpog \/y Oa eiyape ot1 Ip = Unhen P € T'. Opag, opotx pe mpy, dev eipacte
oe B¢omn va copmepdrovpe 0TL Ta cvvora P,, n € N, aviikoov otn I'. INa tnv akpifeia
pmopei kaveic va dwoer mapadeiypata khdoewv I' mov eivon eivon kAe1otég wg mpog \/
oG oyt ¢ mpog IV (Acknon 3.2.12). e avTH THY TEPINTOCT OPMGS, TX TAPASETYHOTX
oL yvwpilovpe givon teyntd. L11¢ kAdoeig I' mov tpokdRTOLY e PLG10A0YIKO TPOTO,
1 KAEIGTOTNTA @G TPoG \/|y COVETAYETAL KAl KAEIGTOTNTX (G TPOG N, Avté yivetan
ELPAVES OO TO EMOUEVO AMOTEAEGLA KL TNV TOXPATHPNOT TOL TO AKOAOVOEL.

IIpotaon 3.2.6. T'a k&Be kAdon I' mov eivon kAeloTi ®G TPOG GLYEYT AVTIKATA-
otoon wydovy To e€NG.

(1) Avtoobvolo P € X x Y aviker otn I' 1oTe Y1 kdBe y € YV 1 y-topn
P,={reX | (a,y)cP}
avikel exiong otn I
(i1) IpoxkdOmrer 6T116) Ve N €ENG CLVETAY YT,
I': kheroti wg mpog \/y = I': khe1oTi| @ Tpog ERR
Anoderén. INoa to (i) Bewpovpe y € Y Kot TapaATnpodE OTL

reP, — (z,y)e P < axy(x)e P < xea;(}y[P]

OOV
axy: X > X xYV:iaxy(r)=(z,y).

Eilvon cagéc 6t1 01 a .y eivon coveyeic covapthcels. Emopévog amd tny kAE16T0TN TN
g I' wg mpog coveyh avtikaTtdoTacn TpokvnTel 6T1 To cOVoro Py, avikerotn I yio kOe
yel.

IMa to (ii) epappolovpe T1g Tapatnpioels TG Tponyodpevns culftnong yie Y = N
ko 70 (i). @ewpodpe P S X x N oo awijket otn I kou Seiyvoope 6tito ovvoro NP < X
avikel emiong otn I'. [apatnpodpe 6Tt

reP «— In(z,n)e P

— dnxe P,

omov P, eivon n n-topn {z € X | (z,n) € P}. And 7o (i) x&be P, aviker otn I kou and
v kketstomnratng I g mpog \/yy £xovpe 6t1to cbhvoro INP =, a;()ln [P] awnker
eniongotn I'. =

Hoapatipnon 3.2.7. Eivon Gueco 6t1 ta copmepdopata oto (i) kou (ii) Tng wpon-
yovpevng Tpdtacng 1eydoov axdpa kot o 1 I' elvon kKAe16TH 0 TPOS THY AWTIKATACTACT)
amd [ial PiKpT) GOAAOYT COVEXDY CLOVAPTHOEDY. ZVYKEKPIHEVA GTNV TPOTYOOUEVT TPO-
Taon apket va vrobécet kaveig ot n T elvon kheloth og mpog IV -avtikatdotact, 6rov
I’ eivon ) KAGOT OADV TV GOVAPTNCEDY G x , TNG TELEVLTRING 0TOBEIENC.

H xleiorotnra we mpog I -avtikardoraocn eivar to eddyioro mov Oa Oélaue va ikavo-
molel pia evdiapépovoa kAdon L', ovvemas yia tig evdiapépovoes kAdoeis n kAgiorotnTa
w¢ TPOS \/N ovvendyetal Ty KAeloToTnTa @¢ Tpoc 3.

To ak6rovBo amotéAecpa pog fondd va copmepdrovpe THY QVTIGTPOP! GOVETO-
yoyn tng IpodTacng 3.2.6.
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Hpoétaon 3.2.8. Ocwpodue pia kAdaon I mov ikavomoiei thy 1610tnra:

v k6Oe Tlohovikd yopo X ko ke akorovdia (P, )nen omd
(3.3) ocovora tng I'(X) to odvoro P =€ X x N mov opiletan wg e€fig
’ (x,n)eP < x€P,

aviket otn I
Av n T eivan emaléov kheioti wc mpoc IV, tote eivaun exione kAeloti oc apoc Vi -

Amoderén. Oewpodpe pio akorovdia (P,)neny 0O vXOcHYVOAX TOL 18100 YOpov X
mov avfikoov otn I' kot To obvoro P € X x N zmov opileton 6nwg oty (3.3). And v
vrobeon to P avikel otn I'. EmAéov yia kdBe x € &,

2 €Upen P = Inze P,
< dn (z,n) e P.
Emopévag av n I eivan kAetoth oc mpoc 3N 16Te and Ti¢ mponyodpeves 1codvvapieg
70 6OVOAO |, ey P aviiker ot I kan dipa 1) tedevtaia eivan kAeloth) ©g 1pog \/y . ©

H mponyodpevn npdtacn eivon Tpo@avilg VIO TO s TG TPoNyoLpeVnS culfTnong,
omotelel Op®G Eva ypfoipo epyaireio. Oa dodpe 6T1 OAES 01 KAAGELS TOV OGS TAG Y OAODY
070 TopOV GOYYPAppX tkavonotoby Ty 1d10TNTa (3.3) Kot emwiong eivan KAEIGTES O TPOG
ooveyf avtikatdotaot. Me fdon Tig tedevtaieg 00 Tpotdoelg copnepaivovpe OTL O1
KAEIGTOTNTEG WG TPOG \/y Kot Ny Tic KAdoEIC pag eivon 16080vapeg 1816t TEC. AEilEL
VO ATOLOVAOVOVHE UTO TOV GOANOYIGHO G v EEXWPIGTO ATOTEAECHAL.

Ioépropax 3.2.9. Oewpovue pia kidon T mov eivar kAeiothi wg npog coveyn avtika-
TdoTaocn kail xov Kavonoiel thy mo ravw 101otnta (3.3). Tore n I eivan kleioth w¢ mpog
Vi av kai pévo av gival KA€1oT w¢ Apog B

Amoderén. Apeon and Tig [Ipotaoeig 3.2.6 xon 3.2.8. =

Télog mapaTnpoOpe OTL T TPONYOOpEVX 10X DOV Kot yior KAAx LeVyn TeElecTOV 0T
0¢on tav (\Vy ,3V).

Hpoétoon 3.2.10. Oillpordoeis 3.2.6 ko 3.2.8 ko ovvenawe o [opioua 3.2.9 ioydovv
av avtikaractijcovpe to (edyos tedectan (\/y , V) pe onowadimote and ta (35,\/ <)

(va /\N ) Kol (vg’ /\S )
H an6deién eivan ovclootikd 1 id1r — ano@evyovpe v e16EABOVIE O TEPALTEP®D
AenTOpEpEIEG.

Aocxknoeeig

Acknon 3.2.11. Oswpodpe tnv kAdon I' tov povosvviiwv ce [lohwvikods ympoug,
OnAadi
I(X) = {{z} | v e X}
11 k60e Tlohwuikod yapo X. EEetdote T kAetototnTa tng I' wg mpog I ko Vi -

Aoxnon 3.2.12. Oewpodie Ty khdon ' tov vrocovoror TTIodovikdy yodpov e
TOVAdY10TOV 6DO oTOLYEIR, ONAXOT

NX)={AeP(X) | Ja,be Aa # b}
Y1 k&Be Tohwuikd ydpo X. EEetdote tnv kheototnta tne I wg tpog I ko Vi -
Acknon 3.2.13. Oewpoovpe évav [ToAwvikd ydpo X' Kot GuveE)EIG CLVAPTIGELS
fn: X >N, gn: XxN —->R, mneN.
OpiCovpe to covoro P = & wc g,
reP < YnIa¥m (x = fo(a) v gm(z,a)=0).
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Tote to P ypdpeton og aplOunoiun topf] covdlev mov eivatl tpoforés KAEIGTOV
GOVOAWV.

Acxnon 3.2.14. Eoto X IMolovikog yhpog kot T’ kAe16tod brocdvoro Tov X' x N<N
(6mov 6to N<N Bepodpe T Srakpiti) petpiki), Tt @oTe Yo k&be © € X' T0 GOHVOAO
T(x) = {ue NN | (z,u) € T} va eivon 8¢vdpo. Tote yia k&g u € N T0 6OHvOLO

= {z € X | T0 vnodévdpo T, (z) &xer kOpPovg 06087TOTE PEYAAOL priKOLG}
aviket oty YVINT, omou I eivon 1 khdon tov kKAeloTdr covdrov e TTohovikods xo-
povg.

Aoxnon 3.2.15. Erxavaiaufdvovue ty Aoknon 2.5.26 émov tapa {nreitar ot vxo-
Aoyiopoi va yivovv pe ypion tov teAeotav. Xoykpivete Tic AVGeEIS Twv D0 ACKNGEDL.

‘Eoto X TTohAwvikog xdpoc, (Vi )nen Hioe akolovBio omd avolktd vrosdvola tov X',
éva ovvoro T < X x N=N oo kavonoiei tnv icodvvapia (2.26),

(x,u)eT <= YveJV¥nelpen<|u|(z¢V, &vEu)
kou 1 oovaptnon f : X — Tr
fx)=T(z) = {ue NN | (z,u) e T}.

Iaiproovpe dedopéro 6T N KAAOT TOV OVOIKTOV GOVOAMV Eivot KAEIGTT ™G TPOS TOV
teheoth VY. Tote to T eivon kAe16t6 chvoro ko yia kéde u, w € N<N 1o svoro P, ,, S
X pe

€ Py, = uc f(zx)&wé¢ f(z)
eivan F, .
Maéhota av ta V,, eival KAEIGTE-avotkTd DTOGOVOAX Tov X Tt Py, o, vt avoikTd

cOVvoAX.
3.3. OvkAaoceig Borel covormv memepaspérng taéng

Opwopog 3.3.1. Opiloope pe avadpopn oto n = 1 Tic e€ng kKAdoeIS GLVOAOY G
IMoAmuikotg ydpovg:

23(1) = 1 KAAOT OAOV T®V AVOIKTOV GOVOA®Y

Y = cXY = n Khdon dAov ToV KAEIGTOY GOVOAMY

Kot
.~ n+1 \/N 0 n
= 01 APIOUNOCILEG EVDGEIS GOVOADY TNG l:I?L
O =c2h
= TO GOUTAT POHATA TOV GOVOAOY TNG 2 0 11
Télog Bétovpe

0 _ y0 0
én - En A 1:[n
Eivan peco ot éva P € X avijker ot A9 aw kou povo av ta sovoha P kan X\ P
avijkoor 6t T 2. EmmAéov eivon edkoro va det K(xvsig (Aoknon 3.3.10) 671

~n+1 /\N Nn

Or kMdoeig XY eivon o1 kAdoerg Borel covorov terepacpévng tdéng evm ot I
ko IIO eivon o1 Svikég (dual) ko apgionpeg (ambiguous) avtictorya khdoelg Borel
oVVOA®Y TTETEPACHEVNG TAENG.

H ovAloyn tov tponyodpevar kKAdoemv ovopdleton tepapyic towv Borel corvolov
TeMEPAGTPUEVNS TAENC.
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Hapatipnon 3.3.2. H khdon XY anoteheiton akpipog and ta F, cdvola kot 6o-
vemag 1 II9 anoteheiton axpipog amd ta G5 cHvoda.

potaon 3.3.3. [a kdOe Iorwviko ywpo X ka1 kdbe n = 1 Eyovue
(X)) < AL (X)

Kl EMOUEVMC 1OYVEL ETIONS
) (X) = AL, (X).

Amoderén. Aeiyvoope e eraywyi oton = 1 6T
G4 E(X) S EL (X)) ke E(X) < I, ().

Mpogavhg amd To mo Téwe TpokdmTovy o1 eykhetopoi B9 (X) < A% (X).

TINon = 1, and v [pdTaon 2.1.6 k&Be avoiktd vrocOrvoro Tov X givon F,; ko Gy,
ondte and Ty Hapatipnon 3.3.2 wyver (X)) € TY(X) kon II(X) < TIH(X).

Bewpovpe 611 Y K&mwoto n = 1 1oyver n (3.4) Kou Seiyvovpe TO AvTioTOLYO Y1 TO
n+ 1. Boto A € X2, (X). Tote amd Tov opiopod vndpyet pia akorovdia (B;)en oand
IT? vrocvvoha Tov X pe A = | J, oy Bi-

‘Exovope

X\ B;e X,(X) € B)4(X)

Omov oTov TEAeLTAIO EYKAEIOUO Ypnoiporocape TNy Etaywnyiki YroOeon. Apa B; €
IIY 1 (X) i k6Be i € N kon

A=Uen Bi € Vy I 1 (X) = X0 5 (X).
Emméov av ndpoope A; = A yia ke i € N gyoope 611 A = (), Ai kou A; €

201 (X) nakdbe i € N. Enopévog
XN\ A =Uien(X\4i) € Vy T n+1< ) = ¥2+2(X)

kar Gpa A € IIO ,(X). Exon éxovpe deiter ty (3.4) yiwto n + 1.

Etvou eriong capég 0t1 o1 eykhetopoi 110 (X) € AV (X) eivan dpecor amd awtodg
™™g (3.4) TaiprovTog TA GOUTAN POUAT. O

2o endpevo Pipa eEacparilovpe KATOIEG GTOLYEINOEIS 1O10TNTES KAEIGTOTITAS
TOV T0 TAVve kKAdcemv. Ot T pns Mota pe T1g 1810TnTeg KAE1oTOTN TG divETAL OE PETA-
yevéotepo 6Tdd10 oto Bedpnpa 3.3.8.

Afppa 3.34. O kidoeic £9, T10 kar AY, n > 1 eivan klerotéc wg mpog v, &, kau
COVEYT QUTIKATAGTAOH.

Amoderén. Apykd mopatnpodpe 6Tt 011810TNTES KAEIGTOHTNTOG Yo TIG KAdoeig A2
eivon dpeceg and Tig avtiotoryeg Tov kKhdoewy X0 won IT9. Ma mapdderypa yio va Sei-
Eoope 6t1 Y, won n IIY; eivon khewotég wg mpog v tote Yo kbe A, B € AL, (X)
gxoope A, Be X9,(X) kan A, B € I19,(X) xou épat

AvBe 2(1)7(25) N 1:[(1)7(X) = 4?7(X)-

Hopatnpodpe eniong 6TL N KAEIGTOTNTA WG TPOG GOVEXT AWTIKATAGTAOT TNG X2
glvon 16080VOUN HE TNV KAEIGTOTNTO WG TPOG cuveyT avtikatdotaon tng 11 0 yoti y1ox
kdOe covaptnon f 1 X — Y kot kdbe A € Y éyovpe

v\ 4] =&\ A

Me ahha Aoy o 1) f avtiotpéget ototyeiontng XY oe otoyeia tng X2 tote awtioTpé-
et kau ototyeio tng 1Y oe oroyeio tng I xan (xvrlcrpoq)(x
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Télog Tapatnpodpe 6T kKhewotoTnTa TG X w8 mpog v ko & eivon 16080vapn pe
v khetototnTa g IO 0¢ Tpog Tovg 181008 TEAEsTES Ko awTicTpoPa. AVTO GOpPivEL
AOY® TOV vouwy tov de Morgan,

X\(AUB)=(X\4) n (X\B)
X\(AnB)=(X\A) u (X\B).

o tapaderypa av govpe 6tin XY eivon khewoth og Tpog v ko dpovpe A, B € I19 (X)
t6te T VoA cx A = X\ AkoucyB = X\ B avixoov otnv X kon covendg
t0 6ovoro cx(A N B) = cxA U cxy B avikel eniong otn X 2. Enopévmg o 6dvolo
A&B = A n B aviker otn I19 kon dpa n televtaio khdon eivon kheloth g npog &.

‘Enerta Seiyvoope pe enayayf oton 6ot X0, IIY éyovv tig {nrovpeveg &rotnteg
KAE16TOTNTAC.

INan = 1 a@od n TenepACHEVN EVOOT] KO 1| TETEPACHEVT] TOP AVOIKTMOV (avTi-
OTOLYO KAEIGTAOV) GOVOAMV €ivon o1k To (AVTiGTOLY ! KAEIGTO) DTOGHYOAO TOL 10100 Y®-
pov £yovpe 6Tt o1 kKAdoelg Y kou ITY eivan kherotég wg npog v kou &. Eniongn 29 eivon
KAEIO0TH MG TPOG GLVEYT AVTIKATACTACT YIUTi 1] AUTICTPOPN E1KOVA AVOIKTOD GOVOAOL
HEG® GLVEYOVS CLVAPTNONG €IV AVOIKTO GOVOAO.

YroBétovpe 6t110)Oer TO {nTOodpEVO Y10t K&Tolo 1 € N kou deiyvoope to {nTodpevo
yix to n + 1. Boto A, B < X mov aviikoov oty X9 ko f 1 Y — X coveyng.
TOPPOVX pie Ta TPOTYODHEVX apKet v Seifovpe 6T1 T shvoda A U B, An B xon f~1[A]
avikoov otn X0 ;.

Yrdpyoov axohoodieg (A;)ien kot (B;)ien pe A;, B; € TI2 (X) yia xa0e i € N dorte

A=UienAi xar B =y Bi-
Tote
AU B = J;en(4i v By)
AnB= Ui,jeN(Ai N Bj)
A = Usen £ 1AL
And v enayoyiki vrodeon n khdaon IIY eivon kheoth g npog v, &, kou coveyn
avtikatdotacn. Apa ta covora A; U B;, A; N Bj xou fT1A;] 6Tig mo mdve 106tnTeg

VKoLV GTNY I:IQL A@o0 o1 mo tdrm evacelg eivat aplOpfcipes EYovpe OTL TO GUVOAX
AU B, An Bxa f7HA] avijkoov oty B9 | kon éyovpe To {nrodpevo. o

IIpw mpoywpfGovHE GTIC VIOAOINES 1O10TNTEG KAEIGTOTNTAG €ivan YprGIHO VO YO~
pakTnpicovpe TG kKAGoes £ pe Paon Tov vrapEiakd Tocodeiktn AN, Aivoope mporTa
Kol fonOnTIKA ATOTEAEGHATA.

Hopatipnon 3.3.5. INa k&Be pooikd apBpoé n = 1, kade [Morwrikd ydpo X ko
k&e A € V(X x X) ra covora A; S X, i € N, mov opiCovton wg ekfig

x€eA = (r,i)eA
avijkoov eniong otny khdon 0.
Avto givan dpeco and to (i) tng [pdtaong 3.2.6 yarti kdbe A; eivon n i-topfy Tov A

kou ) X9 eivan khe1oth) g npog cuveyn avtikatdotaon (Afppa 3.3.4). docwkd propei
Kaveig va to amodeifel katevbeiav 6nwg oty [IpodTacn 3.2.6 tapatnpodvtag 6TL

A; = f7A] omov fi: X > X xN: fi(z) = (z,4), ieN.
Hpogavmg 1oyvoov ta idia av avti Tng kAdong X éyoope Ty II2.

21n ocovéyewa deiyvoope Ot1 o1 kAdoels Borel covolav nenepacpévng TaEng tkovo-
morodv Ty Widvtnta (3.3) tng [IpdTtaong 3.2.8.
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AfNppa 3.3.6 ((Mos09], 1E.7). Ocwpoiue évav pvoiko apibuon = 1, évav Holwviko
xopo X, kai pia axodovbia covélwv (B;)ien mov aviikovy oty okoyéveia X0 (X). Tote
70 ovvoro B € X x N nov opileron w¢ e€ic

(x,i) € B «< z € B;
avijkel oty kAdon 2.
Ta mo wdvw 16)0€l EMIONS OV AVTIKATACTHOOVUE TNV KAdon Zj% HE THY 1:12
Anmoderén. O oyopiopos yroe Ty IO mpokdmter omd avtov yrotny Y nadprovrag

Ta sopminpopate. It aotd deiyvovpe povo Tov 16y vpiopd yroa Ty 0.
OpiCoope ta covora C; € X x N, i € N, wg e€fg:

(x,8)€C; — xz€B; &s=1.

INo k&Pe i to oovoro V; = {(z,s) | s = i} eivon TPOPAVOS AWOIKTO DTOGVVOAO
tov X' x N ko and to Afjppa 3.3.4 avfker oty 9. TId pe eappoyn Tov tehevtaion
Mppatog to covoro C; = B; N V; avijkel eniong otn Y.

2T1 GUVEXEIN TOPATNPOVHE OTL

(x,8) € Ujen Ci <= Ji(z,5) € C;
«— Ji(xeB; &s=1)
<~ zx € By
<~ (z,s) € B,
dnradh B = ;o Ci-
Avn = 1 tote kabe C; givan avoiktd cbroro kon dpa to B eivon eniong avoiktd

oG £Vwon aolkTdY covdrev, dnhadh B € XI(X). Avn > 1 tote Y1 k6Oe i vApyet
axorovBia sovorwv (C1) jen amd TI9 | vmocoroda Tov X pe

c;=U ien €
Emopévag
B = Ui,jeN C_;
ko &pa o B eivan apdpfoipn éveon IIY | vrocuvdreov too X, Snrady B € X2 (X).

[m]

Mpotacn 3.3.7 (Icoddrapog opiopds tav khdceov X0, [Kled3d], [Mosd7]). a
kabe n = 1 éyovue

Kl COVETDS

A7néderEn. Opiloope Tpocmpwd Tig KAAGELS
=¥ = 1 KAdon dAoV Tov avotkTdy covdlay = Y
II# = 1 xhdon Grov Tov KAeloTOr covdroy = 119
2:;-5-1 = EINIZI:;
o5, =cXi,.
Aeiyvoope pe eraywyn cton = 1 6Tt
20(X) = SEWX) ko IO(X) = IE(X).

n
(ITpopavmg 1 tehevToia 1IGOTNTA TPOKOTTEL ATO TNV TPOTEAEVTAIN TAIPYOVTAG TO GL-
HUTANPOUATA.)
INa n = 1 to {ntodpevo eivar dpeco and tov opiopd. Oewpodpe 6T Y1 KETO10
n = 1 égovpe To {nTovpevo ko deiyvoope to idto yix to n + 1.
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Eoto P S X mov ovijker ot B % . Tote vndpyer A € ILE (X x N) pe P = VA,
And v Enayoyikn Yrobeon A € II9 (X x N). Epappotoope tnv Mapatipnon 3.3.5
Y1 T kAGon I kon éyoope 6Tt yia ke i € N to chvoro

Ai ={z | (z,i) € A}
avfiker ot I . Emnhéov
xre€P > JFi(r,i)e A > Tize A,

&pa P = |, Ai- Hpoxdnter 6t1 t0o P avijker ot X9 4 (X).
Avtictpoga Oewpodpe éva P = X mov avfjkerotn XY 41 o (B;)jen proc akolooBia
otoeiov g II (X) étor dote P = |, Bi- A6 to Afppa 3.3.6 To chvoro

B ={(x,i) | = € B}
avfiket eniong oty I12. And tnv Enayeyiki YroOeon B € I1¥ (X x N). Emnhéov
x€P < JirxeB; «— Ji(x,i)eB

ko gpa P =IBe Xk (X). o

Oeopnpa 3.3.8 (01 OepeMmders Idrdtnteg Kherototntag tov Borel kAdcewv me-
nepacpévng Tééng, [Kur66], [Mos09]). Oi kidoeic £, IIY ka1 AY, émovn = 1, eiva
KAEIGTEC WC TPOC GVVEYN auTIKaTdoTaon Kadme Kal w¢ mpoc Tove teleotéc v, &, IS, VS,

Ve kar A_ .

O1 kldoeic Zj% elval eMAAEOV KAEIOTES OGS TPOS TOVS TEAEOTES
Vi N ket yevikérepa 3Y 6mov Y eivan api@unioypog Molwvikée yapoc.
O1 kldoeic l:I?l elval emMmAE0V KAEIOTES WS TPOS TOVS TEAEGTES
Ax YN kai yevikérepa Y 6mov' Y eivan api@uiioypoc Molwvikoc yopoc.
O1 kAdoeigc AY eivar emmléov kKAe1oTéc WG TPOS TOV TEAEGTI TOV CUUTANPBUATOS C.

Amoderén. H kheiototnra ToV KAICEOY ®G TPOG GLVEYT AVTIKATAGTAGT KOl G
TPOG TOVG TeEAeOTES Vv, & amodeiyOnke oto Afjppa 3.3.4. H kheictotnTOl 0 TPOG TOLG
TEAEOTEG TNG MEMEPACHEVNG EVmonG \/ . Ko TOpAG A < TPOKORTEL OO TNV KAEIGTOTN T
®G TPOS v Kol & AUTICTOLY! e ETAYDYT 6TO TANOOG TNG TENEPATHEVNG akOAOVOING
GOVOA®Y TOL DE®POVE.

And Ty [pdtacn 3.2.10 n kAewstoTnTatng £ wg npog I kou VS givan 16080vopn
pe Ty kherotdTnTa 06 TPOg \/ < Ko A < aTicTOoYX, (EO® Y PNGIHOTOIODHE PUGIKA THY
KhewototTnTa Tng XY 0 mpog cuveyh avtikatdoTaon).

Tt cuvéyela aoyohOOHAGTE PE TIG emmAéov 1810TNTES KAEIGTOHTNTOG TG 0. Oc-
wpodpe apytkd pra acorovdia (P;)ien DTOGLVOAY TOL X oL avijkel 6T T2 kon Sei-
xvoope 6t1 1 évoon P = |,y P eivon avoiktod covoho.

Avn = 116te Ta0 P; gelvon avoiktd cOVOAX Kol GOVETMS TO P givan avolktd ¢ Vo
AVOIKTOV GOVOAWV. AV n > 1 toTe kdBe P; eivon 1 évwon pia akolovBiog (Q;) jeN OO
I1Y _, vroctrora tov X. Enopévag

P = Uw' Q§‘

ko Gpo To P eivon apidpfopn évmon akorovdiog II9 _; vrosovdrmv tov X, Snhadi
Pexi(Xx).

To mo mdvw deiyver TNy kKAewoTOTNTA TG L WG TPOG Vy - An6 to Iopiopa 3.2.9
N kAewotoTnTa TG X0 efvon 16080vapn pe T kAetoTéTNTA 006 TPOg I .
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oty kAewotoTTa tg X9 g npog 3Y 6mov Y eivan évag apiOpfoipog Molwvikog
x®pog, Bewpodpe P amapibunon f : N — Y. Apov to N Bewpeiton pe tn Sakpri
tomohoyian f eivon coveyfig. Na kdbe Q € (X x Y) éyoope

redVQ = Jy(z,9)eqQ
< In(z,f(n) eQ
ko 7o covoro 3 Q avfkel 6Ty KAGoN 29 Aoyo TG KAEIGTOTNTAG TG TEAELTAING OG
npoc I ko coveyH avTiKaTdoTAO.

O otnreg khewototnrag g IIY wg mpog IS, VS, Ay, VY, VY, 6mov Y efvon
apdpnoipog Molwvikdg xdpog TpokdnTovy amd Tig avtictoryes Tng 1Y maipvovtag Tov
TeheoTh Tov copmAnpdpatog. Ipokvrter 6tin AY eivon eniong khewoth og Tpog I< ko
VS, Téhog etvon sapéc 6tin A Y eivon kKAE16TH WG TPOG TOV TEAEGTT TOL GUUTANPOHATOG
c. Autd ohoxAnparvel Tny amddeIE. o

H x\etotétnra g tpog 3¥ 7 VY, dmov Y eivan évag apidpfioipog Iolmuikog ydpog
HOG EMITPETEL VAL Y pGIonot|covpe Tov TTodwvikd yopo N<N ympic va ypelaotei va
KaTa@OyoLpE o€ K&molx anopibpnot) Tov 6nmg £yovpe kdvel TNy enilocn Tng Acknong
3.2.14. Aeite yix mopaderypa Tig Advoelg Twv Ackfoemv 3.3.12 ko 3.3.14.

Hopaderypa 3.3.9. Oewpodpe tov Iokorikd ybpo X = RN x R ko To 6OvoA0

P ={((@n)nen, ) € X | T —> x}.

Aeiyvoope 611 to P eivon II§ vrosovoro Tov X. Exoope

((mn)neN,m) €P < VkIngVn =ng |z, — x| < 2k
< VkIngVn (n<ng v |z, —z| < 27k,
Me xpfon Tov daypapHATIKOD GOAAOYIGHOD DTOAOYILOVpE:
VEk 3ng Vn (n <ng v |z, —z| <27F).

1o IIY

H‘l’ KAEIGTOTNTA WG TPOG v

o mdvm éyovpe ypnotponoicet Ty Mpdtaon 3.3.7 (160dvvapog opiopds tov X
pe Baon tov tedeoth IV) kabbg ko T KAewsToOTRTA TG KAGong IIY og mpog v ko
ovveyf avtikatdotoon (Bebpnpa 3.3.8).

Aivovope kanoleg eEnynoeic. Avotnpd Bewpodie Ta covora A, B e

((#)ien, 2, k,no,n) € A = n <mnyg

— f((xi)ieN,cL‘,k7n07n) >0

— ((xi)ieN,x,k,ng,n) e f71(0,0) N N]
((a:i)ieN,a:,k,no,n) €B — |z, —z|<27"

= g((zi)ien, 2, k,ng,m) =0

— ((xi)ieN,x,k:,no,n) e g [0, )],

omov
f((:ci)ieN, x, k,no, n) =n—ng

g((xi)iENvmvk;n()?n) = 27k - |xn — .
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Eivou capég 6t1 01 o néwm covaptioels f kot g eivan coveyeic. Exedn ta cvvola
(0,00) nNkan [0, 0) givon kheotd vrocvvola tov N ko R avtictoyw, Eyovpe and Ty
kietototnTa g I g mpog coveyh avtikatdotaon 6t Ta covola A, B eivon kAeloTd.

EmnAéov and ta nponyodpeva €yovpe 6TL

P=vwWaNvwW4v B

Enopévag to P eivon II§ sovolo.

Orwg éyovpe e€nynoet oty Evotnra 3.1 (Seite ta [apadeiypoata 3.2.1 ko 3.2.5)
dev Ba kGrovpe cuVHBmS AVAPOPA GTIS TO TAV® GOVAPTNGELS f, g 00TE OTA EVOIANESH
ocbvola A, B, adld B epappolovpe katevbeior Tov mo ndve diory pappatikd cOAAOYL-
Ouo.

Aoknoelg
Acknon 3.3.10. T'a k&Be n > 1 10)0e1
n+1 = Ay 20 xe X)) =cllI}.
Aoxnoen 3.3.11. TNa k&Be n = 1 1oydet

< n+1 \/N (Uk<n 1:[0)

An)adi) éva covoro A S X eivon X9 41 QU Ko povo av omapyet akohovdia (B;)ien
VTOGVVOAWY TOL X €TG1 MOTE ylo kKO ¢ vIApyeL n; < n e B; € l:[%i (X).

Acknon 3.3.12. K&de X9 11 60VOAO pmopet var ypapel 0g aptOpfciun Evmon pog
avéovoag axolovdiag IIY covorwv.

Acknon 3.3.13. Xpnoponoote Ty kKAewoTOTNTA TNG KAGONS I 0¢ Tpog EL
Y1 v Seilete 6t Ta sOvoha A, tng Acknong 3.2.14 eivon I19.

Aoxnen 3.3.14. To cbroro OAwV TOV dEVOPMOV TETEPACHEVNG IUKARO®ONG €ivan
19 vroctdroro tov Tr.

Aoxnon 3.3.15. Acitte v khewototTTa Tov KAGoeov 20 (n = 1) og npog IV
katevBeior and Ty KAEIGTOTHTA TV TEAeLTAIOV OG TPog \/y X0pig TV enikAnon Tov
IMopicpatog 3.2.9.

Acknon 3.3.16. Acitte v kAeioTOTNTA TV KAGSEOY 0 (n > 1) 0 Tpog IS ko
VS katevdeiow and Ty KALIGTOTNTA TOV TEAEDTAIOV MG TPOG \/ < ko A\ . avticToya,
yopic tnv exikinon g [Ipdétaon 3.2.10.

Acknon 3.3.17. To Afppa 3.3.6 amotuyydver yr Ty khdon ¢ av avtikoracti-
covpe to c0voro N pe tov Iodwrikd ywdpo Y = [0, 1].

MdMota yio k&Be TTohwvikd ydpo X' vrdpyet orkoyévew (V) ye[o,1] AVOIKTOV DIO-
cOVOA@Y ToL X €101 MoTE To oVVOAO V S X x Y pe

(z,y) eV «— zeV,
dev givail avolkTO VTOGOVOAO TOL X X V.

Aoxnon 3.3.18. Oewpodpe [Todwvikodg ydpoog X;, i € N kot évav pooikd aptBpo
n = 1. Tote Y10 k&Oe akorovbio covOrwY (A;)ien pe A; € B9 (X;), 6mov i € N, 10
o0voho [ [,y Ai etvon IO | vroctrolo tov xhpov ywopevo X = [Tien X

Eriong yi k0 m € N 1o chvoro Ag x - -+ x Ay, eivon Y vrocsvvoho too Xy x
- X X

AlTon®OTE TA AWAAOY GOPTEPAGHATA Yot akoAoLOiat cVVOAWY (A;)ien pE A; €
IT,, (%5).
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3.4. O mpofoiikég KAAGELS GOVOA®Y

Opropog 3.4.1 (Opiopog tov mpoPorikdv kKAdcewy, [Lus25¢c], [Lus25b], [Lus25a],
[Sie25], [Mos09]). OpiCoope pe avadpopr oto n = 1 Tic e€ng kAdoeis covdrwy oe Ilo-
AOVIKOOG YDHPOLC:

2i =311}
= o1 poPorég kAelotav F € X x N vrepavem tov X,
omov X TTohwvikdg ydpog
l:[% = 02% = T COUTANPOUATO TV 2% GLVOA®Y
Ko
gvlwrl = HNI:I 71z
= ot mpoPohrég I covorwv F < X x N vrepdve tov X,
omov X TTohwvikdg ydpog
1:[111+1 =cX 711+1
= TO GOUTANPOPATR TOV 2}711 11 COVOAGV.

Me éAha Moy évae P < X eivon 1 (3 T} 11) 60VOAO o Kou POVO aw DRApYEL Eva
I19 (h I} avrictora) obvoro Q = X x N étor dote yia kébe x € X,

z€P < Ja(z,a)eq.

Haiprovtag Ta copmAnpdpata éxovpe 6Tt éva Py € X etvon I3 (A L 11) cOvoro
av kou povo av vrapyet éva 9 () T avtictorya) chvoro Q. = X x N éto1 dote Y
kGOe r € X,

x € Py < Va (z,a) € Q.
Eivon apxetd foMxod va Bécovpe
I, =117 xm 3;=3X9
£TG1 TOL
2=V, ok I, =WVE)

yio kdBe n = 1.

Télog Bétoope

A, =%, nI,.

Eivon peco ot éva P € X avijker 6t AL aw kou pévo awv ta sovoha P xon X\ P
avfikoor ot B L.

O1 kMdoeg T L Aéyovtan TpoPorkég fj allibg khasers tov Lusin evé ot IO kon
I eivon o1 §uikég (dual) kou ap@icnpeg (ambiguous) avticTorya TpoPodikés KAGGELG.

H ocvlloyf Ttowv mponyodpevor khdoewv ovopdleton tepapyio Tov tpofork®dy
GUVOA®V.

Ta covoha Tng kAdong X1 ovopdCovtoan awahvtikd (analytic) ko avtd TG KAGOTS
II{ covahotikd (coanalytic). Ta covoha Tng kAdong A | ovopdlovton ap@r-avadvtikd
(bi-analytic).

Afppa 3.4.2. Oikidoeig £}, I1) kar AL eivon kheroréc wg mpog ovveyi avrikard-
otaoy.

Amoderén. Onwg xon otny anddeén tov Afppatog 3.3.4 tapatnpodpe OTL 1 KAEL-
GTOTNTA OG TPOG GLVEYTN AWTIKATAGTHOT TG X1 efvon 16080vapun pe Ty KAelsToTn TN
e II} g npog coveyn avtikatdotacn. (Fevikotepa pa khdon I eivon kAeoth g
TPOG CLVEYT AVTIKOTAGTOCT o kKo povo av 1 cl' elvon kAelsth) 0g Tpog coveyn avtika-
TdoTOON.)
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EmimAéov n kAeotoTnTa Tng AL 006 mpog cuveyn avtikatdotoon eivon Gueon amd
v S 1810t v KAGoeor XL kon ITL.

21 oovéyela deiyvoope 6t av pia kKAdon I eivon kAe1oti) g TPpog coveyT aVTIKA-
taotaon tote kou 1 VT éxer T id1x 1816t TL Oewpodpe TTodwrikode xhpoog X, Y,
i soveyn oovdptnon f @ X — Y kot éva P < Y mov avijker oty VT, omovo 1 I ei-
Vo KAEIGTH G Tpog cuveyh avtikatdotaon. [lpénet va Seifovpe 611 To cvvoho fL[P]
avnker oty VT

Yrapyer Q S X x N mov avikel ot I éto1 dote P = IV Q. Tote yia kébe z € X,

re fHP] — f(x)eP
> Ja (f(z),0) € Q
<~ Jah(z,a) e Q
— Ja(z,a) e Q]

omov h(x, o) = (f(z), ). H h eivon coveyng covapTnon kot and Tny vrobec pag yio T
I" to cvvoro h~1[Q] aviker otn I'. And Tig o Tdvm 16odvvapieg npokonter f~1[P] =
FVh1Q] kou covendg to fL[P] avikel ot T

Téhog Seiyvovpe pe erayoyn oto n > 1 6t1n khdon X! etvon kheloth o Tpog 6o-
veyn avtikaraotoon. Man = 1 éyoope otin i = NV I19 eivon kAe1oTh wg TPOg GovE)H
QUTIKATEGTAGT and Ta IO TV ko amd To 6t N kAdon LI éxer avth Ty 16T TaL.

YroBétoope 61 yia kémoto n = 1 n khdon X2 eivon khetot wg Tpog covexn avti-
kotdotoon. Emopévoc ko I:I}l €yel TN 101 19010TNTA Ko ord T O TAV® TO 1010 106 OEL
Koy Ty £L = NI o

Hpoétaon 3.4.3. I'a kdbe [MoAwviké yapo X kai kdbe n = 1 éyovue
TL(X) S AL (X)

KOl EMOUEVWS 1GYDEL ETIONG
I, (X) € AL, (X).

Amoderén. Ilpogavig o dedTEPOG EYKAEIGHOG TPOKVITEL ATO TOV TPMTO TAIPLOVTOG
TO GUPTAR PO TOL GVYOLOV. Apytkd Seiyvovpe Tn copmepidnyn X1 (X) < TIL 11 (X).
Bewpodpe P = X mov avfiket oty T} ko Q € x X x N mov awiker otn I, éto
wote P = VN Q. Otovpe
R=QxN
Ko 16yvpLlopacte 6t To R eivon emiong I covoro. Mo kade (z, o, B) € X x N x N
€xovpe

(z,0,8) € R < (z,a)€Q

ko to R aviker oty IIL | Aoye tng khestotnTOg TG TEAELTOIAG MG TPOG GOVEXT
AVTIKATAOTOOT, Ogite To Afjppa 3.4.2.
Emnhéov yix k&Be x € X éyovpe

reP «— Ja(z,a)eQ
< Vp3da (z,a,8) € R.

Apato P aviket oty khdon VVIVIIL | =vWVEl =101 .

Tt cuvéyeln deiyvoope 6T k&Be Khewotd cvvoro eivan II1 vrosvroro tov idov
x®pov. Eotw X [MoAwvikdg ywdpog ko F' < X xheloto.

To F, og x\ewoto, eivon eniong Gs cdvolo enopévmg vrdpyet akorovdio (V;,)nen

a6 avoIKT& vITocOVoAa Tov X pe F' = (1), Vi Oewpodpe To 60volo

V={(z,a)e X x N| r € Voo )
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Eivon edxoro va Set kaveig 6t1t0 V glvon awoiktd vrosvvoro tov X x N. Emimiéov
Y K&Be x € X,

rE€F < VYnzxeV,
— VaxEVQ(O)

— VYa (z,a)e V.

Tovenag to F eivon ¥V 2§ = TI] cdvolo.

‘Enerta Seiyvovpe pe emaywyn oto n = 1 0T1 yia kdbe olwviko ywpo X 1oyder
LX) € B 1(X). Me B&on avtd Kot TIG TPONYOOHEVEG COUTEPIAYELS £YOVHE TO
Cnrovpevo.

I n = 1, Bewpodpe tvav Morwvikd ydpo X ka P S X mov aviker otn 1. Tote
vrapyet kKAeotod covoho F € X x N éto1 hote P = INF.

Aeiape 6t1 70 F 006 kAe1ot6 eivan I} vrosvvoho Tov X x N. Enopévag to P eivan
IVNII} = X} vroctroro Tov X.

Yrobétovpe 6Tt Yo kdmwolo n = 1 kou k&Be [ToAwvikd ymdpo X 16y ver

SL(X) S Thy(X), wodtvapa TIL(X) S IIL ().

‘Boto X Morwvikog ydpog kot éva 1 41 o0voho P S X. Aeiyvoope 61170 P givon
!5 vmocvroro Tov X. And Tov opiopd vrapyel éva IT)L cvvoho @ = X x N pe
P = 3NVQ. Ano v Enayoyiki Yrobeon epappoopérn otov yhpo X x N 1o Q eivan
I}, covoho. Zovends to P eivon FVIIL | = X1 ., vrocdvoro tov X. o

Bempnpa 3.4.4 (O1 Oepehiddeig [dtotnreg Kheiototntos tov khdcemv too Lusin,
[Sie28], [Mos09]). O: kidoeic £}, II} kau A}, n > 1, eivan kAeiotés we mpog ovveyii
auTIKQTdoTaon KAl T00C Tedeotéc v, &, IS, VS, Ve, /\g AN N Vi Ay -

O1 kldoeic Z]}l eival emmhéov kleotéc we npoc tov teeot I kau o1 1:[,11 WS TPOS
tov VY yia kdbe HMolwviké yaopo Y. O kidoeic ék elval emmAEoV KAEIOTES WS TPOS TOV

TEAEGTI] TOV COUTANPDOUATOS C.

Amoderén. H kielotdtnTa O TPOG GLVEYT AVTIKATAGTHCT £)el OetyDei 6TO Afjppa
34.2.

Qg cuvfBag o1 1810TNTEG KAetoTOHTNTOG TOY KAdsewy X1 Sivovy Tig avtictolyeg
Yo TG KAROELS I:I}l KOl KOTH COVETEIX KO Y10 T1G 4711 Emn)éov eivon cagég ot1 ot
TelevTaies eivon KAEIGTEG WG TPOG TO SVPTANpopx. Etopévmg deiyvovpe Tig {nTodpeveg
WotnTeg yietig Xk

Av Seitovpe 6t101 T}, efvon kherotég wg mpog \/y TOTE Ot £x0VpE KOt KAEIGTOTN T
MG TPOS TETEPAC LEVT EV®GT) (DTOGVLVOA®Y TOD D100 Y®POV), Y1oTi TO KEVO GOVOAO aiKel
o€ Oheg avTEg TIG KAdoels. Anhadi Ba exovpe kot Ty KAEIGTOTNTA WG TPpog \/ < Ko v.
Emmhéov and tnv Acknon 3.4.9 n kheototnta wg mpog \/ kot \/ < Elvan 16080vapun
pe T kAerotoTTa 0¢ Tpoc I kan IS avticTorya.

Me 6poi GOALOYIGTIKY £x0VpE emiong OTL N KAEIGTOTNTA TV X} 0g Tpog An
COVETAYETAL KO TNV KAEIGTOTNTO OG Tpog /\ < Kkou & ypnoponoivvtag 6Tt kdbe [oiw-
VKOG xdpog X avikel oe dAeg avTég TIS KAGoels. EmmAéor mdih and tnv Acknon 3.4.9
N KAe16TOTNTO WG TPog N\ Kot /\ < €l 16080vapun pe TNY KAEIGTOTNTA O TPOG wN
xon VS awrticToiya.

Enopévog apkei va deitoope T kAeiotodTnTa TV KAGGEOY X} 006 Tpog N VN kan
3V, 6mov Y eivan Toyaiog Modwuikog ydpoc.

YrevBopiCoope tn covaptnon kmdikoroinong { - ) and to (2.7) kot Tovg GOPPOAL-
opovG

a* = (a(l),...,a(n),...) e N
(0); = (@(¢,0)),a(G, 1), . al(ir ), ) € N.
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and Ta (2.9), xou (2.12) avtictoya, 6mov i € N ko o € N. Onwg éyovpe el o1 Govap-
thoeig (a — a™) ko ((4, @) — ();) eivon cvveyeic (Aoknon 2.3.18.)

IMapatnpodpe 0TL yioo k&be akorovbia (ay;);eny omd ototyeion Too N propodpe va
Bpoope éva o € N pe tnuidiotnta (a); = a; yrakéOe i € N. Mo tétoia emhoyn o eivon
n

a({i, 1)) = a;(t) Kon a(k) =0, avk # {,t)yio ke i, 1.

Apykd deiyvoope ot1 kdbe kKhdon X}, n > 1, eivan kAe1oTH 0G TPOg N @zwpodpe
n=1,éva X! covoho P = X x Nk éva II! | ocovoho Q € X x N x N éto1 dote
P =3NQ. T k&be = € X éyoope

reNP = 3Ji(x,i)e P
— Jida(z,i,0) € Q
= 3B (z,5(0),8%) € Q,

6mov mo v maipvoope B = (i, a(0),a(1),...). Aod n kiéon IIL _; eivon khewot
®G TPOG CLVEYT AVTIKATAGTAGT TPOKVILTEL AN TNV TEAEVTAIN 1IGOOVVALiN OTL TO GOVOAO
INP owker ot kAGon IVTIL ;= 1.
Enopévng o1 kAdoeig XL, n > 1 eivon khe1otég oG Tpog . Mot KherotoOTHTO OC
npoc VY, Bempovpe évan > 1 kot P, Q énog mo méwo. o kébe z € X éyovpe
reVWP «— Vi(z,i)e P
= Vida (z,i,a) € Q
< JaVi(z,i, (a);) € Q.

INa v televtaio Icodvvapio av yio KGOe i vap) el KATo0 o = «v; pe (z, 1, ;) € Q
TOTE PTOPOOLE PTOPODpE Vo emAéEoUpE vt o € N pe () = v Y1 KGO 4, OToG Exovpe
g€nyfoet mo tavw. Tote Oa Exovpe (z, 14, (a);) € Q Yo kGOe 3.

An6 T Tehevtaia 1codvvapia TpokvITEL 6T1 TO GhYoAo VNP awikel 6Ty KAdoN
EINVNI:I;_P Onog éyovpe deitet mo méww n khdon TL | etvan khersth wg wpog IN. (M
n = 1 7o {nrodpevo tpokvnTEl Al T1G 110TNTEG KAEIGTOTNTAS TG KAdong X § = XY,
deite To Oeppnpa 3.3.8.) Maiprovtag to copmdpopa n IIL_; eivon khewoth og Tpog
VN, Enopévag to sovoro VY P aviket oty khdon IVYNITL | = IVIIL | = %1

Téhog Seiyvoope Ty khewstoTNTA TOV T} 08 TPOG 3. @ewpodpe n = 1, éva )IH
chvoro P € X x N, xan éva II! | odvoro Q € X x N x N. Tote yia ke © € X
€yovpe

1eIVP «— 3Ja(z,a)eP
— Ja 3B (z,0,8) € Q
= Iy (2, (7)o, (V1) € Q.
Enopévag to 6ovoro IV P awiket oty khdon IVIIL | = BL. o

Mopropa 3.4.5 (Icoddrapog opiopds tav khdoewv L), Na kdfe n > 1 n kAdon
E}L anoteleital akpifws and Tig ovveyei ewoveg 11 L, ovvélav.

Anoderén. Kabe X! covoho eivon mpoforn (ko emopévag eivon coveyig etkova)
evog IIL _, ovvdhov, enopévag mpémel va Seifovpe to avtictpogo. Eoto f : X — Y
coveyig ko Q S X 7o omoio eivan IIL ;. Mpémer va Seitovpe 6T1 1 erxédva f[Q] eivan
2} oovoho. Mpaypari, 1o ke y € Y éyoope

ye flQ] — Iz (xeQ & f(x) =vy)
< Jz (z € Q & (z,y) € Graph(f))

To ypagpnpa tng f eivon kKAe1oTd cOYOLO Ko emopévmg amd tny [potacn 3.4.3 (ko

v anddertn ng) eivon IIL | cvvoro. And to Oedpnpa 3.4.4 (ISrotnteg KheistotnTog
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Tov kKMdoewv tov Lusin) n khdaon IIL_; eivon kheoth g npog &. TTnv nepintmon 6mov
n = 1 quTO TPOKOITEL ANO TIG IOIOTNTEG KAEIGTOTITAG TOV KAEIGTOV GOVOAMV.

Me B&on Tnv Tehevtaio and TIC To Thwm 160dvvapie katarfyoope 6t f[Q] = IV R
omov to Retvon éva I1L | vrocvroro tov Y x X. Tovenmg o f[Q)] efvon T L vrocdroro
ToO ). o

Hopropa 3.4.6. H cvveyiic eiova L), oovdlov eivar ) ovvolo.

Amoderén. Aginreton otnr Acknon 3.4.8. o

Aoknoelg

Acknon 3.4.7. T k6Oe Torwvikd ydpo X ko k&Be n > 1 1 owoyévern L2 (X)
nepieyeton oty A1 (X).

Acknon 3.4.8. Kd&Oe khdon L eivon kheroth wg mpog cuveyeig ekdveg.

Acknon 3.4.9. Eoto I orowdnnote and tig kAdoeig XL ko ITL, n > 1. Tote yia
KaBe akorovBia (Ps)sen 0O vrocHrola Tov idiov Iohovikod ydpov X mov avikooy
otnv I' To covoro

P={(z,s)e X xN |z e P}
aviker oty I'(X x N).
AvtioTpogag Yo kdbe R € T'(X x N) ko k&be s € N to cdvolo
Rs={xeX | (z,8) € R}
aviker ot I

Zopmepdrete 0T1 0 16)XVPIoROS TG N I eivon kAeioTh wg mpog \/ ko \/ < €l
aUTIGTOLYX 1608DVAOC PE TOV 16YVpIopo 6T N I eivon kheroth g mpog I ko IS, (6mov
I'=%,. ).

'ONpouxwo 1oyopiopog mwg N I' eivan khewoth wg wpog Ay ko /\ < €lvon avtictolya
16080vaLog pe Tov 15y uptopd ot I efvon kAeoth og npog VY ko VS, (dnov T' = 1L,
).

Aocxnon 3.4.10. Oeswpovpe pio kKAdon covolav ' Too epiéyet ta kAeloTd cOVOAQ,
Kot eivan KAEIGTH ©G TPOG GLVEYT AVTIKATACTOCT OTOG ENIGTNG MG TPOG TOV TEAESTH &.
Ta akdAoVBx givon 10odOVapAL:

(i) HT eivon kheroth g mpog V.
(i) HT eivan khewoth og mpog I yia dhovg Tovg IMolwvikodg ydpovg V.
(iii)) H I eivon kAeroth) og Tpog coveyeic e1kdveg.

Topnepdrete 61 0 16)(VPIGHOG g N L eivon khewoth wg mpog I yia kdde Morw-
VK6 YOpo Y eivan 16080vaptog pe Tov 16y uptopd 6tin XL eivan kheloth og Tpog coveyeig
ekoveg, 6moo n = 1.

3.5. MeTpnoipoTnTa 6OVEPTNENS OS TPOS KAXGT)
3.6. Mapapetpikomoinon ko KabBoiikd Zovoio
3.7. IinpétnTa kAGong

3.8. Hidwtnta tng oparhomoineng (uniformization property)
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KE®AAAIO 4

Borel covoira

4.1. OepeMmoerg 110TNTEG
Opropog 4.1.1. Oewpovpe éva pn kevd ohvoro X ko pia otkoyéveia A 0vToc VO OV
700 X. H A eivon o-Ghypeppa 6to X av ikavomorei Tig akOAo00eg 1310 TN TES.

(i) Ta covora &, X avikoov otnv A.
(i) AvAe Atote X \ Ae A

(ili)) Av A, € Ayiax&Oe n e Ntote |, .y An € A

neN

Mepikd tetpippéva tapadeiypata o-alyepov oto X eivon to dvvapoostdvoro P(X)
ko to {J, X }.

Orwg eivan yvwotd av €yovpe va pun kevd cOvoro F and o-dhyeppeg oto id10 60-
voho X TOTE 1 TOPN
NF={Ac X |VAe FAec A}
eivan eniong o-&hyePpa oto X.

Opiopog 4.1.2. Oeswpovpe évay petpikd yopo X Kot 10 cVVoAO F OAV TOV O-
ohyeppav 6to X nov mePE)oLY TO AVOIKTE LTOSHYOAX TOL X, dSNAXDT

F ={A | n Aeivon o-&hyeppa oto X ko yio ke avoktd V € X éyxoope V e A}
Mopaznpodpe 6t P(X) € F kou covenag F # . H o-alyeppa B(X) twv Borel
VO VVOA®Y TOL X givan 1) 01KOYEVELN
B(X)=N F.
‘Eva vmootrvolo tov X ovopdaleton Borel av aviker otn o-alyeppa B(X).
Eivon cagég and ta Tporyodpeva 0t i okoyéveio B(X) éxer Tig e€fg 1810tnteg:

(1) HB(X) eivan o-alyeppa ko ke avoiktd vocdvolo Tov X TepLEyeTol TNy
B(X), dnhadh n B(X) eivon oroyeio tng mo e F.

(2) Av A eivon o-GhyePpa 6to X 100 TEPIEXEL OAX TA AVOIKTE DTOGOVOAX TOL X
tote B(X) € A.

Me &\a Moy B(X) eivon np eddyiomny o-dAyefpa oto X mov mepiéyer ta avokd
ovvola. ZopporiCoope pe B tny kA&en 6 v Tov Borel covdhwv o€ petpikois ydpovg.

Mepika rapadeiypara Borel covolwv givan OAL TO 0VOIKTE GOVOAX KOl TOL GUWITAN-
poOpHaTd TOOg dNAadN T KAe1oTd cOvoAa. Ta F,, cOhvora eivon emiong Borel wg ap1Opr-
owun évwon Borel covorwv ko ta G5 givon og copninpopata F, covolov, To onoia
eivan Borel.

Mpotaon 4.1.3. a kabe [Moiwviké ywpo X ki kabe n = 1 icyder
0(X) € B(X),
Sniasii ke £ vrocivvolo tov X eivar kar Borel vmoctvolo tov X.

Amoderén. Me emayoyi oton = 1. o
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O opiopodg Tov Borel covdrov pog vrayopedet pio Oepeir@ddn pédodo yio va aro-
derkvvovpe 1010TNTES TOV Borel cuvolmv. Zoykekpipéva ag vroBécoope 6Tt BEAOLE VO
deifovpe o TpdTACT TNG HOPPNS

v kdOe Borel covoro B € X 1oydet n 8ot Q.

Tote Bewpobdpe TNV okoyévela

A={AC X | o Aéyxertnidiotnta Q}.

Av deioope 0T1 To A givon o-GhyePpa TOL TEPIEYEL TA AVOIKTH DTOGVVOAX TOD X
tote Ba gyoope B(X) < A ko emopévag Bo Exovpe amodeiel Ty To Tdve TPOTOOT).
Eva xopaktnpioTikd Toapadetypo eQapproyng avtig tng Heboddov eivon To EXTOUEVO OmO-
TENECHAL.

ANppa 4.1.4. H xAdon twv Borel ovvéiwv givar kAelotii wg npog cvveyn avtikard-
otaot.

ATode1n. Oewpovpe petpikods xdpos X, Y ko pia coveyf covaptnon f : X —
Y. Oa Seitovpe 611 y1a k6Oe Borel A € Y 1o cvoro f~1[A] eivan Borel vrostroro too
X. Oewpobpie TNV O1KOYEVELN

A={AcY | f7'[A] e B(X)}

ko Seiyvovpe 0Tt eivon o-GAyePPal TOL TEPLEYEL OAX TX AVOIKTE DITOGVLLVOAO TOL Y. Eo-
cov 1 B(X) eivon 1 ehdyiotn o-GAyePpa TOL TEPLEYEL TA AVOIKTH LTOGVOVOAX TOV Y,
npokOITEL 0O TO Tporyodpevo 6t1 B(X) < A mov eivon kon To {nrodpevo.

Oewpodpe v avoiktd V < Y. Agod 1 f eivon coveyig ocovdptnon 1 avtictpoen
ewova f~1[V] eivon avoktd vrochroro Tov X ko cuvenmg eivon Borel chroro. Apa
V e Axon A nepiéyel OA T avo1KTd DTOGOVOAX TOL X .

21 ovvéyela tapatnpovpe 6t &, Y € A yuri ta sovoda F, Y givon awoiktd. Av
Ae Atote

FUY VA = X\ £ [A] € BX)
6mov mo maww ypnowponooope 6tt fH[A] € B(X) ko 6t1 n okoyéveln Twv Borel
VTOGLVOAWY TOL X €ivotl KAEIGTH O TPOG TO GOUTANPOPXTX 6TO X . =

Oeopnpa 4.1.5 (O Oepehindeis Idotnteg Khewototnrag tng kAdong towv Borel
oovohwv). H kidon B twv Borel covélwv eivar kAcioth
(1) wg¢ mpog ovveyh avtikatdotaon,
(i) wg mpog tovg tedeotés v, & IS, VS, \/ ., Ao, cx, omov X eivan petpixog yarpos,
Kai
(iii) w¢ mpog tovg tedectéc \/, ELRELS Ax» VYN WY, 6700 Y eivan apri@uiioypog How-
VIKOG y®pog.

Amoderén. H kheiotdtnTa g Tpog ocvveyr avtikataotaon eivat to Ajppa4.1.4. H
KAe16TOTNTA WG TPOG Vv kot \/ < €lvon dpeon amd TNy KAEIGTOTNTA WG TPOG Vy - Opowx
1 KA£16TOTNTO OGS TPOg & Kot /\ < €lvon dpeon amd TNy KAEIGTOTNTA O TPOG ACE

O1 kAe16TOTNTEG G TPOG \/(y Ko Cx eivan caeic yiati yio kiBe petpikd ywpo X n
B(X) eivan o-6hyeppa. T Ty kheotoTnTa 06 1pog Ay Oewpodpe évav petpikod yopo
X xon pa axorovBia (A, )nen Borel vrocovorov tov X. Tapatnpodpe o6t

X\ mneNA” = UnGNX\ATL € B<X)
om0 o Thve ypnoiponocoape 6t1 A, € B(X) yx kdbe n € N kou 6t n B(X) eivon
o-ahyeppa. Apod X \ (),cn An € B(X) éxovpe xon 01 (), An € B(X).
21n oovgyeln woyopilopacte Ot yio kdBe petpikd yopo X ko k&Be axolovbia
(Bs)sen oo Borel vrosvvola tov X to cbvoro B = X x N pe

(z,8)€e B «< x € B
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eivan eniong Borel. H an6deién eivon axpifmg n ida pe aotiy tov Afjppatog 3.3.6, pe
B oty 0¢on g T2. (Xpnowonotodpe 611 1 kAo 6Awv Tov Borel cuvdrov mepiéyet
oML ToL AVOIKTA GOVOA Kl €iV0il KAEIOTH WG TPOG CLUVEYT AVTIKATAOTOOT), & KHBMG Kot
Vi)

A@ob 1 B eivon kAe1oTh) ©g Tpog Toug TEAesTES \/ 5 <> FARSRLC1WAN < » TPOKOTLTEL
and ta [Topiopata 3.2.9 kou 3.2.10 671 1 B eivon eniong kKAE10TH ®G TPOG TOVS TEAEGTEG
N, IS, N kan VS,

Téhog Bempodpe évaw apiBpnoipo TTodlovikd yopo Y, pio amopiBpnon f : N — Y
kot éva Borel B € & x Y, 6mov X [Tohwvikdg ydpog. Tote yi kéBe x € X,

red'B < JyeY (z,y)eB
< In (z,f(n)) e B

Kot Opota
reVYB < Vn(z, f(n)) e B.

A@od 1 f eivon coveyng kat n B eivot KAEIOTH OG TPOG GLVEYT AVTIKATAGTHGT Ko
toug teheotég IV, VN, mpoxdnTEl amd Tic Tponyobueves 1Godvvapies T Tar Ghrolow
Y B, VY B avfixoov otn B(X). o

Hopwopa 4.1.6. N kdBe Holwviko ywpo X éypovue
B(X) < AL(X).

AnoderEn. Aznd to Oempnpa 3.4.4 (ko Ty anoden tng Ipotaocng 3.3.3) n owo-
yévewr Al(X) eivon o-hyeBpa mov mepiéyel To awoKTE LIOGHYOAX TOL X =

Mpotaon 4.1.7. Av X eivar puetpixoc ywpoc kar to Y eivar éva un kevd vroocdvoio
tov X 10te éva A C Y givan Borel orov petpixd ypo Y av kai udvo av givar the popenc
B nY 6nov 1o B eivai Borel orov X. Andady

B(Y)={BnY | BeB(X)}.

Ebixotepa av 10 Y eivar Borel vmootvodo tov X ka0 A € Y eivar Borel otov 'Y
tote t0 A eivar Borel otov X.

Amoderén. Ta evkolio OEToOLE TPOGOPIVE
B*(Y)={BnY | BeB(X)}.

Aeiyvoope apykd ot B(Y) < B*(Y). Apkei va Sei€oope 6t1 1) oikoyéveion B*(Y)
eivan o-GhyePpa 6t0 Y 1oL TTEPIEYEL TO AVOIKTA DTOGOVOAX TOL Y.

Eotew V € Y avoikto oto Y. Tote 6mwg eivan yvwoto vrgpyer U < X mov eivan
avoktd 610 X wote V. = U nY. Tote U € B(X) ko apa V' € B*(Y), dnhadi n
TEAEDTOIO OIKOYEVELN TEPLEYEL TA AVOIKTH DTOCVVOAX TOL Y.

Edikotepa eyoope &, Y € B*(Y) yoti ta odvora &, Y eivon avowkrtd. T T1g
GAAEG OO 1010TNTES TOPATNPOVHE OTL

4.1) Y\(BAY)=(X\B)nY
42) U BunY)= ( U Bn) nY.
neN neN

Enopévogav A = Bn'Y € B*(Y), 6nov B € B(X), tote X \ B € B(X) xou pe
xpfion tng (4.1)
Y\NA=Y\(BnY)=(X\B)nYeBY).
Me ypnion tng (4.2) Seiyver opoa kaveig 6t1 np B*(Y) eivon kheloth og mpog T1g
ap1Bpnoipes evmoelg vtosvrOAwY Tov Y. Ipokonter 6t1 1 B* (V) givon o-dhyeppa oto
Y mov mepiéyer dha T avotkTd DTOGHYOAX TOL Y.
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INa va deiEovpe Tov eykheiopo B* (V) < B(Y') Bewpodpe TNy otkoyévela brocoro-
AV Tov X,

A={Bc X | BnY eB(Y)}

Av 8eiovpe 6T A givan o-Ghyeppa 670 X TOL TEPIEYEL TA AVOIKTH DTOGOVOAX TOV
X tote Ba £xovpe B(X) < A ko cvvenmg yix k&e B € B(X) B woyver B n YB(Y),
dnhadn B*(Y) < B(Y).

INa va SeiEoope 6T1 N To ndvo A Tepiéyel Ta avorktd cOvola, Bewpodpe V < X
avoikto. Tote to V N Y givon avoiktd oto Y xon e18ikotepa V n'Y € B(Y). Ilpokbdnter
omVe A

Onwg Tponyovpévag tpokdntet eniong 6t &, X € A. Av B € A tote and tn (4.1),

(X\B)nY =Y\ (BnY)eB(Y),

omov o Tve ypnoporomoape 6tt B n'Y € B(Y). Ilpokdnrer 611 X \B € A.

Opowx pe ypfion g (4.2) deiyver kaveig 6T1 N A givan kKAeGTH ©G TPOg T1g aplOpn-
GHEG EVOGEIS DTOCLVOA®Y TOL X.

Koataifyoope 611 B(Y) = {BnY | B € B(X)}. Téhog aw to Y eivon Borel
vrocvrolo Tov X kot to A givon Borel vrosvrolo tov Y toéte A = B n Y i kdmoo
B e B(X). Apa to A givon Borel vrocovolo tov X and tnv khewototnta g B(X) g
mpog &. o

4.2. Borel-petpnoipotnta

Opwopog 4.2.1. Oewpodpe petprkods ydpovg X ko Y. M covdptnon f : X —» Y
eivon Borel-petpioipun av avtioTpépel To avotkTd dTOcOVOAX Tov Y e Borel vtooo-
vola tov X, dnhadn Y1 k&Oe aworktd U S Y éyovpe fLHU] € B(X).

Ipopavdg k&Be coveyng covaptnon f : X — Y eivou Borel-petpfioiun yrati yio
k&0e avorctd U S Y to sdvoro f~1[U] etvon aworktd kou covendg Borel.

‘Evog woopopicpds f 1 X —» Y eivan Borel icopop@iopog av ot covapticeis f :
X - Yxku f71:Y — X eivon Borel-petproipec.

O petpikoi ywpor X ko Y givou Borel ieopop@ikoi av ondpyet Borel icopoppiopog
f:X—>Y.

O1 Borel-petpnioyeg ocovaptioeig yapaxktnpilovton g eENg.
Hpoétaocn 4.2.2. Ocwpovue petpikoivc ywpovs X, Y kai pia ovovdptnon f + X — Y.
Ta e eivai 1606bvayio.

(1) H f aovaompéper ta avoikta vrocivola tov 'Y oce Borel vrocvvoia tov X,
oniadn n [ eivar Borel-uetpiiown.

(2) H f avaotpéper ta Borel vrocbvola tov Y o€ Borel vrocvvolia tov X, on-
Aadh yia kdbe Borel cbvolo B S Y 7o ovvolo f~L[B]. (Mepikéc popéc o opi-
ouo¢ twv Borel-uetpnoiuwv ovvapticewv Sivetal pe avti th ocvvdikn.)

Amoderén. Epyaocio. =

Opropog 4.2.3. Bewpovpe dvo TTorwrikodg ydpovg X, YV kot Evay LOVOHOPPIGHO
f:X — Y. H f Aéyeton kahog Borel povopop@iopog ov

(1) eivon Borel-petprioun,

(i) newova f[X] eivon Borel vrosvvolo tov Y, Ko

(iii) n avticTpoen covdptnon f~1 : flX] — X eivon Borel petphioipn. (Bew-
podpe to f[X] oG peTpikd vXOYWPO TOL V.)

Zyolio. Eivou yvooto 6t kdbe éva-npog-éva Borel-petpiioipn covdptnon ikavorotei
OM\eg 116 Mo AV 1D10TNTESG, dNAXDN eivon kaAdg Borel-povopop@iopos. Avtd dpwg ei-
vou covenel evog d0oKoAoL BewpipaTog, TO omoio dev maiprovpe dedopévo 6To TapoY
oTad10.
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Hapatipnon 4.24. INo k&Oe kard Borel-povopoppiopd f: X — Y ko kdbe
Borel covolo B € X 1o covoro f[B] eivon Borel vrocvvolo tov Y.

Anoderién. Eyxovope
f[Bl =g '[B] omovg=f"": f[X] — X.

Ene1dy n g eivon Borel-petpioipn and tny Mpdtacn 4.2.2 to cvoro g~ L[B] = f[B]
eivan Borel vrooctvolo tov ympov f[X]. Exedn n f eivon kahog Borel-icopop@iopog
to f[X] eivon Borel vrocovoro tov Y ko and tnv [potacn 4.1.7 to f[B] eivon Borel
VTOGVVOAO TOV V. o

Hapaztnpnon 4.2.5. H c0vBeon kahmdv Borel-povopoppiopmv givon Borel povopop-
PIGHOG.

Amoderén. Oswpodpe kahovg Borel povopopeiopods f : X — Y karg : Y — Z.
Orovvaptioeig go f xkou (go f)~1 = f~Log™! eivon Borel-petpioipes amd tnv Acknon
4.2.16.

A@od to X eivan tpopavig Borel vtoctrolo tov X kai 1 f eivon kaddg Borel povo-
pop@PIopOG €xovpe 6T To cdvoro f[X] eivon Borel vrosdvolo Tov V. Epocov 1 g givon
eniong kahog Borel povop@iopog tpokdnter and tny [apatipnon 6t n ewova

(g0 )X = glfX]]

eivat Borel vtocbroho tov Z. o

ANppa 4.2.6. Ia kdbe vrepapiBuioipo Holwviko ywpo X vrdpyel évag kaldg Borel
povopoppiouse T : 2N — X.

Anoder&n. INvwpiloope and tn Bewpio 6TI LRGP)EL £VOG GLVEYNG HOVOROPPIGHOS
7 : 2% s X. Aeiyvoope 6t1 1) T givon emiong kahdc Borel-povopopgiopdc. Enedn 1
T eivon coveyhg eivon ko Borel-petphoiun. Emimhéov to covoro 7[21] eivon copmayég
(oG ovveyng elkdVa GLPTAYODG) Kot &pa eivon KAEIGTO DTOGVVOAO Tov X'. E1dikdTtepar TO
7[2N] eivon Borel vroctroro tov X. Téhog ) avtictpopn covdptnon 71 @ 7[2N] — 2N
eivat ooveyng kou dpa Borel-petpriopun. (Bempodpe yvowotd 6t av o X givon Gopmayng
petpikds yopog kou n f : X — Y eivon ovveyfg kou éva-npog-éva TOTE 1 awtioTpoPn
covaptnon f1 1 f[X] — X eivon coveyhg.) o

ANppa 4.2.7. Yrdpyer ovoveyiic povopoppiouoc p : N — 2N yia mqyu omoia n ovvdp-
mon f~1 1 fIN] — 2N va eivar ovveyiig kau To svvoio fIN] eivan 13 vrocirodo tov
2N,

Amnéderén. Epyooio. o

ANppa4.2.8. INakdbe vrepapiBuioipo [olwviko ywpo X vrdpyel évag kaldg Borel
uovopoppiouoc f: N »— X.

Amoderén. Oewpodpe tn covdptnon p : N — 2N dnwg oto 4.2.7. Eneidn k&0e
cuveyg covdptnon eivon Borel-petphoipun kou ta I1Y covoda eivon Borel npokdntet 611
n p eivon kahog Borel povopoppiopdg.

Am6 to Afjppa 4.2.7 vmépyer kahoc Borel povopopgiopos 7 : 2N — X kot omd Ty
Hapotipnon 4.2.5 n cdvBeon

f=T0p: N —X

eivan xalog Borel povopopgiopoc. =

ANppa 4.2.9. INa kabe Holwviko ywpo X vrapyel évag kadoc Borel povopoppionoc
T:X — N.
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Amoderén. Oswpodpe pia KatdAANAn petpiki d otov X kou éva apiBpfico D =
{rn | n € N} xon Tokvd vroobrolo Tov X. Oempolpe Tr GOVAPTNON

ue NN\ {A} » 2, e X
oL opileton wg e&Ng:
Ty oV d(rg, 2,) < 274+
T(k) =Tk KU Tyg(k) = {xm w d(rg, zy) = 9—(lul+1)
Onwg ¢yovpe det otnr anddeién Tov Oewpfpatog 2.3.7 Kabhs Ko oty enakO 0O
[Mapathpnon 2.3.8 n covdptnon

TN = X:n(a) = lim x4,

n—00
elvon cuveYNG EXHOPPIGHOS KAl | GLVAPTNON
7: X = N :7(x)(n) = o eAdyiotog k pe d(ry, z) < 27("+2)
eivon LovopopPio oG TOL 1IKOVoRotel
m(r(x) =z, ze X xu 7(n(a))=a, aeT[X].
Aegiyvoope 6T1 1 T eivan kalog Borel povopoppiopos. Apyikd Bewpovpe tny
[ X] - X

Ko opatnpodpe 6Tt Y k&be o = 7(z) € T[X] wyver 77 a) = & = w(a), Snhadn
771 = 7|7[X]. A@od n 7 eivan coveyfig éretan 6T ko T efvon coveyc.

Tt covéyela deiyvovpe 6TiN T AVTICTPEPEL Ta VoK Ta 6OVoAd Tov N 68 9. Ao

ta £ ovvola eivon Borel mpokdnter and awtéd 6tin 7 eivon Borel-petphicipn. T kdde
u e N<N gyovope

T(r) e Ny, = v ()
<= Vn < |u| u(n) = 7(x)(n)
— V¥n < |u| u(n) = oehdyiotog k pe d(ry, z) < 2~
= Vn < |u| (d(Fu@my, x) < 27D &Vt < u(n) d(ry, z) = 27"F2),
[poxonter 6t1 To cvvoro 7 LA, eivon AY enopévog kon XY vrosdroro Tov L.
Ene1d1 k&0e avoiktd vrosvroro Tov N eivan évnon covdlov tng popeng N, yio K&moto
u € N=N_ ¢yovpe and tnv khetototnra tng Y wg npog tov tehesth TG aptOpicIung
£VOOTG OTL T T AVTICTPEPEL AWOIKT GOVOAX o€ 9.
Télog avayvopilovpe To odvoro T[X]. Onwg eibape o Tvw, To 7(a) givon To po-
vodiko x € X pe a = 7(x) Yo kdbe o € 7[X]. Zovenig
aeT[X] = a=r1(n(a))
> Vna(n) = 7(n(a))(n)
— VYna(n) = oehdyiorog k pe d(ry, m(a)) < 27" +2)
= Vn (d(7(a), am)) < 2~ A& vt < a(n) d(m(e), 1) = 27"+,

To mio méww Seiyver 611 to 7[X] eivon IIY vrosHvoho Tov N. =

BOewpnpua 4.2.10 (Schroder-Bernstein yio kahotg Borel povopopgiopong). Ia kdbe
6vo Toiwvikovg ywpovg X kar Y av vmdpyovv kadoi Borel povopoppiouoi

f:X—Y g:Y— X
Tote vrdpyel Borel icopoppiopoc h : X —» Y.
Amoderén. (A. Toapralidc) Epyacia. o
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BOevpnpua d.2.11. Kdbe vrepapiBunooc lolwvikdc yapog ivar Borel-icopoppixéc
e Tov ywpo tov Baire.

Anoder&n. Oempovpe éva vrepapiBunoipo Ilolwvikd yopo X. Amd ta Afpporta
4.2.9 xon 4.2.9 vrapyovv kahoi Borel povopopgiopoi f : N »— X ka7 : X — N.
Enopévwg and to Oehpnua 4.2.10 vrapyer Borel icopop@iopog h: N —» X, D

Hoépwopa 4.2.12. Kabe dvo vrepapiBuiioipor Holwvikoi ywpor eivar Borel i6opop-
QIKOL.

Amoderén. Av X, Y eivon vrepapiBpnoipot Illodwvikoi ydpotr ToTe amd To Oemdpnpa
4.2.11 orépyovv Borel icopop@iopoi

f:X—>»N xu g:N—>)Y.
Eivou dpeco amod tny Acknon 4.2.16 6t1n oovbeon g o f : X — Y eivon Borel 100-
HOPPIOHOG.

Aoknoelg

H éwoia tng o-&hyePpag emdéyeTon SiAPopovs YapakTNpPIGHoVS. Aivovpe Evay and
TOVG TO Y PHICILOVG.

Acknon 4.2.13. T kdOe petpixd yodpo X ko k&Be orkoyévein A vTOGLVOA®Y TOV
X ta akdAovba givat 16030V,
(1) H A eivon o-dihyeppa.
(2) H A mepiéyer ta sovola &, X, givon KAEIGTH OG TPOG TO GOUTAN PO KO
®G TPOG T1G APLOUNCIUES TOPEG.

Aocxnon 4.2.14 (Xapaktnpiopoi okoyéveing Borel covdrwv). TNa k&Be petpiko
xhpo X ko ke okoyéveln A and vrocOHroda Tov X T akdAlovba eivan 160ddVRU.

(1) H A eivon n oikoyévein tov Borel vrocovdrwv too X.

(2) H A eivoun ehdiyrotn o-Ghyepa 6to X TOL TEPIEYEL TA KAEIGTH DTOGOVOAX
Tov X.

(3) H A eivon n elMdipiotn okoyévela amd drocOrola Tov X Tov TePLEyel T
OVOIKTA DTOGVVOAX TOL X Kot eivan KAEIGTH WG TPOG TIG APIOUNGIHES EVACELS
KoODG Kot TG ApiOpf|GIES TOHEG.

(4) H A eivon n ehdiyiotn o1koyévelx amd dITocHYOAX TOL X TOL TEPIEXEL TA
KAe1oTd vTOGOVOAX TOL X Ko eivan KAEIOTH MG TPOGS TG APIOUTCIUES EVOOELS
KaOmG Ko T1G aplOUCIES TOHEC.

Aoxnon4.2.15. Oewpodye petpikods ydpovg X, Y, Borel-petpioipes covaptioels
f1, fo : X = Y ka1 éva Borel ovvolo B € X. Tote novvaptnon f : X — Y pe
fi(z), ze€B,
{ folz), x=¢ B,
eivan Borel-petpfioipn.
Acknon 4.2.16. H c0ovBeon Borel-petpnoipov covapticenv givan Borel-petpioiun

ovvdptnon. Ewdwotepa ) c0vbeon piag Borel-petpficiung ocovdptnong pe pio coveyi
eivan Borel-petphciun covaptnon.

Aoknon 4.2.17. T kaBe akorovbia ((X,,, dy,) ) nen OO HETPIKODS XDPOLG Kot KGbe
axorovBia (B, )nen pe By, € B(X,), to ywopevo [ [, _x Bn €ivon Borel vrocdvolo Too

neN
HneN X”
Opowx yio k@0 n € N xou k&0 By, ..., B, pe B; € B(X;) yiai = 0,...,n to
ywépevo By x --- x B, eivon Borel vmoovrolo too Xy x -+ x X,,.
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Aoknon 4.2.18. Oewpodpe petpikovg ywpovsg (X, d), (Y, pn), n € N. Tote 1o
k&Be covaptnon
i X = TlhenYn : f(2) = (fn(@))nen
n f eivon Borel-petpfiioin av kot povo av kdbe covaptnon f, eivar Borel-petphioipn.
Opowx v kdBe n € N ko kdbe covapTnon

X -oYyx--xY,: f(x)=(folz),..., falx))

n f eivon Borel-petpficiun av kot povo av ot fy, . . ., f eivon Borel-petpfiopeg.

Acknon 4.2.19. I'a k&Be petpikod yodpo X ko kdbe Borel-petpnopes covapticeig
f,9: X — R, o1 covapricelg

f+gv fg7 |f‘7 )‘fa (AER)a max{f+g}, mln{f+g}7
eivon Borel-petpriopes.

4.3. O yopog Effros-Borel
4.4. Owv xAhdoerg Borel covoimv vememepaopévng Taéng

Aoknoelg
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KE®AAAIO 5

AVOADTIKAX GOVOAX

5.1. Iwtnteg kot YapaKTNPLIGHOL

YrevOopiloope 0Tt éva cbvoro P S X eivon awarhotikd (analytic) av eivon X1
dnhadn vrapyer éva kKhe1oTo cvvoko F € X x N £to1 dote yio kébe x € X,

x€P < Ja(x,a)eF.

IIpoétaon 5.1.1 (BepeMdderg 1010TNTES TNG KAAONG TOV QUXADTIKOV GOVO V). H
kAdon 1 twv avalvtikev cvvélwv mepiéyer ta Borel cbvola kai eivan kA€ot @ mpog
ovvEYh auTikatdoTaoy, Tov teleoth e mpoforic IV, Tic cvveyeic elkdvec, Tove TedeoTéc
N VN v, &, dnwc exione tov tedeoti e apiluioiunc Sialevénc Vy kai tov tedeotiy
¢ apiburoyns ovlevéns [y -

Amoderén. O 1816tnTeg KAEIOTOTNTOG Eivon Apeses amd To Oempnpa 3.4.4 kKo Ty
Acxknon 3.4.8 (kAeioToOTNTO OOG TPOG GLVEYELS EIKOVEG).

IMo va deiEoope 6t1 kdBe Borel cOvolo givon avahotikd Bewpodpe évav [Tohwvikd
Y®po X KOl TNV OIKOYEVEIX GOVOA®Y

A={Bc X | ta covora B xoau X \ B eivon avaA0TIKG}.

Agiyvoope 6t n A eivon o-alyefpa Tov mEpEyel Ta AVOIKTE VTOGOVO X TOL X. ATO
avtd mpokdnter 6Tt kdbe Borel cdvolo nepiéyetan otnr A kou e1dikdtepa kdbe Borel
oOVOAO EiVO AVOADTIKO.

Ipogavig 1 A givon KAEIGTH O TPOG TOV TEAEGTH TOL GUUTANPOUATOG HEGK GTOV
X.Av B, € A, n €N, t6te a0 cOvola By, givan oawaAdTikd Kot AOYm TNG KAEIGTOTNTAG
oG mpog \/y To cvvoro givon |,y Br givar avarotikd. Emmiéov

X\ JBu=J@X\B,) e 4
neN neN

eneldf] By, € A yix kabe n € N ko Adym Tng KAEIGTOTNTAG TNG KAKONG TOV AVOXADTIKOY
oVVOLDY OG TIPS [\ -

O wyvpiopdg 6t n A nepiéyel O To AVOIKTE DTOGVVOAX TOV X givan Gpecog amd
v Acknon 3.4.7, mapabétoope OPwg To entyeipnpa y&pv TANPOTNTOG TNG ANOIEIENG.
Oewpovpe apykd éva khelotd C € X. To cvvoro F' = C x {0}, 6mov 0 givon  otabepn
akorovBia (0,0,...,0,...) € N, eivon kherotd vTocOVOAO TOL X' X N Kot TPOPOVDG

reC < Ja(x,a)eF

Y kdPe x € X. Zoveniwg to C' = FVF ivon avadotikd vrosdroro oo X.

KaBe avoikto V' < X eivan apiBpioipn Voot KAEIGTOY DTOGLVOA®Y TOL X, KOt
T wo whvw To V' eivan aplOunoipn Evwon aUaADTIKOY GOVOAMY, ETOHEVMG OVAAVTIKO
cOLolo.

AgiEope Mooy 6t kdBe aorkTd Kot K&Be KAeloTO DTOGHYOAO Tov X eivon avadv-
T1K6, 160dbvapa 1 A tepiEyel OAa Ta AVOIKTA DTOGOVOAX TOL X o

Onwg Ba Sodpe ot covéyeln (Bemdpnpa Tov Suslin 5.2.3)  o-&hyeppa A Tng mo
Thvm anodeitns anoteheiton akpipag and ta Borel cOvora, pe dhia Aoy ta Borel vro-
ovvola tov X gival akpifarc ta avalotikd ocdvola pe avaloTiké couTARp@uQ.
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IIpoywpdpe 6TOVE PAGIKOTEPOLS YOPAKTNPIGHOVES TNG KAAGTS TOV AVXAVTIKOV GO-
VOA®DV.
Hpoétaon 5.1.2. Eorw X évag Iolwvikéc ywpog kan P = X. Ta akéiovba giva
1o0ddvapa:
(1) To P eivar avaAvtixo.
(i) Ymdpyer Holwvikéc yopoc Y kau F < X x Y kletoré ye P = 3V F.
(iii) Ymdpyer Holwvikéc yipoc Y kar B < X x Y Borel uye P = 3V B.
Anodeién. Orcvrvenaywyég () = (ii) == (iii) eivan dpeceg Bewphvtag Y = N
kor B = F. H oovenayoyn (iii)) = (i) eivon eniong qpeon enedn kdbe Borel chvoro
etvon avalotikd (Ilpotaon 5.1.1) ko n KAGON TOV AvaADTIKOV GOVOA®VY €ivan KAEIGTT|
o mpog Tov Teresti 3 y1a k&Be Molwuikod ydpo V. o

poétacn 5.1.3 ([Mos09], [Kec95]). Eorw X évac Holwvikoc yawpoc kar P = X.
Ta akéAovba givai 1codvvaua:
(i) To P eivar avaAvtixo.
(i) Yrdpyer ovveyic ovvdpnon f: N — X ue P = f[N].
(iii) Yrdpyer ovveyic oovdptnon g : N — X kai Borel B < N ue P = g[B].
(iv) Ymdpyer Borel-petpiioyun oovdptnon h : N — X ki Borel B € N pue
P = h[B].

Anoderén. (i) = (ii). YroBétoope 6T1 P = INF omov F < X x N kheisto. To F
e Tov TEPLOPIG RO TNG ToToloyiog Tov X x N eivon [ToAwrikdg xdpog Ko eTOPEVOS AltO
70 Oempnpa 2.3.7 vndpyel coveyfic enpop@iopds T : N — F. Tote yia kébe x € X,

re€P < Ja(z,a)e F
— 3B (n(B) € F & (pry o7)(B) = x)
— 38 (pryom)(B) = .

OTOL GTIC TO TAV® 100SVVALIES Y proIoTO|oape OTL 1) 7 eival el Kot OTL Toipyet TIHEG
670 ovvoro F. Me pr; = prf’ : X x N — X gvvoodpe 1 covdptnon TpoPoifg
ot npern covtetaypévn. Maipvoope tn covaptnon f = pry o : N — X. H f eivon
coveyfg Kot elvon capég amd Tig To Tave wodvvapieg ot P = fIN].

Ot covenaywyég (i) = (iii)) = (iv) eivon cageig naiprovtagc h = g = f ko
B=WN.

(iv) = (i). YroBétoope 6t1 P = h[B], 6moon h : N — X eivon Borel-petpficiun
ko B € N eivon Borel 6bvolo. Oewpodpe pio apiBpfoipn péon (Ns)sen tov X. Tote
Y K&Be x € X,

veP « 3B (BeB&x=nh(p))
«— 3B (e B&Vs(ze Ny, — h(B)eNy))
< 38 (fe B&VYs(x ¢ Ny v h(B) € Ny)).

And T [podTtaon 5.1.1 to de€id okélog g TehevTaiog iIcodvvaping opilet éva avalv-
T1k6 vrocHrolo Tov X (Acknon 5.1.6). =

potaon 5.1.4. To covoro IF twv un Ospeiwpévav Sévdpwv eivar avatvtiké vmo-
ovvolo tov Tr.

Anodern. o kade T € Tr €goope

TelF < JaacelT]
— JaVtalteT.
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To ocvvoro F' = {(T,«) € Tr x N | Vt aft € T} eivan kheiotd vosdroro Tov Tr x N
Ko o T16 Mo tovw 1oodvvapieg IF = IVF. o

To IF Bewpeitai 1o “To Tp@TOYEVES” AVAAVTIKO GOVOAO KOPIMG AMOY® TOL EXOLEVOV
OTOTEAECHATOG.

Bempnpa 5.1.5 (To Baociko Oedpnpo Avamapdotacns Tov AVaAvTikGy Zovoronv,
Lusin-Sierpinski, [LS23]). Ia kdfe avaivtiké vroovvolo P evéc Iodwvikod ywpov X
vrdpyer i X Y-uetpiioyun oovdpmnon f : X — Tr ue mu 1d16mra

zeP < f(x)elF

omov T € X.
Maliota av 0o X eivan undevodidorarog tote n [ unopei va emideyei dote va eivai
ovveyis cvvdptnon kai dpa 7o IF eivar X 1-rliipes avalvtikd covolo.

AT6de1En. Oewpodpie tva Khelotd cdvoro F pe P = IV F. And 1o Baoikd Afjppa
Avarapdotacng Kieistov Zovodov 2.5.14 vrdpyet éva kheotd covoro T < X x x N<N
pe

(z,a) e F — ace[T(x

]

)
Y1 k&0 , o, 6oL T0 cVvvoro T'(x) = {u e NN | (z,u)
f: X > Tr: f(x) =T(x).

And tnv Acknon 2.5.26 n f etvon X 9-petpon kon av o X eivon pndevodidstatog n f
eivon ooveyng. Téhog Y k&Be x € X €yovpe,

€ T'} eivou 8¢vdpo. Opilovpe

re€P < Ja(z,a)e F
€l

T(z)])
> f(x)=T(z) el

AvT6 ohokAnphrver TNy amdIeIEN. =

— Ja(«

F.

Aoxknoelg

Acknon 5.1.6. Oewpodpe évav [Todwvikd ydpo X', pia Borel-petpioiun covdptnon
h: N — X, ki éva Borel vtostvoho B € N. EEnynorte yoti To cvvoro P S X pe

reP < 33 (Be B&Vs (v ¢ Ns v h(B) e Ny))

givat avalvTikd cOVOAO.

5.2. Ta Oewpiipota Atay®priopod Tov Lusin kon Suslin

Opropog 5.2.1. Bewpovpe cvovora A, B € X pe An B = . Eva odvoro C < X
daywpilerto Aandéto Bav A< Ckau C n B = .

IMapatnpodpe 6t aw to C' Surywpiler To A and to B tote t0o X \ C droyopiler to
B ano6 to A.

BOempnpa 5.2.2 (To Osdpnpa Alayopropod tov Lusin, [LS18], [L.S23], [Lus72]).
T kdBe Svo Eéva avalvtikd vroodvola A, B evéc [olwvikod ywpov X vrdpyer éva
Borel oovolo C mov Siaywpiler to A and o B.

Amoderén. Aivoope Ty anddeitn omwg oto [Kec9s, 14.7]. And tnv [IpodTacn 5.1.3
VRAPYOVY CLVEYEIS CLVAPTHCELS

fig:N—>X pe A= | kot B = g|N].
Mo k60e u € N<N 0étoope

Ay = fINu] ko B, = g[N,].
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Mapaznpodpe 6t Ay = fINA] = fIN] = A ko 6powr By = B. Axbdpa givon
EekGBapo amd tov opopd 611 A, S A xar B, S B. Apo0 ta A xon B givon Eéva
npokonTEl OT1 Ay N By = I 100 k60 u, w € N<N, EmmAéov éyovpe yio k&be = € X,

r€e A, = JaeN,z=f(a)

< Im3Ia e Nywm) = = f(a)

— Imz e f[Nyxm)]

< Imx € Ays(m)
6mov otn SedTepn and TG MO TAV® 16odvvapieg taiproope m = a|u|). Exopévag
(5.1) Ay = Upen Aus(m) ¥ opore By, = ey Bus(n)
Yo k&0e u, w € N<N,

Ioyvpiouoc. Aoopévav u,w € N<N, ow y1a kdOe m, n vrdpyer Borel cbvoro Crn

= Cp,n 700 S1000Piler 10 Ayy(m) a0 T0 Byy(n) T0TE DRGp)eL Borel cbvoro C' oo
Sywpiler to A amd to B.

Armobdeiln icyvpiopod. Oempoovpe u, w kot Cy, , OTWG GTNY EKPMLUNGT Kol opilovpe

C= U'rneN mnEN Cm,n-
Ipogavmg to C eivan Borel covoro. Aciyvoope 6t1 A, < C. Eotw x € A, tétE
and Ty (5.1) ondpyer m € N pe x € Ay (). N k&0 n € N ioyver and tnv vwdbeon

(5.2) Ays(m) € Cmn Kor Bysmn) 0 Cmpn = .

Apa yi k6Oe n € Nioyover z € Cp, ,, SNASH € (), ey Crmn < C.

‘Enerta deiyvoope 6t1 C n B, = . Eotw x € C, t6te vRGpYEL M £TOL DOTE
z € (),eny Cmon- Av giyope z € By, tote and v (5.1) 6 vmijpye n € N e © € Byy(n)-
Zovenag 0o eiyape x € Cry . N Byse(n) mo0 avtifaiver otny (5.2). Apa x ¢ By, ko dpa
woyverC' N By, = . o (toyvpiopndc)

YroBétovpe npog dromo ot dev vrdpyet Borel cdvolo mov Sraywpiler to A = Ap
an6 to B = Bj. Egappolovpe tov Tponyodpero 1oyuptopd pe u = w = A ko katodn-
yovupe 6t1 vdpPYOLVY Mo, N € N €101 BoTE dev vIApyer Borel ovvolo oo va drxywpilet
TO Au*(mo) = A(mo) oo TO Bw*(no) = B(no)-

Egpappoloope Eavd tov To tave 16yopicpo pe v = (mg) ko v = (ng) Ko waip-
voope my,n; € N étol dote dev vndpyet Borel svvoho mov va Sroywpilet 1o Ay (m,) =
Almg,my) 00 TO Buyse(ny) = B(ng,n,)- Zoveyioope avadpoprkd kot fpickovpe crotyeio
TOL Y®OpovL Tov Baire,

v = (mg,m1,...) 0= (ng,n1,...)

¢to1ote Y1 kdde k € N dev vmdpyet Borel 60voho mov va 1oy opilet To A g my,....mu_1)
= A'y\k oo TO B("Ofnla--wnk—l) = Bé\k-

Apod A = fIN] xan B = g[N] éyoope ewdikotepa 6t1 f() € A xou g(d) € B.
Eneid) ta A xon B givon Eéva ovvoha Tpokomtel 6ti f(7y) # g(J). Oewpodpe avoikTég
nepoyés U, W < X tov f(7) ko g(d) avtictoryoa pe U n W = .

Arnod 0 cvvéyewn Tov f ko g ordpyoov u,w € N<N pey e N, fIN,] € U, 6 €
Ny ko g[N,] € W. Mropodpe va vrobécovpe Ot T u, w €yovv To id1o pfkog. [Ze
dapopetiki nepintoon (ag modpe |u| < |w|) TpoekTeivovpe To u 670 U’ KATE PijKog TOL
v dote va gyovpe |u'| = |w|. Tote woyver v € Ny ko f[Noy] S fINL] € U]

E@ocov u E v, w E § ko |u| = |w| ondpyer k € N pe u = |k kon w = J|k.
[IpoxOrter amd T TpONyoLHEVD OTL

Ay =fINJSU xu BynU-=fINg] nUSWnU-=¢g,.

Anhadn o aworkto chroro U daywpilerto A, = A, and to By, = Bj)y, T0 omoio
épyeton og avtibeon pe Ty emA0YH TOV ¥ Kot §. Avtd olokAnpmvel TNy anoddeln. o
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Hopropa 5.2.3 (To Oempnpo too Suslin, [Lus72]). Ta Borel covoia evog HoAwvikod
yopov X givar akpiffic Ta ap@il-avalotikd vroovvoia tov X, dniadn

B(X) = Ay (X).

Anoderén. Kabe Borel chvodo eivan A | omd to [opiopa4.1.6. Mo tov avtictpopo
eykhetopod Bempodpe éva Al cdvoro A S X kou Oewpovpe to B = X\ A. Tote ta A,
B eivon Eéva avahotikd cOvola Kot amd To Oempnpa Ataywpiopod Tov Lusin (Oempnpa
5.2.2) onapyet éva Borel C € X pe A< Cxan BN C = .

Egocov B = X'\ A eivou Gpeco 0Tt A = C kon enopévng to A eivon Borel vrostrolo
T00 A o

Iopropa 5.2.4 (To ypdenuo Borel-petphioipng covdptnong). [ia kdbe cvvaprnon
f: X = Y ta akérovba eivai 16o8ovaua:
(1) H f eivou Borel-petprioyn.
(2) To ypdonua Graph(f) e [ eivar Borel cvvolo.
(3) To ypdgnua Graph(f) e [ eivar avalvtiké cvvolo.
Amoderén. Natnrkatevbovon (1) = (2) Bewpodpe o apBpfioun pacn (Vs) sen
TOL Y Ko £YOVpE
(z,y) € Graph(f) <= Vs(yeVe — f(z)eVi)
— Vs Ve v f(z)e V).
Azd 116 1810TNTEG KAEIGTOTNTAS TNG KA&ONG Twv Borel covdlwv mpokdnTel 6T1 TO
Graph(f) eivon Borel vrocorolo too X x V.

H katevbovon (2) = (3) eivon npogaviic apod k&be Borel covolo givon avoho-
TIKO.

Télog ya Ty katedBovon (3) = (1) Bewpodpe éva avoikto U < Y. Tpénet va
Seitovpe 6t1T0 f[U] eivon Borel vrostrolo tovo X. T ke x € X £xovpe

re fTU] < f(z)eU
< Jy ((z,y) € Graph(f) &y e U).

Ene1di 1 kA&on TV avaAdTIKGY covOMmY eivan KAE16TH @g Tpog Tov Teheoth 3V
£)YOVpE OO TNV MO TAV® 160dvvapian 6T1 To cvvoro f~ U] eivon avodotikd. EmmAiéov
Yy K&Be x € X éyovpe

re fTHU] < f(x)eU
= Yy ((z,y) € Graph(f) — yeU)
> Yy ((x,y) ¢ Graph(f) v yeU).

[Ipokdrter and Ty tehevtaia 16odvVapio (Kot THY KAEIGTOTNTA THG KAAONS TOV
GUVAVOADTIKOY GUVOA®Y ¢ Ttpog V) 6Tt To cdvoro f~1[U] eivon covavadoTiko.
An6 T0 Oeppnpa oo Suslin (Mopiopa 5.2.3) to cdvoro f~1[U] eivan Borel. o

5.3. To Oewpnpa Téherov Zovoiov
5.4. To Oeopnpua Kunen-Martin
5.5. Metpnopnotnta Tov AVeAVTIKOV ZOVOA®Y

5.6. Avaivtika Zovoia ko Opohomoinon
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A/
Avoelg Acknoemr kot Y modeiéerg

Kegpdaioo 2

Aoxnon 2.1.10. Apyikd deiyvoope 0t1 o1 covapthcels p Kot d givon peTpikés. Oc-
opoope x,y € X. Elvu cagég 6t1 p(x,y),0(z,y) = 0 xou nog p(z,y) = ply, ),
o(a,y) = oy, ).

Emimhéov o p(x,y) = 0 tote p(x,y) < 1 &pa p(x,y) = d(x,y) =0k = y. Av
o(z,y) = 0 eivon cagég 6t1 d(x,y) = 0 kon & = y.

EnadnBedovpe Ty Tpryeuiki anicOTNTO Y10 TNV p, THPATHPOOHE OTL av p(z, 2) =
11 p(z,y) = 1716te p(x,y) < 1 < p(x,2) + p(2,y). Enopévag vrobétoope 6t1
p(x,2), p(z,y) < 1, onote éyovpe p(x,z) = d(zx,z) xou p(z,y) = d(z,y). Ze avti
TNV TEPINTWOOT 16 VEL

p(z,y) < d(z,y) < d(z,2) +d(z,y) = p(z,2) + p(2, y).

H tpryovikfy anicdTnTo 100 Ty 0 TpoKORTEL 0O TO YEYOVOG OTL N cvvaptnon f(t) =
T+ ,t = 0 eivon avEovoa. (Evag tpdémog yia var To dovpe antd givon maiprovtag Ty
In mapdywyo tng f 1 omoia eivon Oetiki.)

Oa gyovpe howmov o(x,y) = f(d(x,y)) < f(d(z, z) + d(z,y)) onodte

d(x,z) + d(z,y)

o(z,y) < 1+d(z,2) +d(z,y)
_ d(x, 2) n d(z,y)
1+d(z,2)+d(z,y) 1+d(z,z)+d(zv)
d(z, z) d(z,y)

< +
1+d(z,z)  1+4d(z,y)
=o(z,2) +0(z,y).

"Enerta Seiyvovpe 0T1 01 HETPIKES ivon 160dVVApES. OE®POVE Pt aKOAOVDI0 (X1, ) nen
otov X xauxz € X. Avd(x,,x) — 0 téTe yiar OAx Tox peydha n Oo Eyoope d(zy, z) < 1
Ko Gpat p(zp, ) = d(2n, x). Exopéveg p(x,,z) — 0. Avtictpoga av p(z,,z) — 0
TOTE Y100 Ot T pEYAQ 1 Eyovpe p(p, x) < 1, enopévwg p(zy, x) = d(x,, ) — 0.

INa v o xpnopomotovpe 6t o covaptioes f(t) = 177 t = 0,xog(s) =
%, s € [0, 1) eivon cvveyeic oo 0.

-5

Eneidn n Sixympropdtnta givan Totoloyikn 1910TNTo Kot 01 HETPIKES €iva 160SVVA-
peg givon capég 0tLov o (X, d) givon Srmpicipog HETPIKOG Y DPOG TOTE KL Ol HETPIKOL
xopot (X, p) xan (X, o) eivon Sroywpioipor.

TéMlog deiyvoope to Lnrovpevo yi Ty TAnpodtnta. Yrobétoope ot o (X, d) eivon
TANPNG HETPIKOG YHPOg kKot Oempodpe piar akoAovBiat () neny 6TOKEIOY TOV X. AV 1
akolovBia eivon p-Cauchy tote vmapyer N € N étor dote yio ke n,m = N 1oydet
P(Tn,Tm) < 1, dpa p(Xp, Tr) = d(Tp, Tp,). ATd 00TO TpOKOITEL OTL 1 AKOAOLOiNX
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(1) nen ivon d-Cauchy xou agov o (X, d) eivon thijpng ordpyer « € X pe d(zy,, ) — .
Onwg eidape mo Tveo avtd givan i1oddvapo pe p(z,, z) — 0.

YroOetoope 6t1 N (24, )nen €ivon o-Cauchy kon Seiyvoope 6Tt givon kou d-Cauchy.
Bewpodpe r > 0, agpod n Tponyodevn covdptnon g eivon coveyng oto 0 vedpyer § >
0 ¢to1 dote i ke s € [0,1) pe |s| < § wyver g(s) < r. T to § > 0 vrapyer
no € N ét01 GoTe Y100 KGOe 1, M = N EYOVUE Spy iy, = (T, Tiny) < O, P& G(Spy,m) =
9(0(Tn,Tm)) = d(Tpn,Tm) < 7. Enopévwg 1 (2, )nen eivon d-Cauchy ko 6mwg npi,
apov o (X, d) eivou Thijpng, Exoope otrondpyel x € X pe d(x,, x) — 0. Zdppova pe o
nponyodpeve o (z,, ) — 0.

Katalfiyoope 611 o1 petpikoi ywpot (X, p) kon (X, o) eivon mhipeis.

Aoknon 2.1.11. Eivou cagég 0t f eivon éva-npog-eva yratiav f(y1) = f(y2) toTE
p(y1,y2) = d(f(y1), f(y2)) = Oxouy; = yo. Eniong eivon capég 11 yra ke akohovBio
(Yn)nen oTOV KOou kGe y € Y £yovpe

i Dy = flyn) > f(v),
covenhc Toco 1 f 660 ko1 f ! eivon cuveyeic covapTicels.
Mo k¢Oe Cauchy akorovdia (yy, )nen otov (Y, p) nakorovdia (f(yn))nen ivon Cauchy
otov (X, d), emopévog av o (X, d) eivon mifpng tote vrapyer € X pe f(yn) Loy =
f(y) xou 6TOE O TAV® EXOVLE Yy > 4.

Aoknon 2.1.12. Av &yoope pia akorovbia ( £y )neny otov C([a, b)) moo givon | - [oo-
Cauchy tote Y k&0 x € [a, b] n akolovbio (fr,(z))nen eivon Cauchy otov (R, | - ).
Eropévmg opileton n covdptnon

f : [av b} —-R: f(l‘) = lim,_, fn(x)
Onwg eivon yvwoto 1 f eivon coveyng kou 1 (fr )nen 6OYKAIVEL OpotOpopea oty f.

Anhadn f € C([a,b]) ko fp Ileg f. Enopévag o (C([a, b)), | - |«) eivon mAnpng.

Eniong eivon yvootod ot kdBe cvveyfic covdptnon f : [a,b] — R eivon To opoiod-
pop@o 6p1o akoAovBing TOADOVOL®OY pe pnTOOG GOVTEAESTES. ANAXdT) TO GOVOAO OAWY
TOV TOMOVOHOV HE PNTOVS COUVTEAECTEG, TOL givon aptBPNGILo oOVOAO, givon TOKVO
otov (C([a,b]), ] - |-0).

Katainyoope 611 0 C([a, b]) pe tnv toroloyio tng voppog || - [ givon Iohwuikog
XDPOG.

Acxnon 2.1.13. Eivar yvooto and tn Zovaptnotaki Avaloon ot o xdpog (€7, | -||,)
eivon TAfpNS yia kdBe 1 < p < 00. MdMota yia 1 < p < 00 T0 6OVOAO OADV TOV TEAMKAE
HNOEVIK®Y akoAOLOIDY pnTOY ap1Op®dY

D ={(q0,---,9n,0,0,...) | Vi <ng € Q}

eivon mokvd otov (67, || - ||,). To D eivon optBpfioipo cOroro, exopévng o €2 pe Ty Tomo-
Moyia Tng p-voppag | - |, eivon Iodwuikog ympog.

Aocknon 2.1.14. Bewpodpe apyikd apifpnocipa covora Dx < X kou Dy S Y mov
eivon Tokvd 6Toug yhpovug (X, d) ko (Y, p) awtictorya.

Tote ta cdvora ({0} x Dx ) u ({1} x Dy ) kou Dx x Dy eivon apiOpioipa kot Tokvd
otoug yopoug X AY ko X x Y avtictoiya. Eropévmg ot 500 televtaiol peTpikoi ydpot
eivan Soywpioipot.

To Ty inpotnta tov X @Y Bewpodpe pio akorovdio ((iy,, arn))nen 0md oToLyEin
To0 X @Y mov eivan dgy-Cauchy, 6mov dgy eivon 1) petpiki otov X @Y mov opicape otny
Ewaywyf.

Tote vndpyel ng €101 MoTe Y1 K&Oe . = ng 160l dgy((in, an), (ing, Gngy)) < 1.
Amd Tov 0pIopo TNG dgy EYOVUE iy, = iy, VIO KGOE N = ng.
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Av iy, = 0 t0te Y1 k60 n,m = ng EYOVUE iy, = %py, = ipn, = 0 KO GLVETDS
Gp, G, € X k0ODG KO dgy (905 )5 (i, Gm)) = d(a@n, am). Emopévoc 1 (an)nen €i-
vou Cauchy otov (X, d) ko a@od 0 TelevTRiog HETPIKOG YDPOGS givon TAHPNG, LRAP)EL
ae X pea, > a. Apx dg((in,an), (0,a)) = d(an,a) 1o k&Be n = ng Ko GOVERMG
dg((in, an), (0,a)) — 0.

H nepintwon iy, = 1 givon opora. Apao (X @Y, dxgy) eivon TAnpngs.

Télog yia Ty TAnpotnta tov X x Y éyoope 6T1 yia k&Be dx « y-Cauchy akorovBia
((Zny Yn))nen, €pOooV d, p < dx xy, 01 AKOAOVBIES (L1, ) nen KA (Yn, )nen €ivon d-Cauchy
ko p-Cauchy avrictoya. Epocov or (X, d) xou (Y, p) eivon Thjpeig vrdpyoov € X kou

yeY pezx, imeyn &y.Tére
dXXY((xru yn)7 (I, y)) = d(xn7 I’) + p(y'n; y) — 0.
Aot Seiyver tny mnpotnta tov (X X Y dxxy).
Aocknon 2.1.15. Bewpodpe cdvora Dy, n € N, éto1 dote kdBe D,, eivan apiBunoipo

Kol TuKvd DO OVOAO TOL (X, dyy ). Oepodpe eniong Eva 6ToL el (an )nen € | [, e Xn-
Téte To 6OVOAO

neN

Umen Do X -+ X Dy X {@my1} X {@ma2} X ...

eivon apBpfopo ko Tokvd vrostroro tov (] |
Ewsayoyng,

Xn,d), 6mov d givon n peTpikn g

neN

n xnvyn) o 5
27" = n)neN, Y = (Yn )neN-
Z 1+d, (xmyn) T = (Tn)nen, ¥ = (Yn)nen

Avoto copfaiver yroti pia fdon yio Tny Totoloyia Tng d givon 1) 01KOYEVEIX OOV TOV
GLVOA®Y TNG HOPPNICS
V:VO X - X Vm X/Ym+1 X Xm+2 X ...

omov m € N ko ta V; eivon d;-avowktd vrocOrolx tov X; yux ke ¢ = 0,...,m.
Enopévog yio k&Be V 0mwg mo mévem, vrdpyovy amd Ty wokvoTnte Tov D; ototyeio
Loy Tm PEX; € Dy, 0 =0, ..., m Kot dpo

(Iﬂo, vy Ty Oma1y Am4-2, - - ) € (DO X oo X Dm X {am+1} X {a7,,+2}) NnV.

TNa v TnpoéTnTe Bewpodpe par d-Cauchy akolovbia (Z;)en. T pagpovpe T =
(2% ) pen Y100 K&0e i € N. Ioyvpilopacte 6Tt yio k&0e m € N, 1 akorovdia (¢))er ivon
cvuyKkAivovsa akolovdio Tov (X, dpy,). T va To Sodpe avtd Tapatnpodue apyikd ot

W7 > 2 ) o ()
y L 1+ d, (i, 23) L+ dn(xi), xh,)

Bewpovpe Tn covdptnon oy, = . Ané tqv Acknon 2.1.10 n o, givon peTpiki

dm
1+dn
670 Xy, MOV givan 16080vapn pe Ty dp, Ko 0 (Xom, om) eivan TAMpnG. Eivon cagég and
TNV 0 TAHV® (xmcorntoc ot n akohovBia (22, );en eivon 0., -Cauchy xou covendg vrapyet

Om

Tm € Xop pe 2t T3 2,,. AQOO 01 PETPIKES d,, KO Ty ElVON 1G0DOVAES EYOVUE OTL

i dm

Ty, 3 T (Evoc?»hocm:u(d HUTOPOVUE VO TAPATNPTICOVHE OTL OTWS KO GTNV M)Gn g

m

Aoxnong 2.1.10 (z%,);en givon d,,-Cauchy ko enopévog veapyet &, € X,, pe xt, dry
Tom.)
tn cvvéyera Bewpodpe Ty akoAovdia & = (L )men € | |

meN Xm» OOV Ty, OTWG

o wavw. Tote 1oyder T; 4 Z, divoope o covonTIKN TEPLYPaPT. Apyikd Bewpole
évar > 0 konm € N apketd peydho dote 27 < r/2. H 1d8éa eivon va yopicoope
7o Grepo dOpoispa 6Tov opicpd tov d(T;, T) 670 TEnEpacpévo GOpotopa and 0 péypt
m kol 670 Gnepo abpoiopa and m + 1. To tedevtaio Ba eivon pikpdTEPO 1 60 TOL
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Zfzm 2t=27"<r /2. ZYeTIKQ [E TO TEREPACPEVO AOPOLGHAL Y PT|GIHOTOLODHE OTL

xh ﬂ‘»xn yuwk&en =0,...,m+ 1. Ondte
di dy (28, 20) L 0
2_'”.—”7_ — 27", — =0
nZ::o 1+ dn(at, zp) nZ::o 1+0

Kot Gpo yro OAa Toe peydda i € N Ba éyoope 6T1

N o dn (2, x7)
LR LS UL 2.
2 1+d, (2%, zy) <r/

n=0 n’

Katolyoope o6t d(Z;, ) < r yio Oha T peydhar ¢ € N.
Acknon 2.1.16. Apeco and tnv Acknon 2.1.15.

Acknon 2.1.17. Oewpodpe z,y € A kou vrobétovpe apykd 6t d(z, A) = d(y, A).

Tote |d(z, A) — d(y, A)| = d(z, A) — d(y, A), ondte npéner va SeiEovpe OTL
d(.]?, A) < d(y7 A) + d(I, y)a 16061’)1’“”“ d(]}, A) - d(l‘, y) < d(y7 A)

Eneidn d(y, A) = inf{d(y,z) | z € A} apkei va deikovpe 0Tt 0 apBpog d(x, A) —
d(z,y) eivon k&t Epaypa tov covdrov {d(y, z) | z € A}. Oewpodpe homov z € A xou
deiyvoope 6TL

d(SL‘, A) - d($7 y) < d(y7 Z) 100601/(!”“ d(SL‘, A) < d<xa y) + d(y7 Z)

Ao z € A éxovpe and Tov opiopd Tov d(x, A) 6T

d(z,A) < d(z,z) < d(z,y) + d(y, 2),
on’ 6mov TpokORTEL TO {NTovuELVO.

H repintoon d(z, A) < d(y, A) avtipetonileton avéhoya. Evag SiapopeTikog Tpo-
710G eivon vow ToOE OTL AVTH 1) TEPITTWGT TPOKVTTEL AT TNV TPONYOVHEVT EVOAAXGGO-
VTOG TO 2 HE TO Y: PE 0T TNV EVaAlayf) £x0vpe amd Ty TpdTn tepintwon ot |d(y, A)—
d(z, A)| < d(y,z) an’ 6mov TO {NTOdUEVO EiVON TPOPAVES.

Acknon 2.1.18. Eyovpe 6111 f eivon coveyfig 6to z € X aw kot pdvo o
Vr > 036 >0Vy e Bx,q(x,0)y € By, (f(x),r)
(x1) — VYneN3keNVye Bixa(z,27%) y € By, (f(z),27").
H televtaio icodvvapia eivan pio yopaktnpiotikn pEBodog Yo va Teprdpe oe apid-

pfoipeg Topés fi/kan evacels. Xpelalopaote pia tedevtaio avadiatdmoon. H (x1) eivon
16030V pE TNV

Vn 3k Yy, z € B(x,q)(, 278 p(z,y) <27

©¢tovpe V,, = {z € X | 3k Vy,z € Bix.a)(,27%) p(z,y) < 27"} nia xabe n € N,
£TG1 TOL GOUPOVX LLE T TPOTYOOLEVX EYOVE

f:ooveyfigotor < Vnxz eV,

dnhadh To Ghroro Tev onpeiny covéyetns g f eivon To (), oy Va-

Enopévog apxei va dei€ovpe 6t1 k&Be V,, givan avoiktd cOvoro. Bewpodpe Aoitdy
z € V, xau k € N éto1 dote Y k&e y, 2 € B(x,q)(z,27%) 1oyve1 p(z,y) < 27"
Aeiyvoope 6t1 B(x q)(z, 27k) < V,,, tote Oa £xovpe 6TL TO T eivon EGOTEPIKO oNpEID
700 V,, ko emopévmg Ba £yovpe TEAEIDOEL.

Haipvoope =’ € B x q)(z, 27F), ene1di) To tedevTaio GHYOAO eivan aVOIKTO LREGPYEL
k' € N pe Bix gy(a,27F) € Bx ay(2,27F). Sovendg yio ke y, z € B(x (2,27
gyovpe v,z € B(x,a)(x,27) ko am6 Ty emhoyf Tov z, k oyver p(z,y) < 27" Avto
deiyver 6t 2’ € V,, xou éyovpe tereidoEl.
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Hapaziipnon. H avtikatdotacn tov d > 0 pe 1o 27F otnu (1) Sev eivon amapaitnTn
yoti TEPaAV TG aPIOUNGIUNG TORTNG WG TPOG N X PELCOPAGTE POVO Vo Yvmpiloope OTL TO
V., glvon avoiktd 6Ororo. AvTd PTOPOOHE VX TO S1XTIGTOCOVHE AVeEAPTNTR OO TO AV
xpnoponotcovpe to & > 01 to 27F.

Aoxnon 2.1.19. Eyoope
(0,1] = Mers(0,14277) ko [0,1) U {3} = Mey ((-277,1) U(B=277, 34277)),
omote ta sovora (0, 1] kou [0, 1) U {3} eivon G5 vrocsvroha Tov R kot cvverdg [Todwvikoi
YOPOL [LE TN GYETIKN TOTOAOYIL.

Avto Q x (R\ Q) fizaw Molwuikdg vrdywpog Tov R? tote O fraw G5 vrochroro
tov R2. To cbvoro R x {v/2} eivan khe1oTd, ko emopévog G5 vrosdroro Tov R2. Apa
KOl 1) TOpA

(@xR\Q) N (Rx {v2}) =Q x {v2}
Ba Ntaw Gs.
Av ypéogoope Q x {+/2} = MNyeny Un 0m00 Tt U, €ivon avoiktd vrochroia Too R?
ToTE
Q = ﬂneN{x € R | (l’, \/5) € Uﬂ} = ﬂneN fﬁl[Uﬂ]ﬂ
omov f : R — R?: f(z) = f(z,/2). Ipogavig 1 f eivou coveyig kou &pa Tar OHVOA
F7HUL), n e N, etvon avorktd. A ToTe To Q Bax fiTaw G5 5Hrolo mov eivon dromo.
Apato Q x (R\ Q) dev eivan TTohwrikdg vrdympog Tov R

Acknon 2.2.1. Eoto u = (ug, - - -, Up_1) Kot (Vg, - - -, V1) € NN pe
<'LLO, RN ,un,1> = <'Uo, ey 'Um,1>.
Av 70 u givon 1 keviy akohovBia Tote {ug, ..., u,—1y = 1. Exedf) n covdptnon (- )

Aappdver dptTies TIPES GTIC PN KEVES 0KOAOVBIES £yOVpE AVAYKACTIKR OTL KO TO ¥ €ivon
1 Kevi akolovBia, dpa u = v.

Avu # A tote Omwg mo mavw v # A. Apan,m = 1. Av eiyope n # m, ag Todpe
n < m toTe, EPOGOV 0 OPOG p;’}")“ # 1 eivon ntapdyovtag otov apiBpo (vo, . . ., Vm—1),
Ba fitaw eriong mapayovtag otov aplOpd {ug, - . ., Unp—1y. ATO TNV GAAN €€ OPIGHOD O
TEAEVTOIOG APIOPOG EYEL Y10 TAPEYOVTEG SVVAUEIS TWV Py, - - - , Pr—1 KOL OTO T HOVXOL-
KOTNTA TOL QVATTOYRATOG OE YIWOHEVO TPAOTOV APIOP®Y £YeEL ovo AVTOVS TOVG ToPdL-
yovteg. Karaiiyoope Aowmdv ce dromo. Eropévog n = m ko

uo+1 Up—1+1 _ _wp+1 VUn—1+1
Poo -Pp—1 =Po  --Pn-1 -

[T amd T HoVadIKOTNTA TOL AVATTOYHATOG GE YIWOUEVO TPOTMVY APIOP®Y £YOVE U; =
v; Y1 KEOE ¢ < n Ko ApoL u = .

Acknon 2.2.2. O apiBpdc 10 = 2 - 5 eivon évag dptiog apiBpog mov dev AapPdvetan
og Tipf g - ). T v €ovpe o 5, Tov givon 0 TPiTOG 6TN GEPA TPHTOG APLONOS, KOG
napdyovta 670 {ug, - . . , Up_1 » Ot TPEMEL TO piKOG TNG akoAovBiag u = (ug, - - -, Un—1)
va eival TOLAGYIOTOV 3, OMOTE Kol 0 aptBpog pil”‘*'1 = 3utl = 3.3% Qq eivon kou
auTdg Tapdyovtag Tov apldpod {(ug, . . . , Up—1). ANAadi to 3 B Tpémer v Sroupei Tov
(ugy -« -y Un—1). AQOD Opwg To 3 dev Sronpei to 10 Exovpe (ug, ..., up—1y # 10 =25
Y1 k&0 u = (ug, ..., Up_1) € NN,

Aoxnon 2.2.3. H doocpévn npodtacn eivon 1codOvapn pe tny
VnasVi,j <2n ((n,{(n,(s)) eQ& (i #j — (s)i#(s);))-

Aoknon 2.3.14. Eivon cagég ard Tov opiopo ot da (o, 8) = 0, dar(a, ) =0 <
a = B ko ot dp(a, B) = dpr(B, @), yio k&Be v, B € N. Etn cvvéyein deiyvoope Ty
OVIGOTNTA TNG DXEPUETPIKNG.
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Bcwpodpe a, 8,7 € N. Av a = B tote dy(a, 8) = 0 < max{dy(a,7), dr (7, 5)},
eved av o = v tote max{dp (o, ), dn (v, 8)} = dar(y, 8) = dn (e, ). Oporx n avico-
Tt givon Tpogarig av S = 7y, enopévmg vItoBETOLHE OTL T (v, 3, 7y elvon drapopeTikd
avd bo. YrevBopilovpe tov gpuoikd apBpo n(a’, 8') and tov opiopd tng d,

n(a/,8) = o eldyrotog pooikog k pe o’ (k) # B'(k), naa/, 8 e N pe o’ # f3.
Avn(a, B) = n(a,vy) tote

dn (e, B) = 27@B) < 27 = (o, v) < max{dn(a,7), dn (7, B)}-

Oewpoovpe rowmov ot n(a,y) > n(a, ). Tote o puoikds apBpds n(a, B) eivon
HIKPOTEPOG TOV EAEYIGTOD PLGIKOD GTOV OTOI0 SLAPEPOLY TA v, 7Y, COVETDS EXOVLE
a(n(a, B)) = v(n(a, B)). Exedh a(n(a, 8)) # B(n(a, B)) éxoope y(n(a, B)) # B(n(a, B)).

Ipoxbdrter 11 0 apBpos na, B) eivan Evag Pooikds 6Tov omoio Srapépovy ta [, 7,
EMOPEVOG givan PeyaAdTEPOG ] 160G TOL EAGYIGTOD TETOOV PLGIKOD N (S, 7). Anhadf
wyver n(a, §) = n(B,v), ondte dpOIX PE TPW

dn(a, B) = 27™@B) < 278 = (B, 7) < max{da(a,7),dn (7, 8)}

Aot deiyver TNy amcoTnTo TG LREPpeTPIKiS. H Tpryoviki avicotnTa eivan cové-
neln TNG TehevTaiag, £181koTEPA N dpr givon peTpiki) oto N

Aoxnon 2.3.15. Epappéloope tnv woodvvapia (2.13) n onoia yopaxtnpilel tn 60-
ykhion otov N

Av 1 (@) ien NTow cvykhivovoa ToTe kou 1) axolovBia puoikav aptBpmdv (;(0))en
Ba fitav coykiivovoa. Avtod dpwg givan dromo Yot o (0) = i — oo.

oty (5;)ien Topatnpodpe 6Tl

Bi =(1,1,...,1,0,0,0...)

omov to 1 epgavileron To Thvw i-popéc. Agiyvoope 6t 5; — (1,1,...,1,...). o va
70 dobdpe avtd Bewpodpe n € N kou napatnpodpe 6T1 yia kOe i = n 1oyder f;(n) = 1.
Enopévag B;(n) - 1.

Mopopowx deiyvoope 6t1v; — (0,1,2,3,...). Oewpodpe n € N kon napatnpodpue
ot y1I00 KGO § = n1oyveL v;(n) = n. Eropévag v;(n) - n.

H (6;)ien dev eivon cuykMvovoa yati §;(43) = (—1)% yia k60e i € N kou dpa
akorovBia pooikdv apBpdv (J;(43))en dev eivon cuykivovoa.

Télog N (€;)ien ovyKkAivel oto (0,2,4,6,...). H anddeiln eivon 6nwg ko pe tny
(Bi)ien. Haipvoope n € N ko nopatnpodpe 6t1 yioo kGBe ¢ = n woy0el 20 = n Ko

enopévmg £;(n) = 2n. Apag;(n) L on,

Aocknon 2.3.16. ExainOedoope 6t1 Tar Soopéva cOVOAX givon KAEIGTA e TN XpHon
GLYKAMVODG OV akolovBihy. Oewpodpe pia (v )ien € AN mov svyKdivel oe kémoto v € N
Tote ya kdOe @ eyoope a; = (n;,0,0,...) yix kawowo n; € N. Epocov 1 («;(0))ien
eivanl coykhivoooa vrapyet n € N pe n; = n yx O a ta peydia i. Emopévog a =
(n,0,0,...) € A.

Tt covéyeto Oewpodpe pia akorovdia (B;)ien € BY pe B; — B € N. Tote 1o kGOe
i &qoope B; = (0)™i = (my,1,1,1,...) yua kémoo ¢ € N. IMapatnpodpe 6t1 B;(n) = 0
otow m; > n.

Avn (m;)ien €xer ynoing advEovca vrakorovdio (my; )ien TOTE Br; — (0,0,...) €
B. Tha va Sovpe to tehevtaio Bewpodpe n € N kot 79 > n, EMOPEVROS My, = ki =1 > n
ko &pat By, (n) = 0.

Avn (m;)ien 8ev €yl yunoing adEovoa vrakorovbia Tote £xel vakolovdia (M, )ieN
mov eivon otabepr o€ kdmoo m € N. Xe avti] TNV TEPinTOon £Yovpe ﬁmli = Bm =
(0)™ % (m,1,1,...). Apa 8 = B, € B.
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Me o6poto Tpoémo pmopei kaveic va det 6T1 K&Be cuykAivovoa akorovbia oo C' Eyel
Y Opio gite kdmolo onpeio Tng popehg (1)™ = (2,3,4,5,...) eite to (1,1,1,...). Ze
KG&Oe mepinTwon to 6pio avikel 6to C, ondTE TO TEAELTAIO GVVOAO Eivon KAEIGTO.

Téhog maiprovpe u € N<N kou Oewpodpe pio akorovdia (J;)eny 610 Ny pe 6; — 6.
Tote i kaBe k < |u| kou k&be i € N éxovpe §;(k) = u(k), dpa §(k) = u(k). poxdmrrer
ot 6 € Ny xou emopévag to N, eivon kAe1oto.

Ta ctvora N, N 2N, u € {0,1}=N eivon Kherotd oTov 2N yix Tov i610 Adyo pe mo
Toww. (AMIGOS propei kaveic va mapatnphicet 6t1 To N, N 2N eivon 1) Topn evoc khet-
67t01 GLYOLOL 6Tov N pe Tov vrdywpo 2V, Tov drwg eivan YYHOOTO ATO eivan KAEIGTO
VTOGVVOAO TOD LIOYWPOV.)

Aocxnon 2.3.17. Evag KatdAAA0G TOTOA0YIKOG IGOHOPPIGHOG Eivat 1] GOVAPTNON
fusf:N—>N,: fla) =uxa.

Eivou capég 6t f eivon éva-rpog-éva. Eniong eivon empop@ipog yioti ke 5 € N,
wovonotei u = S ko covends S = u * a 6mov a = (B(|ul), B(Jul +1)...).

INo va deioovpe ot1 1 f eivon coveyng epappoloope Ty Apyf tng Metagopdc.
Bewpodpe o € N ko pia akorovBia (v;)ien 6T0 N pe o — . Tote (k) — alk) yia
kaOe k € N, an’ omov eivon capeg 6t (u * a;)(m) — (u * a)(m) yio k&Be m € N. Apa
flai) = f(a).

H avtiotpopn covdptnon tng f divetor amd mo névm,

FTHNG > N f7HB) = (B(Jul), B(lul + 1)),

1 OTOi OPOI HE TPONYOVHEVWG EIVAL GOVEYTG.

Acknon 2.3.18. H cuvéyeia 0 ov tov docpévmv covapthceny propei vo detyOei
evKoA e TNV Apy 1 TG MeTapopds ¥ pnoILOTOIOVTOS TOV Y UPAKTNPIOHO TNG COYKAIONG
aKoAoLOIOY 6TOV YMOpo ToL Baire (2.13).

Mo nopdderypa yie Ty s < N — N @ s(a) = o, av éyoope a; — « toTE Y10t
K&Be n 1oyvel o (n) — a(n), emopévmg Yo k&be n oyver a;(n + 1) — a(n + 1). Avto
onpaivel 6ty k&e n woyveL of (n) — o™ (n) ko &pa af — o*.

Aivoope ko évav SeOTEPO TPOTO TOL Y PNCILOTOIEL TIG AVOIKTES TEPLOYES TOV YDPOV
tov Baire. Zoykexpipéva Oeopoope u € NN kou o € N pe s(a) = a* € N, kxu
Seiyvoope omapyet v € N<N pe o e N, ko s[N,] € N,.

Mopaznpodpe otrav 5(i) = ai) o kdbe i < |u| tote f(i+1) = a(i+ 1) yio kdde
i < |u| kon emopévag B* (i) = a* (i) na kade i < |ul. Epooov a* € N, woyvei u E o
apau = B*. Av B¢covpe ooy v = | N omov N = |u| + 1 éyovpe 611 s|N, | S N,

IMo 71 VROLOTEG GUVAPTAGELS TAPATNPOOHE OTL 01 Pacikeg meptoyeg Too N x N
eivon tng poppic N, x {n} émov v € N<N xou n € N, evd o1 facikéc neproyég too N<N
eivon g popeic {u} omov u € N<N,

Mo va Seitoope tn ovvéyeiw g f : N x N — N<N ' f(a,n) = aln Beopodpe
u, o, pe f(a,n) € {u} xou Ppiockoope v € NN pe a € N, xou f[N, x {n}] € {u}.
‘Exovpe dnhodi| f(a,n) = u kon BEhovpe v Ppodpe v £To1 dote v = « Ko Yoo Kabe
B e N, vaioyder f(5,n) = u.

E@ocov f(a,n) = aln = u ¢yoope u E o xon n = |ul. [aipvoope v = u E «, toTE
Yo k&0 5 € Ny, woydveru = v = B xou dpa f(B,n) = B|ln = Bl|u| = u. Avtd deiyver
ocovéyela g f.

ot oovdptnon g : N x N — N : g(a,n) = a(n) = ((0),...,a(n — 1)),
Oewpodpe m, o, n pe g(a,n) € {m} xou Bpickoope v € N<N pe v = a ko g[N, x {n}] e
{m}. L

Epocov g(a,n) = a(n) = m éxoope m = {a(0), ..., a(n — 1)). Haiprvoope Aordv
v = a|n E a, tote yu kdbe 8 € N, 1o)der f|n = v = a|n ondte

9(B,n) = B(n) = <B(0),..., B(n—1)) = (a(0),...,a(n — 1)) = m.
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Avto deiyver T covéyerx TG g. (Evadloktikd propodpe vo Topatnpiicovpe 0T ¢ =
(Yo f,n f eivou coveyfic kou n ¢ - ) 1 NN — N eivon coveyic wg covdptnon opi-
Opévn o€ SakpiTd HETPIKO ¥DPO - EXOPEVDG 1] g ™G Eivon GOVEYNG WG GOVOEGT GLVEY MY
GOVOPTHCEMV.)

Téhogyiatnvh : N x N — N: h(a,n) = (), Oeopodpe u, a,n pe hia,n) € Ny,
kou Bpickoope v € N<N pe o € N, xou h[N, x {n}] € N,.

Egpocov h(a,n) = (a((n,0)),a((n,1)),...) € N, égoope u(i) = a((n,i)) y
KaPe ¢ < |ul. [aiprvoope tvow @uoikd apilBpud N > max{{n,i) | i < |ul}, (ywa tn
GOYKEKPLLELT GOVAPTNON KOSIKOTOINoNS { + ) TO TPONYOOREVO maximum enTOyy IveTo
670 i = |u| — 1), kou B¢tovpe v = a|N. Av |u] = 0 maipvoope N = 0, napatnphote
ot oe aoti T nepintoon N, = My = N kon T0te 6Mx Tar v eivan KatdAnlo -y
N = 0 égpoope N, = Ny = N. llpopoviag a € N, kon yix k0 B € N, 1oy0et
a(j) =v(j) = B(j) nakdbe j < N, erdikodtepa

u(i) = a((n, ) = B((n, 1))

Y k&Be i < |u|. Emopévag u £ (B((n,0)), B({(n,1)),...), dnhadf h(B,n) € Ny. Avtd
deiyver tn covéyela g h.

Aoknon 2.4.6. ZopporiCoope pe P4, Pp, Po, Sa, Sp ka1 S¢ tov Téhero mopira
tov A, B, C ko to Sidonapto pépog tov A, B, C' avtictoryo.

Apyxd napatnpodpe ot o [0, 1] eivon Télero covoro konto A\ [0,1] = {1+27" |
n € N} elvon apiBpnopo. Ano tn povadikdtnta tng Sidcnacng Cantor-Bendixson £yovpe
Py=1[0,1x Sy ={1+2"" | neN}.

Opowxyxto B = Au{14+2""4+3"" | n,m € N}. To [0, 1] eivon téAero vrocOVOAO
tov B,evbto B\ [0,1] ={1+2" | neN}u{l+2"+3"™ | n,m € N} eivou
apiBpfoipo. Exopévag P = [0,1] ko Sp = {1+27" | ne N} u {1 +27"+ 3™ |
n,m € N}.

Télog napatnpovpe 6Tt To C' givon apBPcIHo GOVOAO, GOVETDG TAAL 0T TN POV
dwcotnra tng didonaong exoope Po = Gk S =C ={1} {1 +27" | ne N}.

Acknon 2.4.7. Oswpodpe évav [Todmvikd ydpo X ko kiewotd C' S X pe téhero
nopfiva to P kot didomapto pépog to S. Av to x € X givou pepovopévo onpeio too C'
Tote vmdpyer r > 0 pe B(x,r) n C = {z}. Avitoaw z € P gpdoov to P givon télero Oa
vrnpxe y € P pey # xxony € B(xz,r). Epocov y € P < C ntopn B(z,r) n C Ba eiye
TovAdyioTov dbo drapopetikd onpeia, Ta x, y, Tov givon Grono. Apax € C'\ P = S.

Il'evikd to dSidomapto pépog mepiéyet ko pn pepovopéva onpeia. Eva napdderypa
eivon to obvoro B = [0,1] u{l14+2" | ne N} u{1+2™+3"™ | n,me N}
™¢ Aoknong 2.4.6. Zoppova pe avuth TN doknon to dikonapto pépog Sp tov B eivat
tooovoho {1 +27" | ne N} U {1+27" + 3™ | n,m € N}. Bva otoygeio tov Sp
eivoan to 1 + 270 = 2. And tnv &AM To 2 Sev eivon pepovopévo onpeio tov Sp kabhg
2# 142043 ™meSpyakaPemeN, ka1 +2704+ 3™ 5 2 Mahota pe Ty
19100 amdde1En PAémovpe 6T1 kdBe 1 + 27" givon oTotyeio ToL MkoTAPTOL PEPOLS TOL B
oL Jev givon pepovmpévo onpeio Tov B.

Acknon 2.4.8. Eivou tpopavég 6t1 o cbvoro V N P eivon kAeloto. Agiyvoope 0T1
dev éxer pepovopéva onpeia. Eoto y € V i P xon r > 0. O Bpodpe va oToiyeio y
tooV nPpey € By,r) xouy # y. Apody € V n P &yoope

By(y,7) n (V.nP)=(Bg(y,r) nV)n P # .

Enopévag vrdpyer z € P pe z € U = By(y,r) n' V. Apod to P givon Téle10 ko to
U givon oworktd ondpyerw € U n P pe w # 2. Tote éva and ta w, 2 elvon didpopo tov
y. To {ntovpevo ¢ eivon £V amd T w, 2 AVAAOYA e TO TOLO ivait S1APOPo TOL Y.
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Aocxnon 2.4.9. Eoto P kot S o télertog mopirag Kot to didomapto pépog tov C'
avtiotolya. o k&Be tédero Py < C 1o P u Py eivan edkola TEAEI0 DTOGOVOAO TOV
C'. Mpogavig to cdvoro So = C'\ (P u Py) € C'\ P = S givou apiBpfiopo. Arnd
povadikoTnTa TG dirdomaocng exoope P = P u Py xou dpa Py < P.

Acknon 2.4.10. Eoto G é¢va G5 vmoovrolo Tov [Todwvikod ydpoo X. And o Oedm-
pnpa 2.1.8 To G pe tn oyetikn Toroloyia givan [Modwrikog yopog. Av to G givon vrepa-
PIOpAGIHO GOVOAO £xovpe amd To TTopiopa 2.4.3 évav coveyh povopop@iopd 7 : 28 »— G.
Enopévog

R=.2"<.G<.R

omov oty Televtain oyéon <. ypnoiponooape to [opiopa 2.3.9. And to Oehpnpa
Schroder-Bernstein éyoope G =, R.

Aoxnoen 2.5.15. Tlaipvoope
T° = {A,(0),(0,0),(0,0,0)},
T' = (A} U {(n) | neN},
T? ={0,1,2}"" = {A} U U1 {(ko, .-, kn) | ki =0,1,2,i =0,...,n},
T3 = {A} U {(0)} U {(0,0), (0,1)} U {(0,0,0),(0,0,1),(0,0,2)} U ...
= {0} O Upen{(0)" % (k) | E=10,... 0},

Eivan edxolo va det kaveig 6Tt Ta T, T, T2, kou T3 eivon dévdpa oto N. Eidikd yia
70 T° onuerdvoope 61 k&0e (0)™ yion = 1 hapfdreton wg (0)" 1« (k) yi k = 0.

Ot emimhéov {nrodpevec 1810tNTeg 1o Tar T9 xon T eivon mpogoveic. Mo to T2 ma-
potnpodpe 6TL kGO u € T2 éxerl akpiPOS TPEIC GUECES TPOEKTAGELS Péca oTo T2, Tig
wx (0), w* (1) kon w * (2).

INa to T3 mapatnpodpe 6T kéOe u € T £yel nenepacpévec To TA00C APEGES TPOE-
kTdoelc 6to T3, Toykekpipéva 1) kevi] akohovBia éxetl yio dpecn tpoéktact oto 1 tnu
(0), n (0) 715 (0,0), (0, 1) ko yevikoTepa k&be (0)™ T1g (0)™ = (k), yuwo k = 0,...,n. O1
Televtaieg akolovbieg eivan teppatikeg 0tav n = k > 1. Exopévag yix n = 0 ondp-
xer axorovBio u mov €xer 0 dpeceg mpoekTAoELS, ONANOT elvon TEPPATIKT -HI ETAOYT
eivunu = (0,1). T n > 11 axohooBia u = (0)"~! € T3 éyer akpiPoc n Gueceg
npoektéoeis, Tig (0)" L« (k) yiok = 0,...,n — 1.

TMa to televtaio {nTodpevo emréyovpe to u = (0,0,0,1) € T ko €yovpe 611

TS = {A7 (0)7 (07 0)7 (0’ 0, 0)7 (07 0,0, 1)}a
Snhadn to T2 eivon GAa TaL apy KA TRARATA TO U, KAOOS TO TEAELTAIO elvon TEPPATIKS
oto T3. Av emAéEoope v’ = (0,0,0,0) € T3 tote
T3, = {A, (0),(0,0),(0,0,0),(0,0,0,0)} U Uns41(0)" = (k) | k=0,...,n}.
Eminhéov emiéyoope w = (0,0,0,2), TotTe
T, = {2,(0),(0,0),(0,0,0)},

Snhadn to T2 eivon Gha T )ik THARATA TOL W TOL KoLV 670 T3, Av emAéEovpe
w' = (1,2,3,4) tote T3, = {A}, yrati 6heg o1 pn kevég axolovbieg Tov T éyovv Y1
TPOTO 6p0 TO 0.

Acknon 2.5.16. Eyoope [T°] = & yratito TO eivon nenepacpévo. Eniong [T1] =
Yot k6Be u € T £xer pikog To ToAD 1.

To copa tov T? eivon to cdvoro [T?] = {a € N | Vn (a(n) € {0,1,2})}. Té-
Mog éyovpe [T3] = {(0,0,...,0,...)}. Zyetikd pe To TeAevTAIO elvon GAPES OTL TO
(0,0,...,0,...) eivon dmerpo kKAadi Tov T2 evid Y1 k&Be u € [T3] pe u(i) # 0 Y1 k&moto
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i < |u| B éxovpe amd Tov opiopd Tov T3 6T i = |u| Kot &pa TO U eivan TEPPATIKS GTO
T3. Enmopévog av éyovpe a € [T3] tote a(i) = 0 yia kdOe i € N.

Aoknon 2.5.17. Apykd Seiyvoope 6tito T'(J) givon 8évdpo. Oewpodpe w € J # I,
apov A = w éyoope A € T'(J). Av éxoope v = u xon u € T'(J) tote vndpyer w € J pe
vEuCw,dpaw S we JkxuveT(J).

Eivon ooupég ot J < T'(J), eiyvoope 011 to T(J) mepiéyeron oe kabe dévdpo S pe
J € 5. @ewpoope éva tétoro S ko v u € T'(J). Tote ordpyer w € J pe u & w ko
agpod J < S éyoope w € J. Zovenhg u = w € S, apov To S givon dEVSPO TPOKOTTEL OTL
u € S. Karahfjyoope 6mi T'(J) < S.

Aocknon 2.5.18. Agiyvoope apyikd 6t to T, givou dévdpo. ‘Eyoope 6Tt A E u eno-
pévog A € T,,. Oswpodpe Ot éyovpe v E w € Ty, kon Seiyvoope 0tLv € Ty, SNhadh) v||u.
Ioybet ul|w, v w E u toTe v E 1 ko dpa v||u. OndTE TOiprovpe TN tepintoon u £ w.
Ye quTi) TNV TEPinT®on Tapatnpodpe 0Tt yio kdbe ¢ < min{|ul, |v|} 16yver

u(i) =w(i) (notiu S w)
=v(i) (pativ C w).

Av |v] < |u| tote and To mo ndvw Eyovpe 6T Y kGE § < |v| wyver v(i) = u(i)
Ko dpar v £ u. Av Ju| < |v| ToTe Yo k&Be @ < |uf woyder u(i) = v(i) xou dpo u E v. Ze
KGOe mepintoon Eyoope ul|v ko dpa v € T,.

‘Ererta Oewpovpe u € T mov dev eivon TEPPATIKOS KOPPOS Kot deiyvovpe TNV 160THTA
T, = Uu*(m)eT Tys(x)- Hoipvoope w € Ty kon Oewpodpe Ty nepintwon w E u. AQoo
70 u dev givon teppatikd oto T ondpyer éva x € X pe u = () € T. Tote w E u * (x) ko
agod w € T éxovpe w € Tyy(y). ZTNY TEPITTOGN OOV U & w Taiprovpe Yoz = w(|ul)
onoTe u* () = w Ko £YOOHE TIM W € Tyye() - AVTICTPOQA AV W € Ty () PE U () € T
Konw & u* (z) tote w e T ko w & u, emopévog w € T,,. Avu * () E w toTe U = W
eNOPEVDG 10 VEL TAM w € T,

INo v wotnta [Ty, = Uu*(w)eT [Touse(x)] €xovpe o k60e f € XN ot

fell] < vn(f(0),...,f(n)) €Ty
< Vn > |u| (f(0),...,f(n)) e Ty (apod o T, eivon 5évdpo)
< Vn > |ulu= (f(0),..., f(n)
< 3z (ux*(r)eT &Vn > |u| (f(0),...,f(n)) € Tyx@) )
= o (ux(r)eT & f€[Tywwm))
= fe€ Uu*(m)eT [Tus(a)]-

Hoapatnpodpe 6T1 €30 dev ypnoiomo|cape OTL TO u dev givan TEPHATIKOS KOPPOG
700 T, eTOPEVMG 1) O TAV® 100TNTA 16 VEL Yio K&Oe u € T'. Avtd dpmg dev eivant ovoix-
OTIK YEVIKELON Y10TL oV TO U €lvon TEPPATIKOS KOPPOS Tov T’ TOTE TA CVVOAN KO OTIG
000 TAeVPES TNG 160TNTAG Eivon KeVA.

Aoknon 2.5.19. Opitoope S = {u € T | [T.] # O} Upogawag A € S < T.
Emndéov av u € S kon w E u tote F # [To,] € [Tw] Gpa w € S. Enopévag to S eivan
orodévdpo tov 1.

Avu € S tote vmdpyer f € [T] pe u E f, edikdtepa v = u * f(Jul) € T. Eivon
cogés otLv E f apa f € [T,]. lpokonter 6t1 v € S xou emopévng kGbe u € S Exer
yviowx exékTact 6to S, dniadn to S eivon kKhadepévo.

Télog deiyvoope 011 [Sy,] = [Ty] i k&Oe v € T. Zrabeponorodpe v u € T, givon
capég 011 [Sy] S [Ty], enopévwg Bewpodpe f € [Ty,] kon deiyvoope 611 f € [S,]. Eotw
n € N, tote f|n € T, xon dpa f|n||u. Emmdéov f € [Ty, ], emopévag fn € S. Exooue
rowov fln|lu ko fln € S, ondte f|n € S,. Kataiyoope 011 f € [Sy].
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Acknon 2.5.20. I'a to A naipvovpe to d&vdpo
T4 = {A} U {(n) # (0)™ | n,m e N}.
INa to B maiprovpe to 8évdpo mov mapayetan (deite tny Acknon 2.5.17) and to
ovrolo
JB = {(0)" % (n) * (1)™ | n,m € N}.
Anhodn
TP = {(0)* | ke N} U {(0)"  (n) * ()™ | n,m e N}.
INa to C maipvoope To dEVSPO TOL TAPAYETAL ATO TO GOVONO
JC={1)"%(2,...,m) | n,meN&m > 2}.
AnAadi
T ={()* | ke N} U {()"*(2,...,m) | n,meN&m > 2}.
Téhog yia ta NV, maiprovpe to

T ={weN | w|lu} =T, o6mooT =NV,

Aoknon 2.5.21. Taipvoope évaw ororodnrote [odwrikd ywpo X (m.y. X = {0}, N, R)
kol otabeponolodpe Eva xg € X

Bewpovpe éva khewoto F < N xou opioope P = {(z,0) e X x N |z =20 & a €
P}. Me ypnion coykAwousdr akorovbidr propodpe va dovpe 611 to P givon khelotd
VocHYOA0 Tov X X N. Amd to Afjupa 2.5.14 vrépyet éva kheiotdo T < X x N<N éto1
wote Y kébe € X 1o T(z) = {u e NN | (z,u) € T} eivon §évdpo kau P = {(x, ) |
a € [T(x)]}.

Maiproope x = xo ko gyovpe o € F <= (zg,a) € P <= « € [T()] y1ot k&
a € N. Eropévag F = [T'(z)].

Avtictpoga Bewpodpe éva dévdpo S oto N kou Seiyvovpe 6t1 to [S] givon kAeloTo.
Opilovpe To cOVOAO

To={(z,u) e X x NN | (z =20 &ueS) v (x#z0&u=A)}.

Téte to Tp eivon edkoha kKAel5TO LIosHLOAO Tov X x N<N kan yi k4Oe 2 € X to
To(z) eivon gite 0 S (dtav & = xg) gite to {A} (0tow = # (). Apa k&Oe Tp(x) eivon
dévdpo. pokvnTel amd To Afppa 2.5.14 611 T0 cOLYOAO

Py ={(z,a) e X x N'| a € [To()]}
eivan kKAe16T6 vrocHroro Tov X x N. Apa kot 1o cOvolo
Fo ={aeN | (zg,a) € Py}
eiva kKAe16T0.

Ano v GAAn povpe o € Fy <= (zp,a) € Py <= « € [Tp(zo)] Yo ke

a € N.Ereidn To(zo) = S &xovpe 611 Fy = [S] kon dpa o [S] eivon kheiotd vrocdrvoro

Too N.

Acknon 2.5.22. Eivon cagég 6t1 2N = [T 6moo T' = {0, 1}<N. Eneid# to 5¢vdpo T
eivon memepacpévng SrakAddnong éyovpe and to [lopopa 2.5.7 dtito [T eivon copmayésg
vocBroAo Tov N

Aoxnoen 2.5.23. Aeiyvoope to {ntovpevo pe eraywyf oto n. [Ipopavag to Fy =
{A} eivon Temepacpévo ovvoro. Eivon eniong dpeco ot
Fopi=U{u*(z) |ze X &ux*(z)eT &ue F,}.

Apa av To F, eivon menepacpévo, eneldn to 1 eivon nenepacpévng dStokAddwong to
F,, 11 eivon emiong menepacpévo cOroAo.
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Aoknon 2.5.24. An6 tnv Hpotaocn 2.5.2 vrapyovv dévdpa S kou T pe [S] = H kou
[T] = F. Me epappoyh tng potacng 2.5.10 apkei va Ppodpe piar KatdAANAn povotovn
v : S — T pe p*(a) = a yia x&dBe o € F. (Tlapatnpiote OTL YpnoIHOTOI00HE THY
avtictpoen katevBovon tng Televtaing tpdTaong, émov to S dev yperaleton va givon
KAxOENEVO.)

Mmnopobyie va vmobécoope 6tiT < S, ahMag avtikabiotodpe to T peto T'nS < S,
tote yia ke o € F = [T] € H = [5] xou yie x&Oe n woyder ajn € T N S, dapa
F=[T]=[TnS&S].

Ano6 v Acknon 2.5.19 propodpe eniong va vtoBécovpe 6T To T eivon kKAadepévo.
(To S Ba propPOHOALE VX TO AVTIKATAGTHGOVHE od TNV apyf 1e Eva KAXOEPEVO DTODEY-
3po Tov, aAAG OTTmG eENYHCUpLE TTIO TAV® LTO dev givan arapaiTnTO.)

OpiCoope ™ ocovdptnon ¢ : S — T pe enaywyf 6T0 pikog Tov u € S. ApyiKd
opiCoope p(A) = A. YroBétoope 6T1 Y1 kémoo n € N xon Yo ke u € S pe |u| = n,
70 (u) éxer oprotei, aviker oto T ko 1wy der p(u) = u dtow u € T. Tote Yo ke i € N
pe u * (i) € S opiCoope

u * (1), avux (i) eT,
*

plux () = {s@(U) (k) wus(i)¢T,
omov k givon 0 eEAdy16T0G PUGIKOGS ap1Bpds pe p(u) = (k) € T. Ildvta vrdpyer éva TETO0
k yori p(u) € T kou to dévdpo T givon kAadepévo.

Eokola PAémovpe 0t o(u) € T yia kdPe u € S, p(u) = u Yo kdOe u € T, kou yix
KaBe u & v 1w0y0e p(u) = o(v). Apan @ givon kataAAnin kon povotovn. Emmdéov yo
kaOe « € [T] éyovpe p(aln) = p(aln) nio k&Be n, eropévag p* (o) = a.

Acknon 2.5.25. @ewpovpe v F : Tr — 2V . F(T) = ar and tov opiopd tov
xHpov Tov Sevdpwv. Apyikd deiyvoope 6T1 Ta cdvola B(1, J) eivon avoktd. Otav too-
Adotov éva oo ta I, J eivon pn kevd to B(1, J) givon tenepacpévn Topt ovOA®Y OV

éyoov pia and T1g €€\G HOPPES,
Vw)={TeTr|ueT}, Ow)={TeTr|w¢T},

omov u, w € T. Trnv nepintaoon o6mov I = J = ¢f to B(I,J) eivon €€ opiopod 6Aog 0
x®pog Tr kou enopévmg eivon avorkTd GOVOAO.

Onote apkei va Sei€ovpe Ot ta o névo V (u) kon O(w) givon awoiktd. Maiproope
AoV u = ug Kot w = Uy, 0mo0 s, t € N kou €yovpe yio k&Be T € Tr,

TeV(u) < u; €T < arp(s)=1
— are{0,1} x {0,1} x --- x {1} x {0,1} x ...
> F(T)e W;

omoo Wy = {0,1} x {0,1} x --- x {1} x {0,1} x ... ko to {1} Ppickeran otn Oéon s.
Ene1dn to chvoro W eivon avorktd vmocvroro tov 2V éxovpe otito V(u) = F~1[W,]
eivat avoiktd vrosvrolo tov Tr.

Opota PAémet kaveig 61 O(w) = ag ' [W/] 6moo W/ = {0,1} x {0,1} x - - x {0} x
{0, 1} x xou to {0} Ppickeron otn O¢on ¢. Emopérvng to O(w) givan Ko avtd auoikTd 6Tov
Tr.

211 ovveyea Bempovpe va oavorktd V < Trkou T € V. Apxei va Bpoope I, J <
N<N e T'e B(I,J) € V. Apod to V eivon awoktd vrdpyet éva aworktd W < 2V pe
V = F71W]. Tacovora N, n2N, énov v € {0, 1} <N anoterody Baon yia tnv tomoroyia
o0 2N, ko ot F(T) = ar € W ondpyet évav € {0,1} <N pe ar e N, n 2N < W.
Enopévog yia kabe i < |v| woyder ar (i) = v(i).
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Iaipvoovpe Ta cOvola
I={u, e NN |s<|v|&ar(s)=v(s) =1} xm
J={u, e NN | t < |v| & ar(t) = v(t) = 0}.

Tote avu = ug € I ggoope ar(s) = 1 ko dpaus € T. Opowx av w = ug € J éyoope
u ¢ T.ApaT € B(I,J).

Aeiyvoope 6t B(I, J) € V. @ewpovpe éva S € B(I, J), tote ag(s) = 1 yia kabe
u; € T xou g (t) = 0y k&Oe ug € J. Aoto onpaiver 0t ag (i) = v(i) Y k&be i < |v|
ko dpa g € Ny, n 2N < W. Anhadiy F(S) e W xkon S € FHW] = V.

Ta wponyodpeva deiyvoov 6T1 Tae sovora B(I, J) arotelody Paon yia TnY TOTOAO-
yia oo Tr.

ZyeTikd pe Tov yopaktnpiopd tne oOykiong otov Tr: yia tny evbeia katedOLVON o
éxoope T; — T epappoloope yia k&Be u € N<N tov opiopod tng cvykliong naiprovtag
Yot avo1KTO 6Ovolo oo nepieyer to T eite to V(u) = {S € Tr | u € S} (aw u € T) eite
10 0(u) ={SeTr|u¢S}(wu¢T). lNatnuavtioctpopn katedBovon Bewpodpe Eva
B(I,J)pe T € B(I, J) xon epappolovpe tny vrdbeon oe kdbe Eva amd Ta oToryeio Tov
I u J.Egocov to tehevtaio cOVOAO givon temepacpévo propodpe vo fpodpe va ig £To1
hote Yo K&Be © = 1, k0Oe u € I xou kdbe w € J woyveru € T; xon w ¢ T;. To televtaio
onpaiver 6t T; € B(I, J) yio k&Oe © = 1.

Aoknon 2.5.26. Oewpovpe pa axorovdio ((z;, u;))ien otoryeiov oo T ko (x, u) €
X x N<Npe (z5,u;) — (2,u), hadh z; — 2 kou u; — u. Exedn oto N<N éyoope
Srokprti] peTpikn €yovpe 0Tt u; = u TEMKE Y OAa T ¢ € N, ondte ywpic PA&PN Tng
YEVIKOTNTAG PTOpovpe Vo vrtoBécovpe 0Tt (z;,u) € T Y k&e ¢ € N.

Agiyvoope 011 (z,u) € T. Boto v € Jkoun € I pe n < |u|. Enedny (zg,u) € T
éxoope v & u. Hpéner va deilovpe 6t x ¢ V,,. Ao (z;,u) € T éxoope x € X \ V,, 1t
k&Oe i € N. To covoro X \ V,, eivan khe1oto, ko dpa = lim; o0 z; € X\ V.

211 oovéyela deiyvovpe 0TI

f:X>Tr: f(z)=T(z)={ue NV | (z,u) e T}
QUTIOTPEPEL AVOIKTR GOVOAX o€ F ;.
Apkei v Seifovpe 0TL Y100 KEOE Ug, . . . , U, Wo, - - ., Wy, € NN 1 avtioTpopn erkova
TOL GLVOAOV
B(uo, ..., Um,Wo,...,wy) ={TeTr | Vi<mVj<k(ueT &w;¢T)}.

péow tng f eivon F, vroovrvolo tov X, yrati and tny Acknon 2.5.25 ta w10 nédve cOvolo
anotelodV Paon yia Ty Totoloyia Tov Tr kot n apBpnoun évwon F, covdrov sivon
eniong F, ovroro.

OePOVUE Ug, . - ., Upy, W0, - - -, W € NNkat B = B(ug, . .. , U, Wo, . . . , W) OTOG
mo ntdvw. Tote Y10 k&Be x € X,

fx)eB <= Vi<mVj<k(ueT(zx)&w,; ¢ T (x)).
Av Bécovope
P,={zeX|ueT(x)} x Qu,={reX|w¢T(z)}
omov u, w € N<N, éyovpe and Ta mponyodpeva 6Tt

fﬁl[B] = migm,jsk(PUi N ij)-

Ene1dn n nenepacpévn topn F, covdrov eivon F,, cOvolo, apkei va dei€ovpe OTL yia
k&g u, w € N<N 1o sovora Py, Q. givon F,.

Mo v akpifeion k&Be covoro P, eivon kAerotd yiati to T eivon kAeiotd 6OVONO:
av (;)ien evon akohovBia oto P, xou x; — = tote (1;,u) € T y ke i € N xou
(zi,u) = (x,u). Apa (z,u) € T dnhadf x € P,. Hapatnpovpe 6t Q,, = X\ Py, ko
apa To QQ,, eivan avoKTO.
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IIpogavmg k&Be kKAeroTd cdrolo eivan F,; ko amd Tnv [IpdTacn 2.1.6 k&Be avoiktd
ovvoho eivon eniong F,,. 'Eto1 £yovpe o {ntovpevo.

Télog deiyvoope 0T av ta V;, eivan KAEIGTA-AVOIKTR GOVOAR, TOTE TA WO TAHV® GO-
vola P, eivon oawoiktd. Ao Ta TPOTYOOPEVR TPOKOTTEL OTL 1] AVTIGCTPOPT EIKOVX TOV Por-
GIKOV cOVOAOV B(ug, - . . U, Wy, - - . , Wi ) VAL TEXEPAGHEVT] TOT AVOIKTOY GOVOADV
Ko givan cuven®g avotktd covoro. Etopévag oe ot Ty tepintoon 1 f eivon coveyng.

Oewpovpe Aomdv 6T kdBe V,, eivon kAeioTO-avoikTO Koz € P, yiakamoto u € N <N,
Av dev ondpyern € I pen < |u| tote P, = X (kaBolkdg m0c08eikTNG DIEPAV® TOV
Kevoy 6LVOAOL) Kol &pa To Py, givon awoiktd cdvoro. Av vrdpyern € I pe n < |u| tote
Y1 kGOe TéTO10 N (VRAPYOLY MEMEpacpéV TETOW) o) DEL € X\ V. T sopminpodpata
X\ V,, elvon aworktd OVOAX Kot GOVERMS LITAPYEL VL AVOIKTO GOVOAO G e

CCEGgﬂ XN\ Vy).

E@ocov x € P, ¢yovpe 6t1 Y1 ke v € J 1ioyder v & u. [Ipokdnterdétiz € G < P,
kot to P, eivon ovoikto.

nel,n<|u| (

Aocxnon 2.5.27. Xpnoiponotdrtag Tov oupPoAlspHo too Afjppatog 2.5.5 Bewpodpe
T0 cbvoro @ S P x P zmov opiletat wg e€ng,

(u,w)e @ —= vCw&|w =u+1, wweP.

Anrodf (u,w) € Q av xou povo av ta vrodevdpa T, kon T, eivon drepa Kot TO w
eivan dpeon enékTacn Tov u. LOpeova pe Ty (2.20) yio k&Be u € P ondpyer w € P pe
(u, w) € Q.

ZKOmOG PG EiV0 VO KATAGKEDAGOVHE [ KOAOVOI (X1, ) nen VIO TNV 0ROl 1) VEL
(zo,...,2n) € T yia ke n € N.

Ano6 to Abiopa EEaptnpévov Emhoydv DC vrapyet pra covéptnon f : N — Py
v omoia wyder (f(n), f(n+ 1)) € Q. Enopévog 1 f(n + 1) eivon Gueon enékraon tng
f(n). Av bécovpe yn, = f(n + 1)(|f(n)]) &xovpe

fln+1) = f(n)* (yn)

KOl ETOUEVMG 16 VEL
yia k&Be n € N.

Av n f(0) eivon 1 xevi axohovBio TOTE 1 (T )nen €ivon akpiPdS N (Yn )nen- AV 1
£(0) dev eivon kevny akolovBia, TOTE DIAPYOVV 20, - . ., 2m € X pE ug = (205 - -+, Zm)s
omoTE €YOVHE ONO MO TEAV®

f(n+1) = (207"-72may0>"‘7yn)‘
Emopévmg maiprovpe z = 2z Yk < M KO Ty oy = Yo, Y100 KGO 1 € N

Aoxnon 2.5.28. H evbeia katevBovon eivon dpeon and tny anddeiEn tng [IpodTacng
2.5.6 6mov éyovpe ypnoiponoioel To Afjppa Tov Konig yio va deifovpe 6T1 TO COH
KdBe SEVOpOL TEMEPACHEVIC DIUKAROMON G Eivail GOUTAYECS.

Avtiotpogpa Bewpoope X # & xon T' éva dmelpo dévdpo 6to X mov memepacpEVNG
Sroukhadwong. Ou deitovpe ot [T] # . Apod to T eivon Grelpo TpokvRTEL OUXO THY
Acxnon 2.5.23 611 yua k&Be n € N omdpyer u € T pe n < |u|, kon wepropilovtag to u
KATGAANAQ, propodpe va vrobécovpe 0T n = |u.

An6 to ACy vmdpyet pra axolovdia (uy, )nen ototyeiov too T pe |u,| = n yio kdbe
n € N. Iaiproope éva zo € X ko opiloope

fo N> X f, = up, * (20,20, .. ).

Agiyvoope 6t ta f,, eival ototyeia evdg dEVdpoL tenepacpévng dikAadmwong. Opi-
Coope S < X <N wc eéne:

weS = weT v JueTw=ux*(xg,...,20).
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Mropei kaveig va de1 ebkoha 6T1 T0 S eivan dévdpo 610 X meETEPATHEVNG IoKAN-
dwong. Mpopavag f, € [S] yia k&b n € N. And tnu vrdbeoi) pog o [S] eivon copmayég
Kot &pa 1 (firn ) nen €xeL pro vakorovdia ( fs. )neny TOL GLYKAIVEL o€ Kamolo f € [S].

Téhog deiyvoope ot f € [T]. Eotw m € N, t0te vndpyer n > m €to1 GoTe Yo Kabe
E < maoyder fs, (k) = f(k). IToxyoerm < |ug, | ywoti |us, | = s, = n > m. Emniéov
fs, = Us, * (20, To, ... ) Ko Y10 KGOe k < m < |us, |,

f(k) = fs. (k) = us,, (k).

Enopévog

(f(0),..., f(m)) = (us,(0),...,us, (M) Sus, €T
ko &pa (£(0), ..., f(m)) € T yi k4O m, dnhadn f € [T)].

Acknon 2.6.12. I[Taipvovpe évow copmayn [ohwvikod yopo X'. Ano To Oedpnpa 2.6.2
0 X eivon Tomoloyik& 160opop@ikds pe évav vrdywpo G < H. To G eivon copnayég 60-
VOAO ™G GOLVEYTG EIKOVX GOUTYOVS GLVOLOD, ETOPEVMG TO (G giva KAE1GTO.

Aoxnon 2.6.13. H 18éa otnpiletor pooikd 6To 0T pio akoAovdiot akohovBidv eivan
Ko vt akoAovBia. Apyikd Bewpodpe wa avtictoryio [-] : Nx NN : (n,t) — [n,t].
Tote Y10 k&Be akorovdiar (avy, ) e oTov 2N opilovpe

a:N—-{0,1} : a(k) = an(t), omnovk = [n,t].

H « eivon kol opiopévn ywri ke k € N givon tng popefg [n, t] 1o kémowa n, t.

Ondrte opilovpe Tnv
@Y 52N (@) pen — o,
OTOL TO ( eivon OIS To Tavw. Edkoda ) f eivon éva-npog-éva ko emti. [ Tn covéyeia
g f avéyoope @’ — @, omov @’ = (ol )nen € (2M)N yiakdOe i € Nxon @ = (v, )nen €
(2NN, tote Yo k&Be k = [n, t] éxovpe o, =5 o, (cdykhon otov 2V) ko dpar
ol (1) =% an(t)  (odyxhion otov N).

Avto onpaivel ('m f@h(n,t)) — f (@)([n, t]). Korahfyoope 6Tt yio k&Oe k € N
woyvet f(@?)(k) — f(a)(k), enopévag f(@?) — f(@). Aotd Seiyver tn covéyeia tng f.

H oovéyeix tng f L amoSekvidetar axolovBavtoac TNy avtifetn katevBovon oTov
TPONYOOHEVO GOANOYIGHO.

Aoknon 2.6.14. O ywpog R \ Q eivon TTodwrikog yhpog and to [Mopiopa 2.1.9. T
KaBe Levyog pntdv apiBpdv (p, g) opiCovpe

I(p,q) ={zeR\Q|p<z<q}=(p,qnR\Q).

Kabe I(p, q) eivon awoiktd covvoro otov R \ Q, ywati givon n topf ev0g avoikton
vroovrorov Tov R pe tov R \ Q. Agiyvoope 6t1to I(p, q) eivon ko kherotd. Oempodpe
pae akohovdia (x4, )neny 670 I(p, q) pe x,, — v € R\ Q. Tote p < x,, < ¢ Y1t KGO n,
eEMOPEVOG D < = < ¢. AV giyape v = p | ¢ = ¢ T0Te 0 = Sev Ba fiTaw &ppntog apBpog,
dromo. Apa p < x < g xou enopévas € (p,q) N (R\ Q) = I(p, q).

Onwg eivan yywoto6 ta diustipata (p, q) pe p, ¢ € Q anotelody Pdon yia Ty Tomo-
Aoyio tov R, cvvends ta I(p, q) = (p,q) n (R\ Q), 6mov p, g € Q, amoterodr fdon yia
Tnv tornoloyio Tov R\ Q.

Aocknon 2.6.15. Oewpotpe éva pn kevd A € R mov givon KAEIGTO-aVOIKTO Kot vITO-
Bétovpe tpog Gromo 0T1 A # R. @étovpe F = Axon H = R\ A. Tote ta F, H givon pn
Kevd, KAE1GTA, Eéva awd Ovo kot F''u H = R. Oewpodpe T1G GOVAPTHOCELS TOV ATOCTH-
ceovz € R— d(z,F) ko z € R — d(z, H) and ta F xou H avtictoyyw, 6mov d eivon

n oovOng petpikn: d(z, y) = |z — yl.
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Enredn) to F' xon H eivon pn xevd ot mponyodpeveg cuvapTicels eival KaA& opt-
opéveg, ko enerdr| eivon khelotd dev propovpe va gyovpe d(z, F) = d(x, H) = 0 o
onowodnnote x € R. Zovenmg yia kdbe = € Royderd(x, F) + d(x, H) > 0.

ITaiprovpe tn covdptnon

d(z, F)
d(z,F)+d(z,H)

H f eivon k& opiopévn kou coveyhs. Emmhéov yia kdbe © € Fioyder f(x) = 0 kou
v k&Oe x € H woyver f(z) = 1. Haipvoope xg € F ko yg € H. Tote f(zg) =0< 1=
f(yo) xou &pa amd to Oedpnua Evdidpeong Tipng vndpyer z € R pe f(z) = 271, Avto
opwg givan dromo ywti R = F U H, enopévag gite © € F (onote f(x) = 0) eite x € H
(omore f(x) = 1).

Apa A =R

fR>R: f(z) =

Acknon 2.6.16. Oswpodpe o coveyi covaptnon f : R — & 6mov o X eivon pnde-
vodidotatog [Todwrikdg ydpog Kot vToBETovpE TPog dtomo 6T 1) f Sev eivon otabept).
Tote vrdpyovy ag, by € R pe f(ag) # f(by). Apod o X eivon undevodidotarog vndpyet
éva kAeroto-avorktd covoro V ope f(ag) € V xan f(by) ¢ V. (T va to dodpe avtd
naiprovpe pa KatdAnAn petpikn d otov X kon po d-avorkti) pndho B kévtpoo f(ao)
KaTdAANAw pikpnic aktivag wote f(bg) ¢ B. Tote vrndpyel éva KAEIGTO-0woIKTO GOVONO
VipeaxgeV < B.)

To otvoro A = f~1[V] eivou kheroto-aworktd yroti n f eivon coveyng. Emmiéov
A # Jywotiag € Axon A # R ywori by ¢ A. Enopévng €yoope éva KAEIGTO-AVOIKTO
VoG VVOA0 Tov R mov dev eivon 00TE TO KeVO GOVOAO 00Te 0 R. AvTd OpMG givan dtomo,
deite Ty Aoknon 2.6.15.

Eivou tote Gpeco mog Sev pmopovpe va avtikatacticovpe tov N kot tov 2V pe tov
R ota O@swpipata 2.3.7 ko 2.3.12 avtictorya. Kabe coveyng covdptnon 7 : R — 2N
eivon otaBepi), emopévmg Sev pmopei va eivan eTPHOPPIGHOGC, Kot KEOE cuveync covdpTnon
7 : R — 2N eivon oTadepn, emopérng Sev umopei va eivon HOVOHOPQIGHOC.

Acknon 2.6.17. Oétovpe 0 = (0,0,...,0,...),a=(1,1,...,1,...) xou

a; = (1)« (0,0,...) =(1,1,...,1,0,0,0,...)
(to 1 eppavileton i + 1-@opég) yia k&Oe i € N. Tote oy — a. Emmhéov
(e, 0) =Y, o (27" -min{1, 1})+X . (27" -min{0,1}) = >, 27" <> 27" =2,
apax o € Bg(0,2) y1o k60e i € N. Amo Ty 6AAn
d(a,0) =37 (27" -min{l,1}) = 3% 27" = 2.

Apa o ¢ By(0,2).

Aocknon 2.6.18.

Aoknon 2.6.19. T to (o) Bewpodpe y € X ko pio oakorovdio (2;) ey oamd oToryeia
Tov By(z,r) pe x; — y. Aeiyvoope 0ty € By(x, r). INo k&Be i 10)der

d(l‘, y) < max{d(aj, xi)7 d(l‘“ y)}

A@od x; — yomdpyerévaio pe d(zs,,y) < r. Apad(z,y) < max{d(z,z;,),d(z,y)} <
r, apa y € By(z,r). Aotd Seiyver 6t1 to oOvolo By(x, ) eivon kheioto. Kabe avoikrr
prada givon awoiktd cOvolo enopévng to By(x, ) eivon awoiktd-KAEIGTO.

INa to (B) vroBetovpe ywpic PAGPN Tng yevikotnTag 6t d(z, 2) < d(y, ). Tote
d(z,y) < max{d(z, z),d(z,y)} = d(y, 2).
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Av giyape d(z,y) < d(y, z) Tote Ba ioyve max{d(y,x),d(x, 2)} < d(y, z) mov ép-
XETOL GE OWTIOEST PE TNV YAPAKTNPIGTIKN B10TNTA TNG LREPPETPIKNG. Apa d(x,y) =
d(y, z).

TNa to (7) Oewpodpe y € By(x, ). Tote yio k&be z € By(y, r) ioydet

d(z, z) < max{d(z,y),d(y,2)} <r

Ko &pa z € By(x, ). Avto deiyver 6t By(y, ) S Ba(x, ). O avticTpo@og eyKAEIGHOG
anodetkvdeTAL OHLOLX.

Télog yio To (8) vrobetovpe ot1 7’ < 1 xou deiyvoope 6t By(y,r’) S By(z,r),
0 GAAOG eYKAEIGHOG TPOKOTTEL OpO amtd Ty wepinTwon r < 7’. Maiprvoope éva z €
By(z,r) n By(y,r'), tote

d(z,y) < max{d(z,z),d(z,y)} < max{r,r'} =r.
TNa kdOe w € By(y, r') exoope
d(z,w) < max{d(z,y),d(y,w)} < max{r,r'} =r

&paw € By(z,r). Enopévag By(y,r') S By(z,r).

Acknon 2.7.4. Oewpoodyie To 000 GOporopa X = N2V = ({0} x M)u ({1} x 2N).
YrevOopiCoope 6t1 Tar {0} x A wou {1} x 2N efvon kAeroTd-avoktd vrOGHYO X TOL X
KL TPOPAVAS MG LIOYWPOL Tov X givan TomoAoYIKd 160pop@1Kkoi pe Toog N ko 2N awti-
GTOLYX.

O X eivan pndevodidotatog enetdn ot N ko 2V eivon pndevodidotarol (Acknon
2.6.18.) Eva pepovopévo onpeio tov X O fitaw kon pepovopévo onpeio eite tov {0} x N
eite Tov {1} x 2V, k&t1 mov Sev propei va copPaiver yrati ot A ko 2 eivon TéAetor.

O X Sev eivon copmayng yrori adibg ko o A Oa firaw entiong copmayfic, To onoio
Sev 16y 0e1. Enopévog o X Sev givon Tomoloyikd 16opop@ikdg pe tov 2V, Emmiéov o X
ExEL £VQL PN KEVO AWOIKTO GUPTAYEC DTOGOVOAO, GUYKekpipéva To avtitono {1} x 2N tov
2N, Emopévmg Sev pmopei va eivon Tomohoyikd 160pop@ikos pe tov N

‘Ererta naiproope tov Y = {17}@2N. O Y eivon edkora copmayig [orwvikdg ydpog
aAM& to (0, 17) eivon pepovmpévo onpeio tov Y Gpa o Y dev givan télerog. Eidikotepa
Sev eivan TomOAOYIKA 160HOPPIKOS e Tov TéAe1o TTohmuiko ydpo 2N. Onwg mo méwe o Y
eivan pndevodidloToTOG.

Kegpaioro 3

Acknon 3.2.11. Av éyovpe évav Iolwvikd ydpo X ko P € T'|(X x N) tote P =
{(w0,10)} Y1 k&mowx 79 € X ko ng € N. Enopévog NP = {0} € T'|X xoun T eivon
k\eloTi wg tpog 3.

Am6 Ty &M eivon capés 6t n khdon I' Sev eivan kheot) wg mpog \/ yiaTi 1
Amelpn EVmGCT HOVOCLVOA®Y TPOPAVMOG LTOPEL Vo TEPLEYEL TOLAG)1GTOV dVO GTOLYEiN.

Aoknon 3.2.12. Av éyovpe évav Iodwvikd xdpo X kot (P,),en pio akohovBio vio-
oLVoAY Tov X Tov avijkovr ot I' ToTe To P ko svvenmg n évaon |, P tepiéxoov
tovAdyoTov dvo oroyeio. Anhadh | o Pr € T'|X kon n T givon kAeroth og mpog \/y -

Tt covéyewn taiprovpe X = R xon P = {/2} x N € R x N. Tote 10 P éyer
TovAdyiotov §00 otoryeia ko cvvenmg P € T'|(R x N). Ano tnv GAin

zep — x:\/i.

BAémoope howwov 6tt to NP amoteheitan amd akpifds éva 6TOLYEI0 Kol EMOPEVOS
Sev aviket oty T'|R. Apan T Sev eivon kheroth) g wpog 3.

2oyypappa oe eE€Nién 105 8 Maiov 2022 23:12



Aoknon 3.2.13. Ocwpodpe Ta cOvoda A, € X x N xoan By, € X x N,n,m € N pe
(z,0) € A, < z = fp(a)

(z,a) € By, <= gm(z,a) =0.

Hapatnpodpe 6T170 A,, givon to ypdpnpua tng £, ko to By, eivan to covoro g, [{0}].
Apa ta A, ko B, givon khelotd cvvola. EmimAiéor yio kdBe x € X koun € N,

Vm (z = fo(a) v gm(z,a) =0) <= Vm ((z,a) € A, v (2,a) € Byy)
< Vm (z,a) € A, U By
Enropévwg opilovpe yio k&Be n € N to cdvoro
Crn = Npen(An U Bm)
£761 TOL
Vm (z = fu(a) v gm(z,0) =0) < (z,a) € C,,.

Ipogavmg ta cvvoda C), eivon khetotd. Enerta Oewpodie Tn covdptnon tng mpo-
Poricpr: X x N'— X : pr(z, a) = x xou €yovpe

Ja (z,a) € C,, < x € pr[Cy).
21 oovéyela vroroyiloope
xeP < VYnilaVm (x = fola) v gm(z,a)=0)

< Vnda(z,a)eC,

< Vnx € pr[Cy]

— z€(),en PrlCh].
Me dAha Aoy

P = ﬂnEN pr[C’n]

dnhadh to P eivon apiBpfcipn Topf cuvdAmy oo givan TPoforég KAEIGTOV GUVOAMY.

Acknon 3.2.14. I'a kdOe x € X €yovpe

xe A, = VnIw (jlw| =n&weT(x))

& (x,w)eT).

Ene1di to sovoro N=<N eivan apiBpfioipo propodpe vo Oewpficovpe oti to “Juw” ma-
panépmner otov teheot 3. IMa T akpipeion Oewpodpe T Yootk amapiOunon (Us)sen
tov N<N, Téte cOppova e Ta 1010 Téwm Exovpe

| >
— VYniw (Jw| =n

zeA, < VYnis(jus] =n&(z,us)eT).

¥tn cvvgyela napatnpodpe 6T o1 svvaptices f = ((z,n,s) — |us| — n) ko
g = ((z,n, s) — (x,uy)) eivon cvveyeic. Eropévng to cbvolo

C ={(z,n,s) e X x N* | |uy| > n} = {(z,n,8) € X x N? | f(z,n,s) =0}

eivon kKAe1oTo.
Opowax To 6Ovoro

L={(z,n,s)e X xN? | g(x,n,s) e T}

givan KAE167TO.
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Zopporiloope pe I' TNy kKAGON TOV KAEIGTOV GOVOA®Y, 1] OTOiX €ivail KAEIGTT] G TPOS
&. Extipodpe Ty moAorAoKOTN TR TOV A, S100y popatiKG pe BAoT Ta TPOTyoOHEVQ,

zeA, < Vn Is (us| =n & (z,us)eT).
— —

kiewoto =T kiewoto =T
_

Ne

yNIND

Apato A, aviker oty VVINT.

Acknon 3.2.15. Oewpodpe TN Puoikh amapiOunon (us)sen Too N<N. Tote éyovpe
(x,u)eT <= YveJV¥nelpen<|u|(z¢V, &vEu)
= YoVn<|ul(vgJ vné¢l v (x¢V,&vEu)
= VsVn<f(n)(us¢J v (¢ V, &us £ u))

omov f : NN — N : f(u) = |u|. Apod ot yopor N<N kou N eivon Sraxprroi n f eivon
coveyng.

Zopporiloope pe I'g ko I'y T16 KAGOEIS TOV KAEIGTOV Kot F; cuvdAmv avticTotya.
A@ob 1 avticTpo@n e1KOVX KAEIGTOD GOVOLOL PHEG® GLVEYOVS CLVAPTNONG EiVAL KAEIGTO
ovroho, éxyoope Ot N I'g elvon kAeoth) wg npog coveyt avtikatdotacn. Me ypfion Tng
Hapatipnong 3.1.6 vroloyilovpe drorypoppaTiKg

(x,u)eT <= Vs ¥n< f(u) (us¢J v (x¢V, &us Eu)).

To

V<I'g<Ily

VNF()QFO
Apa to T aviker otny khdon I'g dnAadh eivon kAerotd. Na ta cOvora P, o, Exovpe
x€Pyy = ue f(z)&wé f(x)
= (z,u)eT & (z,w)¢T ,
~— —

kiewot6 =T € I'y avoiktd SF,=I"q
-

Iy
OO T10 TAV® YproipoTooaje 6Ti 1) Topf dvo F, covdlwv givon F,, cdvolo.
Téhog Bewpovpe ot ta V;, elvan kAeiotd-oworktd ko deiyvoope 6t1 k&be P, o, eivon

aUOIKTO GOVOLO. ATO TOV T0 Thivm LIOAOYIGHO apkei va SeiEovpe 6Tt Y1 kO v € N<N
TO GOVOAO

Gy={zxeX| (z,u)eT}

elvat avoikTo.

O mocodeiktng Vv € J otov opiopd tov T’ givon TpofAnpatikog 6cov apopd to
va deifovpe g to Gy, givan avolktd GVVONO. ATO TNV GAAN OLOG TAPATNPOVUE OTL O
peTAPANTEG & Ko v EUTAEKOVTON GE DIPOPETIKA ONHEIx TNG GVLEVENG GTOV OPICUO TOL
T. An6 avtd npokOnTEL OTL

(z,u)eT < YweJvku & VYnelpen<|ulzé¢V,.

Apa yio 6talepd u € N<N gite ) covdikn Vo € J v & u Sev ikavomoteitan kot qpo
G, = O moo givan avoikTd GOVONO, EITE 1) TPONYOOUEVI GLUVONKN IKXVOTOIEITOL OTOTE

re€G, = Vnelpen<|ulz¢V,
= Vn<fn)(n¢gl v xe X\V,).
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Agpov to X'\ V,, eivon avoiktd cdvolo tpokdrtel amd Ty tedevtaio icodovapio 6Tt
10 (7, givon avoikto.

Acknon 3.3.10. Hicotnta 0 = cII? eivon cagpig amd tov opiopd II0 = ¢ 2 kon
v weotnra cy(cyP) = P.

Enerta Seiyvoope tn copmepiinyn IO, = Ay B2, Oewpodpe P € I, (X),
tote cx P € Y, ko emopévng vndpyer akohovdia (Q;)ien amod IIY vrocovora tov
XpecyP =,y Qi Tote P = cx (U;eny Qi) = [Nien Cx Qi Eivon cagég 0t cxQ; €
£0(A) xoa dpa P e Ay 20

Avtiotpoga yiox va Seikoope ot1 Ay X0 < IV | maipvoope P = (), Qi Omov

Qi € £9(X) y1o k60 i. Tote éxovpe cx P = U,y e @i € Vg IO (X) = B9, ().
Apa P =cx(cyP) e Y (X).

Aoxnon3.3.11. Agoo IT¢ < 1:[2+1 TekdOe k > 1 (Iporaon 3.3.3) éxovpe |, <, Im9 =
I yiakade n > 1. Apa X0 = \V/y I =V (Ui, IY)-

Aoxnon 3.3.12. Av P = | J,.y Qi omov Q; € II?(X) yia k&Be i € N, Bétovpe
P = Up<; Qi v xdBe i € N. Tote P; = P41 ko aod 1 kKAdon ITY eivon kAewoth
®G TPOG TENEPACHPEVES eVOIGELS (Bedpnpa 3.3.8) éyovpe 6Tt kK&Be P; owikel otny kAdon
IIY. Teog eivon sapés 0t |J,ey P = Ujeny @i = P-
Acknon 3.3.13. Onog éxovpe deil otn Adon tng Acknong 3.2.14 1oy der
xed, <= Yniw(luw|=zn&(z,w)eT).

H oyton péca otig napevdéoeig opilet éva I1Y chvodo, covenms To A, avfiket oty
KAGon

Vi3I < v sg = Vs = 1,
OTOL O T&V® YPNGIHOTOMNGARE TNV KAEWGTOTNTA TNG KAdong T w6 tpog EAN
Aoxnon 3.3.14. Eyovpe 011 éva 8évdpo T € Tr eivon menepacévng Stakhddwong
oV Kot povo o
VueT Ing,...,np 1 YWeT [uCv&|v|=ul+1) «— Fi<kv=ux(n;)]
< Yudng,...,np 1 Vo |[u¢T v veT
v wEv & =ul+1) e— Fi<kv=ux(n;)]
— YudwWu[u¢T v v¢T
v WEv & =ul+1)— Ti < |w|v=ux(w())].

Eivon ebkolo va de1 kawveig 6t1 n 6xéon péoa oTig aykOAeS opilel éva kAeloTd 60-
VOAO. ZOVETOGS TO GOVOLO OAMY TOV SEVDPMV TETEPACHEVNG UKAXO®MONG aVfiKeEL GTNY
KAdon

vN<N3N<NVN<NI_I? _ vN<NE|N<NH? g vN<NEIN<NZ:(2) _ vN<N§]g g VN<NHg _ Hg

Acknon 3.3.15. Na ke X9 cvvoro Q < X x N éyovpe
reQ — Fi(z,i)eQ
— Jdize;

omov Q; = {x € X | (x,i) € Q} € B2|X and v Hapathpnon 3.3.5. Apa P =
Uien @i € 9| X and v khestotnra tng T2 o6 mpog \/y -
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Acknon 3.3.16. Ocwpodpe P = X x N mov avijker ot khdon X ko yio ke
1 € N opilovope Tta cOvora P, Q;, R; S X pe

P,={xeX| (x,i)€ P}
Qi= U< Py
R = ;< Py
And v Mopathipnon 3.3.5 ke P; avijker otn £, And v kherotodTnTa TG KAG-

ong Zj% ©G TPOG TENEPACHEVT EVOCT KO TETEPACHEVT] TOMY EXOVLE OTL Tot OVOAN @5,
R; avfjkovov eniong otn XY And o Afppa 3.3.6 ta cdvora Q, R € X x N pe

(r,i)eQ = z€@Q; xm (z,i)€e R < z€R,;
avijkoov otn kAdon X 0. Emnhéov
(z,i) € ISP <= Fj<i(r,j)eP
— Jj<izeP,
— ze@;
> (z,1) € Q.
Apa ISP =Q e X2|(X x N) kon oporn VSP = Re T2|(X x N).
Aoknon 3.3.17. T kéBe y € [0, 1] opilovpe to cdvoro
v, = {X, avy <271,
,  alMag.

Eivan cagpés ot kdOe Vy, eivan oavoikt6 vmosdvoro oo X'. And tny dAAn av mhipovpe
T0 GOVOAO

(z,y) eV «— zeV,
ToTE
V=2Xx[0,27

7oL Jev eivon avoktd vrocvrolo Tov X x [0, 1].

Acxnon 3.3.18. T kdOe (;)ien € X = [ [,y Xis
((Ei)ieN € HiEN Az — Vix; € Al
— Vi pri((xk)keN) € Ai,

omov pr; : X — X eivou n covdpTnon tng TpofoAfg oTny i-covteTaypévn. Agov kdbe
A; eivan B9 cdvodo mpokdnter amd T tedevtaia i6odvvopia 6Tt To GHYOAO [ Tien Ai
avikel oty kAdon VIES =110 ;.

And v &MAn av kdBe A; eivon IO cbvoro toTe amd Ty Televtaio icodvvapia To
[Tien Ai aviiker oty kAGon VNITO = T19.

IMo Ty mepinTmon Tov TETEPAGHEVOL YIWOUEVOL £YOVjE OTMG TPV

(X0y- - m) € Ag X -+ X Ay, <= Vi <mpr,(xg,...,Tm) € A;.

Onote av k&P A; eivon 9 cdvodo to nemepacpévo ywopevo Ag x -+ x A, €i-
vou eniong X2 Moyw tng kAestoTnTag tg L wg npog Tov ppaypévo kabolkd T0c0-
deiktn. Edd kdvoope xpfion tng Hapathpnong 3.1.6 pe f(xo,...,Tm) = m (ctabepf
covdptnon). Opota av k&Oe A; eivon IIY covoho tote T0 Ag X -+ X Ay, eivon eniong
e

Acknon 3.4.7. H anddeiln eivan pe exayoyn oto n = 1. @ewpovpe évav [ToAovikd
xopo X. Znv anddegn tng IIpdtacng 3.4.3 eidape 6Tt kKGdBe KAEIGTO DTOGOVOAO TOD
X eivon II1 vrocHroro tov X. Maiprovtag to copnhipopa éxoope (X)) < T1(X).
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Enopévog deiyvoope 611 29 (X) < II1(X), 10080vapa 61 kibe KAeIGTO DTOSHVOAO TOD
X eivan 1 otov X.

Maipvoope C = X kheotod xou opiloope F = C x N. Tote 1o F eivon kAe1oto
vrocvvoro Tov X x N ko yia k&Be = € X 15y0e1

xeC < Ja(z,a)€F,

dnhadh C' = IV F. (Ioyvet eniong C = YV F adh& auto Sev to yperalopacte 8a.)

Enopévag to C oviker oty kAdon VI = 1, snradn C e T1(X).

Tt covgyern vrodétoope 6Tt L2 (X) = AL(X), 16oddvopa IV (X) = A(X).
Haipvoope P =€ B9 | (X) kon Bewpodpe piar akorovdia (P;)ien ano II9 vrosovoa
to0 X pe P = | J,oy Pi- A6 T emoyaryikn) vndBeon éxoope 6t1 P € A1(X), dnhadh
P, € 1(X) kou P; € TLH(X) yiakéBe i € N. A@od o1 khdoeig X1 ko I efvon khetotés
©G TPog Tov TeheoTh TG apldpfictung évaons \/ (Oempnpa3.4.4) éyovpe ot To P givon
31 ko II1 vrocdroro tov X. Enopévog P e AL (X).

Acknon 3.4.8. An6 to opiopa 3.4.5 to Soopévo L chvodo eivon coveyhg etkdva
I:I}l_l oouvorov. Epdcor n cOhvbeon coveydr covaptioemy gival coveyng ocovdptnon,
TpoKkORTEL OTL T GLYEYNG EIKOVXL TOL Socpévov XL cuvdhov eivan cuveyng ewcova IIL
cuVOAOL, Ko Tk omd To TTopiopa 3.4.5 eivon T L covodo.

Aoxnon 3.4.9. Oricodovapies peTald TV TEAECTOV KAEIGTOTNTOS EIVOL GULEGES ATO
7o [Topiopa 3.2.9 ko T [Ipdtacn 3.2.10. O 1oyvpiopog yio ta cvvora R ko R, givon
eniong dpecog and tnv [Ipotaocn 3.2.6. Xe OAx aOTE ¥ PNOILOTOIOOHE TV KAEIGTOTNTA
TOV KMIGEMV WG TPOG CLVEYT] AVTIKATACTAOT).

Amopéver va detyBel 0 TpdTOG 10} VPIGROG. Agiyvovpe TO {NTOVHEVO e ETAYDYT
oton = 1. Tan = 1 Bewpodpe tvav Modovikd yopo X, pa akorovbia (Ps)sen omd
Zj% vrocvrola Tov X ko pior akorovdia (Qs) seny KAGTMOY DROGLVOAGY TOL X X N pe
P, = IV Q, yia kabe s € N. Oewpodpe eniong 1o 60voro P Tne eKpauoTc.

Amo6 to Afppa 3.3.6 To

Q={(z,a,8) e X xN| (z,a) € Qs}
eivan kAe1otd ovvoro. EmmAéov yia kdBe x, s,
(r,5)e P < w€eP,s
— Ja(z,a) € Qs
> Jae (z,a,s) € Q.

Apa to P eivon 1 cdrodo.

YroBétovpe 06Tt Y kK&mwowo n = 1 €yovpe 6Tt yia k&Be [Tohwrikod ywpo X ko k&Oe
axorovdia (Ps)sen amd XL vrochrora tov X 1o 6vvoro P g eKpOINong aVKeL 6TNY
KAGon X L. Aeiyvoope to 1810 yre to n + 1.

Boto X ohwvikog xdpog kot (Ps)sen pio okorovbia amd X} | 0TocOLOAL TOV
X. Haiproope pio axolovdia (Qs)sen ond 1:1711 vrocOvorx X' x N pe Py = W Qs o
k&Be s € N.

Arnd v Enayoyiki] YroOeon epappoopérn otov [odwvikd yopo X' x N ko otny
akorovdia ), sovorav ((X x N)\ Q) T0 60voro @ = X x N x N pe

(z,0,8) €Q <= (z,0) € Qs
eivon I . Onwg mo mévm yio kdOe z, s £xovpe
(z,8) € P <> z € P
— Ja(z,a) € Qs

<« Jae (z,a,5) € Q.

, ; 1 ,
Apa to P eivon X, ; cOvoro.

2oyypappa oe eE€Nién 110 8 Maiov 2022 23:12



Aoxnon 3.4.10. H xatedOovon (iii)) = (i) eivon capig a@od o1 TpoPforég eiva
oLVEYEIC GLVAPTNOELS KOl Gpa oV o KAGO™ €ivon KAEIGTH G TPOG CLVEYEIS E1KOVES
givan ToTE KAEIOTH Kot OC TTpog Tov tedeoth V.

IMo v katevBovon (i) = (i) Bewpodpe évav [Torwrikd ydpo YV Kot Evaw covey
empop@iopd ™ : N — Y. Tote yia kd0e P = X x Y mov awnkel oty I, (6nov X
[Mohwrikodg xdpog), ko k&Be x € X €yovpe

rePP — y(z,y)eP
<~ Ja (z,7m(a)) € P,
OOV OTNV TEAELTAIN IGOJVVAPIN Y PNCILOTOMCApE OTL ) T EIVXL ETLOPPIGHOG.

A@ov 1 I eivon kAe16TH 0G TPOG GLVEYT OVTIKATAGTAGCT TPOKVILTEL ONA TIG WO TAHV®
10dvvapieg 6Tt To cbvoro IY P avikel 6Ty KAGon INT T

‘Ererta acyolodpacte pe tnr katedOovon (i) = (iii). Oewpodpe [Holwvikovg
xopovg X, Y, ma coveyh) covaptnon f : Y — X ko éva cbvoro P € T'|Y. Tote 1
K&Oe x € X €yovpe

x€ f[P] < JyeP fly) ==
< Jy (ye P & (y,x) € Graph(f)).

To P avikerotn I' and v vndbeon kou to ypdonpo Graph(f) tng f eivon kheiotd
obrolo a@ov 1 f eivan coveyng. Ao Tig 1810TNTEG KAe1oTOTNTAG TG ' TO Ghvoho @ pe

(y,2) € Q < ye P& (y,x) € Graph(f)
aviker ot I kon to covoro f[P] = 3¥Q aviker oty VT < T

O 16)LPIoHOG GYETIKG e TNV X ) efvon dpecsog amd To mo méve apod n L nepéyer
TA KAEIGTA GOVOA, KO €IV KAEIGTT WG TPOS GLVEYT AVTIKATAGTAOT KOt &, dOmovn = 1.

Kepadroo 4

Acknon 4.2.13. Tlpéner va deifovpe 0T1 | KAEIGTOTNTA OG TPOS TNV APOPAoLUN
£€vwot DTOGVVOAWY TOL X €ivain 1I60SOVAUN e TNV KAEIGTOTN TR OC TPOGS TNV APIOUNCIUN
Topf] (VTocVVOAWY ToL X) TaPoLGin TOV GAA®Y dVO 1010THTWY TNG T-AAYEPPAC.

Oewpoovpe 6t1 1 A givon o-Ghyefpa kou Taiprovpe pio akorovdio (A, )pen 0o vTO-
obvola tov X mov aviikoov otnu A. Tote

X\ ﬂneN A” = UneN X \ An'

Agov A, € A gyoope 6m1 X \ A,, € Ay kdBe n € N, xon annd tny kKAe6TOTNTA OG
npog apiBpnopn éveon éxovpe 0t J, o X \ Ay € A. TIpokonter 6Tt X \ [, An € A
ko &pat(),,cn An € A. Katodijyoope 6111 A givon kKAe16TH 0C Tpog T aptOpfoipn Top
VTOGLVOAWY TOL X.

H avtictpogn katevbovon amodetkrdetan dpota.

Aocknon 4.2.14. OpiCoope T15 okoyéveies Fi, Fa, F3, Fu oG €€Ng
Fi1={Ac P(X) | nAeivar o-Glyeppa oL TEPIEYEL TA AVOIKTH DTOGOVOAX TOL X }
Fo={A < P(X) | n Aeivou o-&hyeppa mov mepiéyel Ta KAEIGTE DIOGOLVOAA TOL X }
F3 ={A < P(X) | n A eivon khe1oT] 0G Tpog ApIBPNCLHES EVOOEIG/TOPES Ko
TEPLEYEL TA AVOIKTH VTOGVOVOAX TOV X }
Fy={Ac P(X) | nAeivan khe1oTh 0g TPpog aplOpGIHIES EVOGELG/TOPES Kot

TEPLEYEL T KAEIOTE DITOc VoA Tov X }.
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Mpémer va Sei€ovope ot [\ F1 = (| F2 = [ | Fs = (| Fa. Eivou edxodlo va Set kaveig
OTL 1) TOpN K&Be PG and AUTEG TIG OIKOYEVEIES IKAVOTOLEL TNV AVTIGTOLYT 1O10TNTA TNG
owoyévelag, dnhadi woyver (| F; € F; o kéde i = 1,2, 3, 4.

Kd&Be o-dhyefpa A 610 X mOL TEPIEYEL TA AVOIKTE COVOAX TEPLEYEL ETICNG KL TO
KAeloTd. AvTd copPaiver yioti K&Be kKAeloTd cOYolo eivon Gy kot e1dikdTEpPQ givon apio-
pnoiun topf ototyeiov tng A. H A og o-ahyefpa eivan kKAEIGTH WG TPOG T1G AplOPiGIES
Topég (Aoknon 4.2.13).

Emopévag ke orotyeio tng Fi eivan kou ototyeio tng Fa. Avtictpopa av 1 A givan
o-GAYEPPO TOL TEPIEYEL TA KAEIGTH GOVOAN, TOTE TEPIEYEL KA TA AVOIKTA, YoTi kdOe
avoiktd cvvodo givon F, ko dpo apiBpfioipun évwon ototyeiov tng A. IIpokdnter ot
F1 = Fo ko Gpo [ F1 =) Fe.

Me tov 810 axpipog Tpomo Seiyver kaveig 6t1 F3 = Fy kou emopévag (| Fz = (| Fa-

Amopéver va deifoope ot1 (| F = [ F3. And v Acknon 4.2.13 k&be o-dhyeppa
eival KAEI0TN WG TPOG APIOPfGIHES EVAGEIS KOl OPIOPNGIHES TOPES, dpa F1 & F3 Ko
enopévag [ F3 < (| F1 = B|X. INa v avtiotpogn copmepiinyn Oempodpe Tny otko-
yévewx

Ag=[)F [J{Ac X | X\ Ae F3}

Ko Seiyvoope 6t n Ag givon o-Ghyefpa mov TEPE)EL TA AVOIKTH GOVOAX. ATO LTO
npokortel 6T1 B| X € A ko dpa

(A =BXcAc()F

Av 10 V givon avotktd vrochroho tov X toTe Tpogavag aviker ot [ | F3. Emi-
niéov to C' = X \ V eivon kheotd o0volo kou Gpa G, dSnAadi apibpnoun topf avot-
Ktdv cuvohov. Eidikotepa to C eivon apiBpfioun topn otoyeiov tng (| Fs kot apod
(F3 € F3 (ewdkotepa 1 [ | Fs elvon KAEIGTH ©OG TPOG APOPNGIHES TOHES) £xOvpE OTL
C=X\Ve)Fs Zoventg V € A.

Eivon cagég 6tin Ag eivon kheloth) og Tpog To copmAfpopa kot 6Tt Toe svvoro &, X
(0g avowtd) avijkoov otnv Ag. @ewpodpe pio axolovbia (A, )nen oToLEIOY TNG A).
Hpéner va dei&ovpe 0t1 |,y An € Ao.

‘Eyovope A, € [ F3 yiaekade n € Nxou epdcov n tedevtaio okoyevela eivon KAE1TH
g Tpog apdpnoipes evaoels £xovpe |, oy An € [ Fs. Emmiéov X \ A, € [ F3 ya
k&Be n € N ko epdcov n TehevTaio orkoyéveln eivat KAEIGTH WG TPOG APIOPNCIIES TOPES
gyoope

Mpen X \ A = X\ U, ey An € () Fs.

A@oO ey An € (N Fs kat X\ U,eny An € () F3 €xovpe |,y An € Ao. Katodi-
yoope 6t1 1 Ag givon o-Ghyefpa oL TEPIEYEL TA AVOIKTA DITOCHVOAX TOL X .

Aoxnon 4.2.15. T kdBe cbvolo U € Y éyovope
FHUl= (/71U A B) v (f' Ul n (X \ B)).

Av 1o U eivon awoiktd tote o svvoha f1 H[U], f5 *[U] eivon Borel vroctvora Tov
X. Emmiéov epocov to B eivon Borel kon 1y B| X eivon o-ahyePpa £xovpe 0T1 To 6OVOAN

X\B, fi'lUlnB, f'[U]n(X\B),
(fi'UIn B) v (£ U1 n(X\B)) = f'U]
eivon Borel.
Aocknon 4.2.16. Oswpovpe petpikods yopovg X, Y, Z ko Borel-petphioes co-

VopThoES
f: XY g:Y—>Z
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Téte 1 k&e awoiktd U S Z 7o cdvoro g~ [U] eivon Borel vrostroro tov Y ko
o6 Tnv [IpoTaon 4.2.2 n avtictpon eikova
F Ul =(go H7HU]

givan Borel vrocvolo tov X.

Acxnon 4.2.17. T k&Oe () ien € | [;on Xi €xovpe
(xi)ieN € HBi — Vn Iyp € Bn — Vn prn((xi)ieN) € Bn
ieN
omov pr,, : [[,cy Xi — X €ivou 1 poPory (z;)ien — Zn, N OTOiX €ivon TPOPAVDS
coveyG.
Amo v kAerotoTnTO TG KAGONG Twv Borel cuvdhmv wg Tpog coveyn avTiKaTR-
otaon kot Tov teheoth VI mpokodnTel To {nrodpevo.

H anddei&n tov 1oyvpiopod yio nexepacpéva to tanog Borel cvvora By, ..., B,
etvon Opora.

Aocxnon 4.2.18. Oswpodpie Tig TpoPforég
pr, [ [Yi = Vot i)ien =
€N
omov n € N €161 mov yio K&Be covdptnon
F:X > ]]VYa:f=fa)nen
neN

éyoope f, = pr,, o f Y100 K&Be n.

Av 1 f eivou Borel-petpiioiun tote and tny Acknon 4.2.16 k&Be cvvbeon pr,, o f =
fn eivou Borel-petpfiown.

Avtictpo@a vrobetovpe 6t kdOe f,, eivan Borel-petpfioun covdptnon. Ocmpodpe
éva Pactko avoiktd W < [, .y Yn. E@ocov to U eivon avoiktod, vmdpyooy avotktd
covoha U; € Y, i =...,n (yux k&mwoio n € N) wote

W=Uyx - xUpxY¥Ypy1 X YppoX: - X....
Tote yi kdBe x € X €yovpe
ve fTHW] = (fa(@))nen e W
> Vk <n fr(z) e Uy
= 2 € \ey fi ' UK

E@ocov k&de f, eivon Borel-petphioiun o cdvora fy *[Uo], . - ., fi  [Uy] eivon Borel.
[poxbdrter amd Ta Tponyodpeva 6t To f~H[W] eivon eniong Borel.

Avtapato W eivan Toyaio avorktd vrocdroro Tov [ [, Yy, ToTE givon apibpfioiun
évmor Pacikdr avorktdv covorwv Wi, i € N. Eropévmg To cdvoro

F7HW] = 7 Uien Wil = Usen £ W]
eivon Borel.

H anédeiEn tov wyvpiopod yia covaptices tng popeis f = (fo,---, fn) givon
opol.

Acknon 4.2.19. Av ot f,g : X — R eivon Borel-petpfioipeg tote amd tny Acknon
4.2.18 n csuovgptnon
H:X —R*: H(z) = (f(x), g(x))

eivan eniong Borel-petpiopn.
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Eneidy n covdptnon tng npoécleong + : R? — R eivon coveyng, modt and tnv
Aoxnon 4.2.18 ¢yovpe 6T1 1) 6OVOeO

+oH: X >R:zw— f(z)+g(x),

dnradn n covaptnon f + g, eivon Borel-petpfioiun. O 16)0pIGHOG Y10 T HETPNCIHOTN T
TOV DIOAOITWV CLVAPTNCEDY ATOdEIKVVETAL Opota. Y mevBopileton 6Tt

f+g+1f—g| f+g*|ffg|'

max{f,g} = 5 , min{f,g} = 5

Kegpdaioto 5

Aocknon 5.1.6.
Aoxknon ??.
Aoxnon ??.
Aoxnon ??.
Aoxknon ??.
Aoxnon ??.
Aoxnon ??.

Aoxnon ??.
Aoxnon ??.

Aoxnon ??.

Kegd&iono ??

Aoxnon ??.

Kegpd&iono ??

Aoxnon ??.

Kegpd&ioro ??

Aoxnon ??.

2oyypappa oe eE€Nién 114 8 Maiov 2022 23:12



[Kec95]

[Kle43]
[Kre62]

[Kur66]

[Leb05]
[LS18]

[LS23]
[Lus25a]

[Lus25b]
[Lus25c¢]
[Lus72]

[Mos47]
[Mos09]

[Sie25]
[Sie28]

Biphoypagia

Alexander S. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics, vol. 156,
Springer-Verlag, 1995.

S. C. Kleene, Recursive predicates and quantifiers, Trans. Amer. Math. Soc. 53 (1943), 41-73.

G. Kreisel, The axiom of choice and the class of hyperarithmetic functions, Nederl. Akad. Wetensch.
Proc. Ser. A 65 = Indag. Math. 24 (1962), 307-319. MR 0140418

K. Kuratowski, Topology. Vol. I, Academic Press, New York-London; Paristwowe Wydawnictwo
Naukowe, Warsaw, 1966, New edition, revised and augmented, Translated from the French by J.
Jaworowski. MR 0217751

H. Lebesgue, Sur les fonctions represéntables analytiquement, Journal de Mathématiques 6 serie 1
(1905), 139-216.

N. Lusin and W. Sierpinski, Sur quelques proprietés des ensembles (A), Bull. Int. Acad. Sci. Cracovie
Série A: Sciences Mathematiques (1918), 35-48.

, Sur un ensemble non measurable B, Journal de Mathématiques 9 e serie 2 (1923), 53-72.

N. Lusin, Les proprietes des ensembles projectifs, Comptes Rendus Acad. Sci. Paris 180 (1925), 1817-
1819.

, Sur les ensembles projectifs de M. Henri Lebesgue, Comptes Rendus Acad. Sci. Paris 180
(1925), 1572-1574.

, Sur un probléme de M. Emile Borel et les ensembles projectifs de M. Henri Lebesgue: les
ensembles analytiques, Comptes Rendus Acad. Sci. Paris 180 (1925), 1318-1320.

Nicolas Lusin, Legons sur les ensembles analytiques et leurs applications, Chelsea Publishing Co., New
York, 1972, Avec une note de W. Sierpiriski, Preface de Henri Lebesgue, Réimpression de 1I’edition de
1930. MR 0392465

A. Mostowski, On definable sets of positive integers, Fund. Math. 34 (1947), 81-112. MR 21923

Y.N. Moschovakis, Descriptive set theory, second edition, Mathematical Surveys and Monographs.,
vol. 155, American Mathematical Society, 2009.

W. Sierpinski, Sur une classe d’ensembles, Fundamenta Mathematicae 7 (1925), 237-243.

, Sur les produits des images continue des ensembles C(A), Fundamenta Mathematicae 11
(1928), 123-126.

115



