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KE®AAAIO 1

Ewcaymyn

1.1. Oporoyia kon copfoiicpoi

Me N, Z, Q ko R evvoodpe To GOVOAX TOV PUOIKOV, AKEPXIMY, PNTOV KO TPOY PO
TIKOV aplOpmdv avtictorya, 6mov 6to N ooprepiiapfavovpe kot to 0, £T61 TOL

N=1{0,1,2,...}.

To dvvapocdroro P(X) evog covdrov X eivor 1o 6OVOAO OAOY TOV DTOGOVOA®Y
Tov X.

Aocpévov §0o pn kevov covorov X kat Y copforilovpe pe YX 10 6drolo dhmv
TV sovaptiee®v and To X 610 Y. Av (X;):er eivon pia 01KkoyEveld pn KEVOY GOVOADV
ooppoliCoope pe | [, Xi tnv owoyévein 6Aov tav covapticeov f : I — | J,c; Xi pe
f(@) € X; yiaxdBe i € I. Ztnv mepintoon 6mov X; = X yix k&be i € I Tt TO 6OVOAO
[Tic; Xi eivon mpogavis to X!, Oa pag aracyorficovy biaitepa cOVOAX TG HOPPAS
XN

M évo-Ttpog-évar covapTnon o KAAEITOL KOt LOVOHLOPPIGIOS EVAD 1o €L GOVAP-
Tnomn Oa kodeitor Ko ETPOPPLEROS. Me Tov 6pO LGOHOPPLGHOS 1| AVTIGTOLY IO EVVO-
OUE I GLVAPTNCT OV eivan EVa-tpog-éva Kot enti. Emtiong copfolioope

f: X —Y < 1 f eivo povopoppriopde,
f: X —»Y < 1 feivou empopiopog,
f: X —>Y <= n f eivon .copoppiopdc.

AvfeYX, Ac X xou B C Y copPoriCoope pe f[A] tnv eteéra Tov A kétwm amd
v f xou pe f1[B] tnv avtictpoen eucdra tov B kdto oand Ty f, Snhadn

flAl ={yeY | ondpyerz € X pe f(z) = y}
fBl={xe X | f(z) e B}.

O mepropropdg poag covéptnons f : X — Y oto ocdvoro A € X ocopPoriletan
pe f|A. Ztig svvaptioes f : X — Y copneptAapfarovpe Kot Tic TEPITOGELS OOV TA
X, Y eivou kevax pe Ty mpodndBeon ot dev Exoope X # J koY = F. Av éyovpe pia
ocovaptnon f @ X — Y ko tovldyotov éva and ta X, Y eivon To kevd odvolo toTE
Ba Aépe 0T N f eivon 1) KeVI] 6OVAPTNGT. Oepolie OTL 1] KEVI COVEPTNOT givat TAVTA
HOVOHOPQPIGHOG Kol TG 1) f : & — & eivon 1IGOHOPPIGHAC.

IToAAEG popég OTav Ypapovpe PoONPATIKEG TPOTACELS Ot ) PNGIHOTOI0V|E TOVG AO-
YiKo0G TeleoTég NG dlevéng v, 60evéng &, dprnong —, kat AoYiKiG GOVETXY®-
YIS —, mov opilovton wg e€ng:

P(z) v Qy) = 7oz éyertnuidiotnta P toy tnv Q
P(z) & Q(y) < 7o x éxernridivtnta P ko to y tnu Q
—P(z) < 710z 8ev éxer TN idiotnTa P
(y)

P(z) — Q(y) < av7o x ¢yer v ididtnra P tote to y éxer vy Q.



Me tov 6po “nocodeiktng” evvoolye gite To 3 (vrapérokds tocodeiktng) eite to V
(kaBoAikdg TocodeikTng). Otav ypdovpe Aoyikég Tpotdoelg pe cOpfora B Tapaei-
TOVHE TIG TopevBEsels o0 eivon dovatov. [Na Tapdderypo pe

JielIVjeJ(i,j)e A

€VVOOUE OT1 LIAP)EL Eva 6ToLYElo ¢ TOL [ €Tol Mote yia K&Be ototyeio j Tov J 1oy vel
(1,7) € A.

Idwxitepn onpacio £xyoov o1 tocodeiktes pe “kevd medio” dnhadi o1 ekppdoeig i € 1
ko Vi € I 6mov I eivon To kevd ovvoho. Kabe éxppaon tng popeng

Jie I P(i)

v I = & eivon mawro weodig yoti eivon Aoyikd ioodovapn pe tnv 3i (i € & & P(i)).
And Ty dAAn k&Be £kPpacn TG HopPNS

Vie I P(i)

vy I = & givon névto ohnOig yiati eivon Aoyika iooddvaun pe tnv Vi (i ¢ & v P(7)).

1.2. ApiOpnoipa ko vIepaplOpncLLa cOVOAX

Abvo ocovora A, B ovopdlovtal LGomANOIKE av vdpyel pia Eva-tpog-éval Ko et
covaptnon f : A»—» B. Xe aouth Ty nepintoon ypdpoope A =. B. Avtihopfavopacte
T oxéon =, og padnuatiki Ek@pact tng droncOnTikng évvolag “to A éxer To id10 TAfB0g
otowyeiov pe to B”. H Bedpnoi) pag 6t1 n kevi) covdptnon f : & — & eivon éva-tpos-
éva ko emti ek@palel T Paciki apyf OTL TO kevd cOrolo £xel Tov id1o ap1Bud cTolyeimy
L€ TOV €XLTO TOV, GLYKEKPIPEVA KADOOAOL GTOLYEIN.

Ou Aépe 6t1 TO 6OVoAO A £xel TANOGPIORO pikpotepo 1) ico arnd to B ko O ypd-
poope A <. B av orapyerl o éva-tpog-éva covaptnon f A — B. Avtihoppovod-
poote THY Ekppoact <. og pabnpatiki ékppacn tng diancOntikig évvowng “to A €xet
pikpdTepO 1 ico mABog otolyeinv and to B”. H Bedpnoi| pag 6T1 | kevii covdptnon
[+ @ — B eivon ndwvra éva-npog-éva ekppdlel Tn Paoiki apyf OTL TO KEVO GOVOLO £xEL
nhvTa MydTEPA GTOLYEIX OO OTOLOONTOTE i1) KEVO GOVOAO.

O1 o mvw opropoi Ba eiyav pikpd voMpa av dev eraiBevar Tnv €€ BepeMmon
anaitnon:

ov
T0 A éxer pikpotepo 1 ico TAfog otolyeiov and To B kot
0 B &yer pkpodTepo 1 ico TAnBog otoryeiov ard to A
Tote

70 A xat to B éyovv to id10 nAf00g oToryeimy.
AVTO IKOVOTOLEITO Y100 TOVG T1O TAV® OPIGHODS A0 TO EXOUEVO ATOTEAEGHA.

Oedpnpa 1.2.1 (Schroder-Bernstein). ' éla ta cvvoia A, B av A <. B kau
B <, Atére A =, B.

‘Eva 60voho A givon memepacpévo av eivon givon 160mAn0iko pe to covoro {i € N |
i < n}ykdroon € N.Otov n = 0 1o tedevTaio cOVOAO €ivan TO KEVO £TG1 TOL TO KEVO
cbrvolo givon memepacpévo. To A givon aprtOpiepo av givon Tetepacpuévo 1 160TANOKo
pe o N. Onwg givon yvwotd ta akdAovba givan 100dOvapa:

e 70 A givon ap1Bpnoipo,
e AN,

o A = Jf omapyer empop@iopdc m: N — A (61 arapaitnTto EVa-Tpog-£var).
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O televTaiog YApoKTNPIGHOS Aéel OTL T aplOUNGIHA GOVOLA eivot AKPIPOS XVTH TOL EML-
déyovton o amapibpunon A = {w(0),w(1),...,7(n),...} = {zo,T1,...,Tn,... }, Y0-
pic va pog aracyolei av kdnoleg Tipég enovalappavovtal, SnAadf exrtpénoope m(n) =
w(m) i n # m.

Mepikd ook ATOTEAEGHATA GTA APIOPNCIHX cOVOAX givan Ta €€Ng:

o Av (A,)nen givon pia akolooBia amd apbpicipa covora tote N évoon |, .y An
eivan aplOpPNG1Ho GOVOAO.

e Avta Ay,..., A, glvon apOpfocipa cOVola TOTE TO KapTestavd yivdpevo Ag X - - - X Ay,
eivan aplOpNGILo GOVOAO.

e Av 7o B givon apiBpfoyro ocdvoro ko A <. B tote T0 A givon apBpf|cio chrvoho.
And T TponyoLpEVA TPOKOTTEL E0KOAX OTL 01 aképatot apBpoi Z = N U (—1) - N
ko o1 pnroi apiBpoi Q <. Z x N eivon apBpnopa covvora. Zovenog N =, Z =, Q.
AMEG YYOOTES 100TANOIKOTNTES glvan:

N =, 10 cVvoAo OA®V TOV dAYEPPIKOV ap1Op®Y,

R =, P(N) = {0, 1} =, N,

R =, (a,b) = [a,b) = (a,b] = [a,b] Omov a < b,

R =, C([0,1]) = to cvvoro dAoV TwV cvveydY covapticeny [ : [0,1] - R,

R =, R\Q = 7o 60voAo OA@V ToV Gppntov apidpdv.

Ou Aépe 6T éva oOvoro A £xer Tov TAN0Gp1Opo tov coveyovg av A =, R ko 611
10 A éyer TAn0aprOpo pikpotepo N ico tov coveyovg av A <. R.

Xe OAx T TPONYOOHEVX TAPAOEIYHATH PAETOVHE OTL OOV EYOVLE EVX GNELPO LIO-
ovvoho A tov R woyder eite A =, N eite A =, R. O Cantor, Bepehotiic Tng Bewpiog
oOVOAWY, £0EGE TO EPOTNHA KATH TOGOV AVTO TO GOUTEPAGHX 10} OEL Y1 OAX TA DTOGV-
voha Tov R. Avti ) TpdTACT £Y1VE YVOOTH ™G

Ym60eon tov Zoveyovg (Continuum Hypothesis).

T kdBe dreipo A < R ioyver eite A =, N eite A =, R.

Onwg anodeiyBnke amd Tovg Godel (1940) kou Cohen (1963) n YndBeon Tov Xove-
xovg givon aveéaptntn ond Ta covnOn afidpata Teov padnpatikov. Anhadr Sev propei
ovte v anodetyBei (Cohen) adld ovte kKou va dronyevotei (Godel) pe epyaieia Ta covn-
Oopéva aE1dpato Tov deYOPNOTE OTH HOONUATIKA.

ATO TV GAAN EY1vE YpTYOpa YV@OTO TG K&OE KAEIGTO DTOcVBLOAO TOL R 1Kowomotei
v Yr60eon tov Zoveyovs. BAénovpe Aoimdv 6T1 1) TPocOnKn g TOTOAOYIKNG GOVOT-
Kkng anowtd OeTikd 6To TPOPANp. Oa dovpe 6T N YTOOeoT TOL XVVEY0VG ENAANBedETX
and TOAD TEPIGGOTEPA “OpicIHA” COVOAA.

TéNog avapépovple To Yvootd artotélecpa tov Cantor 6Tty K&Be cOVoA0 A Exovpe
A <. P(A), dnrodh A <. P(A) kou A #. P(A). Zovendg vnapyovy GOVOAX |E HEYO-
Aotepn TAnbikotnTa omd To R, To P(R) ya mapaderypa. Amo Ty GAAN T sOvola pe Tox
omoia O acyoAnBodpe eivon covibwg <. R.

1.3. Ztoiyeior HETPIKAOV Y DPDOV KO TOTOAOYING

Aivovpe pa GOVTOUN AWAGKOTNOT TOV EVVoldY oL Ba yperxotodpe. MetTpiki oe
éva pn xevd oovoro X eivan pio oovaptnon d : X x X — R pe 1ig 1810tnteg

d(z,y) 2 0xud(z,y) =0 < =y

d(.’L‘, y) = d(ya 3?)
d(z,y) < d(z,z) + d(z,x)

omov z,y € X. To Levyos (X, d) ovopdleton peTpikods ydpog.
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H Srakpren petpikn oe éva ovvoro X eivan n

1, avz # vy,
d(z,y) = omov z,y € X.
O,avx =y,

Extog av avagépeton dragpopetikd Oo Oewpovpe ta cvvora N, Z, Q ko R pe T
covin0n petpiki tng andotaons o(x, y) = |z — yl.

Ytovg endpevovg opiopods Bewpotpe 0T pog diveton Evag petpikds ydpos (X, d).
INo k&Be pn kevd Y S X pnopoodpe va ndpovpe tov epropiopd d|(Y x V) = dy g
petpikng d 6to cvvoro Y, dnhadn dy (x,y) = d(z,y) yia kabe z,y € Y. O (Y, dy) 6
Ayeton oy ®pog Tov (X, d).

Avz e X xour > 0 n avoikTi prdda kévtpoo z ko aktivag r otov (X, d) givon
70 cOhrolo

Bj((x,r) = By(x,r) = B(z,r) ={ye X | d(z,y) < r}.

To onueio x eivon e6@TEPIKO onpeio tov A = X aw ondpyerr > 0 pe By(x,r) < A.
To A givou orvoikto av kibe x € A eivon ecwtepikd onpeio Tov A.

To ecwTepkd A° Tov A €ivan To GOVOAO OOV TOV ECHTEPIKOY GNUeiY TOL A,
1600V

A=V X | Viavowkto ko V < A}.
Mia akolovbia (z,,)neny oTov X cvykdivel 6to £ € X ©g mpog Ty peTpiki d ov

lim d(z,,z) — 0. [pagoope 4o | To amhd x,, — x 6tav 1 d eivon caPHg omod
n—oo

TO Keipevo, Y1 vt SnAdGovpe 0T1 1 () nen GOYKAIVEL 670 . Aépe 0TI i akoAovBia
(1) nen oTogEimy TOL A € X eivan cvykAivovowa 6to A av orndpyel x € A pe x,, — x.

Bva z € X eivon oprokd onpeio too A € X av yi kabe r > 0 onapyery € A
pe d(z,y) < r. Hapatnpodue 6T1 TO TPONYOOHEVO Y pmopei va eivan i6o pe To = (dtow
x € A), étol mov kdbe oTolyeio Tov A eivon Ko oplakd onpeio Tov A. Ltovg peTpikovs
YDPOLG TO T givon oplakd onpeio Tov A av vrapyet pio akohovdio (2, )ren 0TO A pe
Ty — T OGTPOG d.

To z eivon onpeio sueo®pevong tov A av yia ke r > 0 ondpyer y € A\{x} pe
d(z,y) < r.Ztoug pHeTPIKOS YHPovs avTd eivan 16080VapO pe TO OTL VILGPYEL aKOAOVD N
(Tn)nen 070 A pe x,, — x KU T, # T Y100 KGO 1 € N.

To onpeio z € A eivon pepovopérvo onpeio too A < X ov vmapyer r > 0 pe
B(z,r) n A = {z}. Eivou cagég 6t1 Ta oprakd onpeia Tov A givon axpiffdg Tar pepovem-
péva onpeio pali pe To onpeion 6uocHOpeLONS TOL A.

To A eivon kKAEL6TO av TEPIEYEL OAX TA OPLAKd TOL onpeia (160dVVOA TEPIEYEL ONL
T oNpei GLECMPELSTC TOV) eVd TO A eivon TEAELO aw givan KAEIGTO Ko SeV ExeL pepo-
VOPEVQ oTpeia.

H k\eototnTa A Tov A €ivat 1o 6OV0A0 OAOV TOV OplaKOY onpeiov Tov A, 16080-
VOOt

A=N{F < X | F:xhewotoxou F 2 A}.

Mpogavig A° € A € A, to A eivon aworktd av ko pévo av A = A° ko to A eivon
KAe16TO av kot povo av A = A, Omwc eivon yvwotd To A givon avolktd ov kot povo av
70 copmhpopa X\ A givor kKAe16T0.

BEva D < X eivon wokvo otov (X, d) av yia k&0e z € X kon kabe r > 0 10y0e1
By(z,r) n D # &. Hpogavag av to D eivon Tokvd vrocvvoro tov (X, d) tote kGbe
ototyeio Tov X eivon 6pro axorovbiog tov D. O petpikdg ywpog (X, d) eivon Sraympi-
GO OV £)YEL APIOUAGILO TUKVO DTOGOVOAO.

Eva K € X eivon oopmaryég av yia kaBe okoyevea (V) e AUOIKTOV DTOGOVOADY
o0 X pe K < | J,; Viondpyooviy,... i, € Ipe K < U?:l Vi, , OnAadn yio k&Oe avot-
KTO KdAoppa Tov K ondpyer menepacpévo vrokdAvppa. H copndysion otovg petpikods
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XDPOVG iVt 1I60JVVL e TNV KOAOVOLXKT) copTTayeta, dSnAadn to K eivon copma-
vég av ko povo av yio ke axolovbia (x,, )nen GTOLXEIOY TOV LRAP)EL LIUKOAOVDiN
(Zm,, )neN OV oLYKAivEL o€ kKamoto x € K. K&Be copmayés cdvoho eivar kKAE16TO.

M covéptnon f : (X,d) — (Y, p) avapeca ce peTpikodg ydpovg eivon cove-
xNG 670 onpeio z € X av yux kdBe r > 0 vndpyer § > 0 étor wote f[By(z,d)] <
B,(f(z),r), 10odbvapa yix kdBe V' < Y mov eivan p-avoikto vrdpyxer W < X mov ei-
vou d-oawoiktd €to1 wote f[W] € Y. Zopgpova pe Ty Apyii Metagpopdc yior HETPIKOVG
xdpovg 1 f eivon cvveyfic 670 x av ko povo av Yo k&be axolovbia (2, )neny oTov X pe
2, 5 z10y0e1 f(zn) 5 f(2).

H covaptnon f eivon eoveyng av eivan coveyig oe kdbe x € X 1) 16030VApX Y1
k&0e avoktd V S Y n avtiotpoen ekova fL[V] etvan avoiktd vrosdroro oo X.
Télog B Aépe 6T 1 f eival TOTOAOYIKOS LGOHOPPLGHLOG.

Abo petpikég dy kat do oto cbvoro X eivan 16080vVaeg, coppforikd di ~ do ow
nop&yovy Ty idia toroloyia, SnAadn yiukdBe V < X to V eivan di-avorkto aw ko povo
av 1o V eivon da-owoktd. Icodovapa d; ~ do av kot poévo av 1 TEDTOTIKT GOVAPTNGT)

id: (X, dy) —> (X, ds)

€ivaL TOTOAOYIKOG 1IG0HOPPIGROS, 16050vapa Yio KaBe akohovbia (2, )nen 6TO oOVONO
X xon xdBe x € X 10)0et

d1 d2
Ty 2T < Tp .

INa kaBe petpikod yopo (X, dy) o1 covapthoelg
di
1+d;
eivan petpikég 10odvvapes pe Ty di . Hoapatnpodpe 6ti da, ds < 1, Y1’ avtd eivon covn-
Beg va Bewpeiton OTL 1) PETPIKT TaiprEL TIPES PIKPOTEPES 1] ioEC Omd TN pOVAdWL.

H owoyéveia Tov avoktdv vrocovdinr Tov X wavonotei Tig €€l Paotkég 1916-
Tnreg: (o) To kevd ovvoro J kot Tto X eivon avoiktd ocvvdia, (B) onoladnrote Evwon
OVOIKTOV GOVOA®Y eival avotkTo, Kot (y) N TEXEPAGHEVT TOUT AVOIKTMOY GOVOAMY givon
oVOIKTO.

Muwx okoyéveln T vrocovdrov Tov X ovopdletal tomoloyia oto X av mepié-
XEL TO Kevd cvvolo & ko to X, yi kGbe owkoyévewn (A;)ier covdlwv tng T £xoovpe
User Ai € T, xou y1o k60e Ay, ..., A, € T éxovope [)i_; Ax € T. Me dAha Aoytar piox
Tomoloyia tkavonolei T1G TponyoLpeves W10TNTES (), (B), (Y) TOV AVOIKTOV GOVOA®Y 1)
OAAIQOG 1] OIKOYEVELN TOV OWOIKTOY GOVOA®Y EVOG HETPIKOD YDPOL ATOTEAEL TOTOAOYIN.
AvTi TNV 01KOYEévELR, ONAXDT] TNV OIKOYEVELX TV AVOIKTMOV DTOGVVOA®Y EVOG HETPIKOD
xdpov (X, d) Ba tn Aépe N Tomoroyia Tov (X, d).

‘Bva Levyog (X, T) Méyetan Tomoloyikds x@pog av to T eivon tonoloyia 610 X.
Ta ctoyeion tng T Aéyovton aVOIKTA GOVOAX TOL TOTOAOYIKOD Xhpov. Ta kKAELGTA vITOo-
GOVOAX EVOG TOTOAOYLKOD YMDPOL iVoil TO GOUTANPOPATH OvoIKTOV. Brag Tomoloyikdg
xopog (X, T) eivon peTpikomoreLpog 1 to anhd n 7 eivon HETPLKOTOLNGLIN OV DTAP-
xel petpiki) d oto X dote n T va eivon n) tomoloyio tov (X, d), dnhadn n oikoyévein tov
d-avorKT®Y DTOGVVOAMY Tov X.

O1 Tponyodpeveg EVVOlEg, OTWG Y10 TAPASELY LA TO ECMTEPIKO, 1 KAEIGTOTNTA, 1) V-
HTAyEL, T GOYKALGT), N COVEYELX, KOl 1] D1y MPICIHOTN T ENEKTEIVOVTOL GTO TAAIGIO TOV
TOTOAOYIKOV YDpoV avtikabiotdvtag T1 d-awoiktég prareg By(x, ) pe otoyeia tng
tomoAoyiag V' mov mepigyoov to x. Epeig Oo acyolnBovpe povo pe HeTPIKOTOGIHOVS
TOTOAOYIKOUG YDPOVS, TAPOA™ LT giva ypfiGIHO Vo PAETOVHE ALTES TIG EVVOLEG altd TN
OKOTI& TNG TOTOAOYING.

M otkoyévela V amd vrocOroda evdg Tomohoytkod yopov (X, T) eivon Bdon tng
Tomoroyiag Tov X 1 mo anhd faen too X av YV € T ko kdOe U € T eivon ico pe évwon
(nemepaopévn 1 drelpn) otoyeiov tng V, dnhadi vrndpyel owkoyéveia (B;)er ot EIOY

dy = min{dy,1} «xoar d3 =
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me V pe U = |, Bi. Ztovg petpikods xdpovg antd onpaiver 6T1 k&be cTotyeio tng
V givon avo1ktd GOVOAO Kol KABe avoikTd GOVOLO YPAPETOL MG EVOCT) 6ToLXEimY TNG V.
Av 1o D givon Tokvd vocdrolo evdg petpikod xdpoo (X, d) tote to cdvolo

V ={Ba(z,q9) | g€ Q, ¢ >0}

anotelel Paon yio Ty Tomoroyia Tov (X, d). Edikotepa av 0 X eivon dwywpicipog
ToTE 1 ToToAOYiot TOL €xer apBpfcipn Pdon (xpnotponotodpe 6Ti To cbvoro N x QQ eivon
apBpnopo). Ioydet ko To avtioTpoPo: kdbe PETPIKOS XDPOG TOL £xel aptOpfcipn Pdon
eivan Saywpictpog.

M akohovbia (2, )nen otov (X, d) eivon Cauchy i fasiki av yio k@0e r > 0
vrdpyel ng € N £to1 dote yo kdOe n, m = ng woyver d(zy,, ) < 1. O peTpikds yHdPog
(X, d) eivon @npng o k&e axorovdia Cauchy eivon svykhivovoa otov (X, d).

O1 ponyodpeves KaTAoKEVES 160d0OVap®Y petpikdy d — min{l, d} kon d — T34

dtnpodv Ty TnpoTnta. Andadh av o (X, d) eivon TARpng HETPIKOS YDPOg TOTE OL
d
petpkoi yopor (X, d) ko (X , 1+d> eivon eniong mAnpels (Aoknon 2.1.10).
Amo Y GAAN 1) TANPOTHTA dev draTnpeitat YEVIKA KAT® and 100OVOVAHES PHETPIKES,
KOl EMOPEVOG OVTE KEAT® OO TOTOAOYIKOVS 1IGOHOPPIGHODG. QG mapdderypa Bewpodpe
o o0voro X = {27 | n € N} pe tig petpikég

plr,y) = [z —yl

1, avz # v,
d(z,y) = (SrakprTi) peTpikn).
O, vz =y,

Tote kdbe A < X eivou p-avoktd 6mmg emiong kou d-ovoktd. Eidikdtepa o1 §00
peTpikég eivan 100d0Vapeg kot 1) Tawtotikh covdptnon id : (X, p) — (X, d) eivon tono-
AoY1KOG 16opop@iopog. Emmiéov o (X, d) eivon TAMpng petpikds xdpog. Amd Ty GAAn 1
akoAOVOHA (X5, ) nen HE T = 27", n € N, givon p-Cauchy 1 onoia Opwg dev cvykAiver wg
TPOG TNV p G kdmowo = € X.

[poxdnTEL O T MO TEAV® OTL 1) TANPOTNTO SEV EMEKTEIVETAL GTOVG TOTOAOYIKODG
YDPOVS. ZVUYKEKPIPEVA eV vadpyEeL 10T TA TOTOAOYIKOV YDpwV P €161 doTe yia kdbe
petpikh d avn T eivon petprkonoioipn and Ty d tote

o(X,T)eartmv P < o(X,d) eivon TAMpng peTpikds yhpoc.

INa va to §00pe avTod TAiprovpE TOLG PeTPIKoVS xdpovg (X, p) kou (X, d) Tov tpon-
YOOHEVOL TAPAOEIYHOTOS Kot PAETOVHE OTL EPOCOV Ol PETPIKEG €IVl 1IG0OOVAHES TOTE
Top&yovy TNV idix Tomoloyia T . Ao Ty GAAN 0 évog PETPIKOS XDPOG eivon TANPNG EVG
0 &Ahog Oy

Onwg eivon yvootd o1 18010TNTES TNG S0y WPIGIHOTNTAG KL THG GOUTAYEING d1oTn)-
pPOOVTAL KAT® QIO TOTOAOYIKODG IGOUOPPIGHOVG, 1| RAAMG Aépe OTI €IV TOTOLOYIKES
ot tec.

TéNoG aaPePOPROTE O KATOIES GLUYKEKPIPEVES KATACKEVES HETPIKDY YDPOV ATO
761 doopévovg. To evBH GBporopa dvo petpikav ywpov (X, dx) ko (Y, dy) eivon o
HETPIKOG PG (Z, d) pe

Z=({0} x X) U ({1} x Y)

dX(l’,y), wi=j=0

d((i,z), (j,y)) = {dy(z,y), wi=j=1
1, avi # j.
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Me arra Aoy Bempodpe d00 Eéva awtitorta Tov X, Y kot Ta TOToBeTOOpE G i
Betikf] andotaon (T.y. 1) To éva ard To dAAo. Oua copPoArilovpe To evbH GBpoicpx TV
(X,dx) ko (Y,dy) pe X @Y kou Oa T0 evvoodpe mdwto pe Ty mo Thve PeTpiki d.

To kaptecrard ywopevo tov yopov (X, dx) ko (Y, dy) eivon to covodo X x Y
HE TN HETPIKN

d((z1,91), (22,2)) = dx (x1,91) + dy (22, 72).
Extég xon av avagépeton drapopetikd Ba Bewpodpe tov X x Y pe tny mo mdvo pe-
Tpiki d. Me 61010 TpOT0o 0pilovje TO TEXEPAGHEVO KAPTEGIAVO YIWOHEVO X1 X - -+ X X )
petpikav yodpov. Eidikdtepa otov R™ Ba Bewpovpe tn petpixi
d(z,y) = Z |z; —yi| Omov T = (z1,....,20n), = (Y1,---,Yn) € R™.
k=1

Onov Bewpovpe tnv 1codvvaun Evkieidia petpikn B To avagpépovpe.

Av gyovope pa axorovbia petpikdv yodpov (X, d,))nen TOTE Bewpodpe Tov ympo
ywopevo [ [, .y Xn pe TN peTpikiy

d(z,y) = Z 27" - min{dn (z(n), y(n)), 1},

0mov = = (2(n))nen, ¥ = (Y(1))nen € [ ey Xn-

Av V), eivou Baon yio Ty Tonoloyia (evdeyopévms kot 1 idia 1) Tororoyia) Tov X,
n € N, tote wa Paon yio TNV tomoroyia Tov | | . Xy €ivon n orkoyérvein V 6dwv tov
GLVOA®V TNG HOPPNIS

neN

Vox oo x Vi x Xpp1 X Xpgo X.oo,

omoo V; e V; yiokdBe i = 0,... ., nkoun e N.
Av (2;)ien elvon axolovBio otoryeiov Too [ |
z = (x(n))n €[ [,en Xn TOTE

neN Xn BE T = (23(n))nen, © € N, kot

x; — & 6TOV 1_[ X, < ykdabe nioyoet z;(n) = z(n) otov X,,.
neN

O1 TponyoOHEVEG KATAOKEVES LETPIKMOV YDPOV GEROVTAL TV TANPOTNTA KoL TN Siat-
YOPIGIHOTNTA. ANAadT) TO €060 dBpoicua, wemepacuévo Kar dreipo-apiOunolo yiwvouevo
TPV Kot S1aAy@PIcIU®U UETPIKDOV YDPDV EIVAL TANPHS KAl SLay®PIoIUOS HETPIKOS Y@~
pog.

Eriong o1 mponyodpeves KATAGKEVES emekTEiVOVTAL KA OTOVG TORMOAOYIKODS YWDPOVS
HEe TPOTO TOL CéfeTal TH UETPIKOTOMNGIUOTHTA.

EEnyovpe to mponyodpevo avarvtikd. [ o e080 dBpoiopa dO0 ToToAOYIKGOY Y-
pav (X, Tx) ko (Y, Ty) naipvoope onwg mo méwve X @Y = ({0} x X) [J ({1} xY)
ko opiloope

VeTxgy <= VnXeTxxuVnYeTy, o6moVcX@Y.

Tote n Txgy eivon Tomoroyia 6to X @Y. Mdhota aw o1 X, Y eivon petpikonoioipor
tote 0 (X BY, Txgy ) €ivon LETPIKOTOGIHOG HE TN HETPIKT TOV AVAPEPAYE TLO THV.
INa to xapteciowod ywopevo X x Y opiloope

VGVXXY = VZVXXVY

omov Vy € Tx kou Vy € Ty . Oepodpe Ty oKoyEVEI Tx xy TOL TPOKOITEL antd OAeG
T1G evioEels otoryeiov TG Vx xy . Tote n Tx «xy €ivon tomohoyia oto X X Y pe Pdon
Vxxy.Avor X, Y eivon petpikonorjoipor tote o (X x Y, Tx xy ) €ivan peTpikono|cipog
HE TN HETPIKT TOV AVAPEPUPE TIO TAHV®.
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To Grepo Ywopevo opileTor Opot e Tpiv. Av £xovpe TOToAOY KOOGS ¥dpovs (X, Tr),
n € N, tote opiloope TV, 0G TNV OIKOYEVEIX OOV TOV COVOA®V TNG HOPPTIG

(11) ‘/OX"'XV;LXXH-&-IXX'IH-QX“-a

omov V; € T; yiaxk&Be i = 0, ..., n kou n € N. Oewpodpe Ty okoyéveld Ty OAdV TV
evhoenv and ototyeia TG V. ToTe N Top givon Tonoloyio 670 6OVoAo [ [,y Xy, YYOOTH
KOl ®G TOTTOAOYix YWwopevo, 1 onoix £xel fdon Ty owkoyéveld Vy,. Av ol X, n € N,
givon petpikonotoipot tote o (] [,,cn Xn, Too) EiVOL PETPIKOTONGINOG JiE TN HETPIKT TOV
QVOUPEPOPLE TTIO TAVM.
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KE®AAAIO 2

IHoA®vikoi Xmpot

2.1. OpLopiog KO PYLKE LTTOTEAEGPOLTO

Opiopdg 2.1.1. Evag tomohoyikds ympog (X, 7)) eivon Ilohwvikdg xdpog av vwdp-
xel petpiki] d moo mapdyer tnv T ko o (X, d) eivon TAnpng kou Sioywpicipog petpikodg
X®POG.

M petpiki] d 6mmg o Téve O Aéyetar GORPATN 1] KOTAAANAN HETPIKT Y1 TOV
X. ZovBwg Ba copPorilovpe Toog ITodwvikodg ydpoos pe X, YV, kou Z ywpig va cop-
BoAiCovpe Ty TomOAOYia EKTOG GV XOTO KPIvETAL Y PHGIHO.

Mepika anha tapadeiypota [Hohovikav ydpov eivon to R to C xon To kAerotd vIo-
oVVOA& TOvG, OAa e T covBn tomoAoyia. Eva teTpippévo adld ypioipo Tapaderypo
[MoAwviko® ympov eivar To cOVOAO Twv PLoIK®OY aplBpdy N pe tn ocoviOn petpikn, 1
omoia eivan 16030V pe Tn dakpiti kot K&Be vrocHroro tov N eivan avokto.

To avoiktd Swotnpa (0, 1) pe Tn covndn petpiki eivon draywpicipog odld o)t Thf-
pNG peTpikog ympog. Ommwg Ba dovE IO KATO LEAPYEL Hidl 1IGOSOVAUN HETPIKN WG TPOG
Tnv omoia givon AN peg ko cvvendg to (0, 1) ivon [Modwvikdg xdpog.

Ipoétaon 2.1.2. Aiverar évag [olwvikoc ywpos X kat évag tornoloyikos ywpog Y .
Av o1 X, Y eivair tomoloyikd icopop@ixoi tote kar o Y eivar [loAwvikés ywpoc.

Amoderén. Oswpodpe o coppati petpikn d yix tov X', Ko £vay TOTOAOYIKO 160-
popeiopo f : (Y, Ty ) — (X, d), 6mov Ty eivon 1) torohoyia tov Y. Opilovpe tn covdp-
monp:Y xY — Rpe

py1,y2) = d(f(v1), f(y2)).
Evkola propet va der kaveic 6t n p eivon petpiki) oto Y. EE opiopod 0
[ (Y, p)—(X,d)
eivon 1oopeTpion Ko emi.

Edkotepa o1 covaptioeis f : (Y, p)— (X, d) xou f=1 1 (X,d)—> (Y, p) eivon
ovveyeic. [Tpokontel eniong 6t1 0 (Y, p) eivon TApNG Ko Sloy®pPicIHog PETPIKOS YHPOS
(Aoknon 2.1.11).

Télog Seiyvoope 6T1 N p Tapdyer Ty Toroloyia Tov Y. [N k&Be A € Y mov aviket
oty Ty 10 6OVohO (f’l)f1 [A] = f[A] eivon d-awowctd yrawin f~1 2 (X, d) — (Y, Ty)
eivon coveyfc. Enopévmg to ovvoro fL[f[A]] = A eivon p-awvoiktd yioti  covaptnon
f: (Y, p)— (X, d) eivon cvveyfic. Avtiotpopa Bempodpe 6T1To B S Y givon p-owoikto.
Ereldnn £~ : (X, d)—> (Y, p) eivou coveyiic to chroro (f_l)_l [B] = f[B] eivon d-
avoktd kon epocov n f 1 (Y, Ty) —> (X, d) eivon coveyng to f~L[f[B]] = B avikel
ot Ty. o

IMopropa 2.1.3. Kabe avoikto Sidotnua (a,b) pe a < b zov R ue mqy tomoloyia mov
mapayer n coving ueTpikn e anootaons eival [loAwvikog ywpog.

Amoderén. H ovvaptnon tng epantopévng tan : (—m/2,7/2) — R eivon tomohoyt-
KOG 160pop@IopO6 ko amtd Tnv [Ipotaon 2.1.2 to Sidstnpa (—m /2, 7 /2) eivon ITodovikdg
X ®pos. (MdMoTo amd Ty anddeén TnG TPOTAGTS LTOPOVHE VO SOVHE OTL 1 KATHAANAN
petpikn eivon n p(z,y) = |tanz — tany|.)



To Cntobdpevo mpokORTEL ATO TO YEYOVOS OTL OAX TOX [i1] TETPIUHEVA AVOIKTH S1GTH)-
poato Tov R eivon TOTOAOYIKA IGOHOPPIKG HETAED TOVG. ZOYKEKPILEVX OV €Y OVLE AVOIKTE
dwothpoata tpaypatikadv aplBpor I = (a,b) xar J = (¢,d) pe a < b ko ¢ < d tote
noovdptnon f : I - R : f(x) = (d—c)- (b—a)~! (z — a) + c etvon TomohoyrKdG
1GOHOPPIoHOG peTaEd Tov I ko Tov J. o

Opropog 2.1.4. ‘Eotw X tomoloyikdg ywpog kau A < X. To A eivon F,, 6OvoAo
700 X aw vrdpyet akorovdia (Fr, )nen amo kAe16Td vTocOYVOA ToL X pe A =, .y Fr-

Eriong to A eivan G5 6dvoro tov X av vrdpyer akorovdia (U, )nen A0 QUOIKTE
vrocdvora oo X pe A = (), Un.

Eivou capég 0t éva cvvolo A © X eivon F, axpipadg dtoav to sopmiipopd too X\ A
eivon Gs5. Emmiéov eivan Eek&Bapo 6t1 kdbe kheloTd ovvolo F eivon F, kabBmg propodpe
va wapoope Fi, = F, n € N. Ioodbvapa kdbe avoiktd cdvolo givar Gs.

Télog mapatnpovpe 6T 1 apOunon évoon F, covolwv eivon eniong F,, cbvolo,
yozi ov Ay, = J;o Fils 0n00 n € N kéBe F! eivan kheroto, toten A = {F), | i,n € N}
givon apBpfoipn orkoyévein khetotodv covdrov kot |, An = J A.

IpoxdrTer 6t kKo N apOpfoun topf Gs covorwv givon Gs. Apyotepa Oa dodpe ot
16 VOVV 01 AVTIGTOLYES O1OTNTES Y1 TIG TENEPACHEVES TOHES (F, GLVOAWY) 1] EVHOELS
(G ovvdAY).

Opiopdg 2.1.5. Aocpévov evdg petpikod xopov (X, d) kon evog pn kevod A € X
opileTon n GLVAPTNOT TG ATOGTAGTIS ATTO TO GOVOAO A,

2.1) f:X - [0,40): f(x) =d(z,A) =inf{d(z, z) | z € A}.
Onwg eivon yvooto n f eivon coveyig covdptnon, Yo TNy akpifeix ioydet

|d($7A)_d(y7A)| ﬁd(m,y), xayEA

Ipotaon 2.1.6. Av o X eivair petpikomoujonos Tonoloyikos ympog 1ote Kabe kAel-
070 6000 Tov, ekToc and F,, civar kar Gjs.

loodvvaua kabe avoikto vroocvvoio tov X eivar Gs kar F,.

Anoderitn. Oempovpe éva kheloto F' < X, pio petpikiy d moo mopdyet Ty TOTOAO-
yioe tov X, ko T covdptnon tng andotacng and to F, f = (x — d(z, F)) and to (2.1)
mo tvw. (YroBétoope 0TL F' # (J aAM®DG TO GOUTEPAGHA givon TpoPaves.) o k&Oe
n € N opiCoope

U,={zreX|dxF) <2 "}

Tote U, = f~1[(=1,27")] xou apo0 1 f eivon coveyfic To cvvoro U, eivon avorktd
vrocbrolo Tov X yia kdbe n € N.

Enedn d(z, F) = 0 yia k&Be = € F eivon cageg 0t1 F < (), .y Un. YnobéTOOPE OTL
x € Uy, v x6e n € N. Tote vrdpyer akorovdia (2, )nen péoa and to F pe d(x, z,) <
27" v k&Oe n. Eropévog z,, — x ko a@od to F' eivon kAerotd €yovpe x € F.

Katafyoope 611 F' = (), oy Un kot pa to F givon G5 6ovolo. o

Opwopog 2.1.7. Av éyoope évav tomoroyikd yopo (X, T) ko G éva pn Kevd vmo-
obYolo Tov X TOTE Pmopovpe v dovpe To0 G OG TOTOLOYIKO XMDPO HE TN G (ETIKT] TOTTO-
Aoyia tov X, dnAadi Tny Totoroyia T mov opileton o eENG

Te={VnG|VeT}

To Ledyog (G, Te) ovopatetonr voympog tov (X, 7). Ttnv nepintwon 6mov o (X, T)
petpkomoteiton amd Ty d Tote 0 (G, Tir) petpikonoteiton amd tov nepropiopd d| (G x G)
g d oto G.

BOeovpnpa 2.1.8. Eotw X Ioiwvikog ywpog kan & # G < X. Tote 1o G ue
oyetiki tomodoyia tov X givar [olwvikog yawpog av kat uovo av to G eivar G s vmoovvolo
o0 X.
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Anode1En. Yrmobétoope apyikd 6ti To G eivon [ToAwvikdg ydpog e TN GYETIKN TO-
nohoyio Tov X'. Xtabepomolodpe pioe KATAAANAN peTpiki d yia tov X kou dg yioe tov G.
(Aev €yovpe amapaitnTa 0T1 1| di eivon o mepropiopds s d oto G.) N k&be n € N
opifovpe To cOHrvoro

Vie={xeX | Jawowto U pe x € U ko Vy,z € U n G ioyverdg(y,z) < 27"}

Ioyvpilopaocte apyikd o6t kdBe V,, eivan avorktd vrocvroro tov X'. Eoto x € V,,, toTE
ondpyet éva avorktd U pe x € U kou yix kéBe y, z € U woyver dg(y, z) < 27" Yrdp-
xerr > 0 pe By(z,r) € U. T k&0 ' € By(x,r) to cdvoro U’ = By(z,r) eivon
avoiktd mov wepiéyet to o’ Eneidn U’ < U éyovpe eniong ot yix k&e y, z € U’ 1oydet
da(y,z) < 27" Apa =’ € V,, yia kdBe =’ € By(z,r) xou 10 z € V,, givon ecwtepikod
onpeio Tov V,,.

21 covéyela Seiyvovpe OTL

(22) G=NpenVanG.

Azo v mo ndve wotnta kon Ty [Ipdtaocn 2.1.6 (ta kAeloTd cOvora eivon Gs) Tpoko-
ntel 6T1 to G givon ) Topn 800 Gs GLVOAMY Kot GLVETHG givan G's.

Bexwdpe pe Tov eyKAeIopo G < (), oy Vo N G. BEoto z € G xoun € N. IIpopavig
r e G, deiyvoope 6tiz € V,,. H pméda By, (2,2~ (") 1o G eivon avoiktéd vmosdrolo
Tov G emopévmg vapyel U avoiktd vmocvrolo tov X pe

By (2,2~ ")) = U A G.
Tote yia k&Be yia ke y, z € U n G éxoope y, 2 € By, (z,2~ ") kou covenmg
da(y, 2) < dg(y,z) + da(z, z) < 27D 4 o=(d1) — o=n

Apax e V,.

Avtictpoga, éotw x € G pe x € V, yix k&@e n € N. Tote vrdpyetr akolooio
avokTOV SOVOA®Y (U, )nen pe € Uy, kou étor dote y, z € UNGioyderdg(y, z) < 27™.

Mmnopotpe va vroBécoope ot ) axolovbia (U, )nen €ivon @bivovoa, oAb awti-
kabioToope k&de U, pe Ty topn ,_o Uk.

Agov z € G N U, yiak&0e n € N, orndpyer akoroodiat (1, )nen ond t0 G pe y, € Uy,
v k&Be n € N xon d(yn,, z) — 0. [N kdOe n = m éyoope y,, € U, < U, kou agod
Ym € Up 10%0€1 dG(Yn, Ym) < 27™. Aoto Seiyver 0t N (Yn )nen €ivon dg-Cauchy xou
apov o (G, dg) eivon mAnpng vrdpyer y € G pe dg(yn,y) — 0.

Ard Ty GAn 1 Ttorooyia tov (G, dg) eivan 1) i pe T oyeTikn Tonoloyia Tov G
ntov ntaiprel and tov X. Ipokonter 6T d(yp, y) — 0 ko apo® d(yy,, ) — 0 éyovpe x =
y € G.'Eto1 éxovpe ko Tov GAAO eYKAEIGHO TNG (2.2) kou amodeifape Tn pia katevdovon
Tov BempnpaTos.

INa v avtiotpopn katevBVYGN vroBETOLHE OTL TO G €ivan 1) TORT piag akoAovBing
avoIkTOV 6OVOA®Y (U, ) nen ko Bétoope Fy, = X\U,, yia k&e n € N. Tote kdbe F), eivon
KAE10TO GOVOAO.

Bewpovpe d P KATdAANAN petpikf otov X ko yia k&e n € N n covdptnon
(z — d(x, F,)) tng ardéotacng Tov z and to F, 6nwg oto (2.1). Opilovpe

0
do(x,y) = d(z,y) + ), min {277, |d(x, F,) ™" = d(y, F,) [}
n=0
omov x,y € G. lapatnpovpe étrav x € G tote © € U, kou dpa z ¢ F, yio k&Be n.
Emopévag d(z, F,,) > 0 kot &pa opiletan o avtictpogog apidpds d(x, Fy, )=t > 0.
Eivou edkolo va det kaveic 6tin dg givon petpiki 6to G. Agiyvoope 6tTin dg Topdyet
TN oyeTikn Torohoyia oto G. Ioodvvapa deiyvoope 6T1 N peTPIKh dg KOl 0 TEPIOPICHOG
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d|(G x G) tng d oto G x G givon 16080vapeg PeTPIKEG. OempodpE pio okohovBia (Y; )ien
oto G xou y € G. Agiyvoope 0Tt

d d
(2.3) Yi Sy = yi >y

H evBeia katevtOvvon givan caphg enedn d < dg oto G x G. Avtictpogo vro-
0¢toope 6t d(y;,y) — 0 ko éotw r > 0. Tote vRIAP)EL i £TOL DOTE Yo KGOE © = ig
16 0eL

(2.4) d(yi,y) <r/3.

H 18¢a eivon v yopicovpe to drelpo dBporopa otov opiopd tng dg o€ 0o pépn, 6ToL
70 k&Be v givon pikpdTepo tov 1 /3. T kdbe ng € N 1oyvet

= o0
> min{27 [d(z, Fo) 7t —d(w, F,) 7} < D) 2T =2m
n=ngo+1 nemot 1

omov z,w € G. Ondte hapPdvovtag apketd peydio ng € N éyovpe yix kdbe z, w € G,

[ee]
(2.5) > min {27, |d(z, Fo) ™! = d(w, F,) 7|} < /3.
n=ng+1
INo k&Be k < ng woyver d(y;, F,) — d(y, Fi) eneidi) n covapTnon tng axdcToong
onpeiov and cbrolo eivar coveyng. A@od Ta y;, y awinkoov 6to G OTWG AVAPEPAYLE TTLO
mhww éxoope d(y;, Fy), d(y, Fx) > 0. Apa d(y;, Fr) ™! — d(y, Fy) L.
Emopévmg vndpyet 1 €161 doTe yio K&Be ¢ > i1 ko K&Be k = 0, ..., ng 10)0e1

\d(yi, Fr) ™" = d(y;, Fy) ™' <min{27", r/3- (ng + 1)}

Apa
Z min{27”, ‘d(yi, F)~t —d(y, Fk)ill}
n=0
= > ld(ys, Fi) ™t = d(y, Fi) ™|
n=0
(2.6) < Z r/3-(no+1)"" =7/3.

n=0

And i (2.4), (2.5), (2.6) ko Tov 0piopo TNG di £x0ovpe Yo KABe ¢ = max{ig, i1} Ot
de(yi, y) < r. Zovenog y; dg Y KO 01 HETPIKEG EiVO 1GOOVVALEG.

A@ov 1 Toroloyia Tov (G, dg) eivon 1 oyeTiki Totoloyia 6to G ko 0 X givon Sio-
XOPIoOG elvan capes OTL 0 PeTPIKOS xdpos (G, dg) eivan Sioywpicipog (vrdywpog dia-
YOPIGIHOL peTpikod YHPoL eivon dloywPIcILOGS).

Téhog deiyvoope 0t 0 (G, dg) givon TMpng. Eoto (y;)ien dg-Cauchy axolovbio
otov G. E@ooov d < dg 6to G x G 1 (y;)ien €ivon xou d-Cauchy. Agov o (X, d) eivon
TApNG vrapyet y € G pe y; A y. Agiyvoope 0t1y € G = (), oy Un ko1 0T1 Y; % Y.

‘Eoto n € N, tote d(y;, F,) = d(y, F,). Av eiyape y € F, 0a icyve d(y, F,,) = 0
Ko qpox

d(yi, F) = 0.
1%, oo, Edwotepa yio k&Be ¢ € N O vmipyov j, s = i pe

|d(y;, Fo) ™t = dlys, Fn) 7' > 27"

Enopévag d(y;, Fr)

Ko
de(yj,ys) = min {277, |d(y;, Fo) ™' — d(ys, Fo) 7'} =27
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Avtd Opwg eivon dromo yoti N (y;)ien eivon dg-Cauchy. Eropévag y ¢ F, = X\U,

dnhadh y € U,. Eneidn to n eivon toyaio katadiyoope y € (), oy Un = G.
A@ovy; 4 yKkoty;,y € G, i € N, npoxdnter amd T (2.3) 0T y; dg yxoo (G,dg)
efvon T pne. o

To mponyodpevo Bedpnpa diver pioe SedTEPN ATOSEIEN TOL OTI K&BE QWOIKTO 1~
otnpa Tov R eivon [Tohwrikdg xdpog kabds mg aworktd cdvoro eivan Gs.

Mopwopa 2.1.9. O dppnror apibuoi R \ Q eivar [lodwvikds yopos evd ot pnroi
aptBuoi Q Sev eivan [lodwvikéc ydpoc pe v cyetikn toroloyia tov R,

Am6derén. Toovvoro R\ Q eivon G5 vroctroro Tov R, evd o Q dev eivan G5 (yvo-
ot epappoyn Tov Bemprpatog Tov Baire). To {ntovpevo tpokdnTel amd 10 Oedpnpoa

2.1.8. o
Aocknoelg
Aoknon 2.1.10. T k&Be petpikod yopo (X, d) o1 covaptiocelg
d
= min{d, 1 = —
p=min{d,1} ko o T+ d

eivon peTpikég, o1 onoieg eivan 16odvvapeg pe Ty d kou av o (X, d) eivon TAfpng kou
daywpioipog Tote 01 yopor (X, p) ko (X, o) givon exniong AN peig Ko diywpicipor.

Yopnepdvete 6T k&Be [Tohwrikdg ydpog emdéyetor copPoatn peTpiki d < 1.
Aoknon 2.1.11. Aivovtou 6o petpikoi yopor (X, d) xou (Y, p) kou
[ (Y, p) = (X,d)

ETLOPPIGHOG. Av 1 f eivan woopeTpia, dSnhadr av ikavomolei

p(y1,y2) = d(f(y1), f(y2)), y1,92 €Y,

Tote 1 f eivon Tomoloyikog 1opop@iopdc. Mahota av o (X, d) eivon TAfpng tdte Kou 0
(Y, p) etvon Thnpng.

Aoknon 2.1.12. T k&Be a < b to cvvoro C([a,b]) AoV TOV cOVEXDY GLVAPTH-
cewv and To [a, b] 610 R pe tnu Tomoroyia Tng vOppag drelpo,

| Flloo = max{[f ()| | « € [a,b]}

omov f € C([a, b)), eivon TTohwVIKOG ¥DPOG.

Acknon 2.1.13. O1 akolovbiokoi ympotr /P pe 1 < p < 00 pe TNV Tomoloyio Tng
p-voppag | - |, eivon Iodwvikoi ydpot.

Aoknon 2.1.14. Av o1 (X, d) ko (Y, p) eivon mhfjpeig kon droyopicipor petrprkoi
xoportote ot X @Y o X x Y pe 11g petpikég mov avapépape otny Eicaywyn eivan
eniong TANPeIS Kot Sy wpicipotl peTpikoi ydpot.

Sopnepdivete 0T TO e0OO AOPOIGHA KOt TO TENEPAGHEVO Ywopevo [Todmvikmdv ydpov
eivan [ToAwrikog ymdpog.

Aoknon 2.1.15. Av (X,,, d,,)nen €ivan akolovBia TAfjpav Kot Siaywpicipoy peTpt-
KOV xhpov toTe 0 [ [, .y X7 HE TN peTpiki mov avapépape oty Eicaywyh eivon eniong
TANPNG K1 Sy wPIGIHOG.

Sopunepdrete 0T TO dmelpo apiOpfcipo ywopevo Iohwvikov yopov eivon eniong
IMoAwrikodg ydpog.

Acknon 2.1.16. O1 ywpor R, n > 2 pe tnv toroloyia tng covbovg EvkAeidiog
petpiknc ko o RY pe tny tomoloyia ywoépevo eivon Molwvikoi yohpo.
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Aoknon 2.1.17. T k&Be petpikd yopo (X, d) ko kabe pn kevd covoro A © X
woyvern (2.1),

Yy K&Be z,y € A.

Acknon 2.1.18. To cbvVvolo TOV ONHEI®Y COVEXEING HING TOYXXING COVAPTNONG
f(X,d) = (Y, p)
givon G5 6Ovolo.
Aoknon 2.1.19. Ta covora (0,1] ko [0,1) U {3} pe tn oxetikn tororoyio Tov R
eivon ToAwrikoi ympot.
ToQ x (R\ Q) S R? 8ev eivan [orwvikdg vrdympog Tov R2.

2.2, Ilemepaopéveg akorovlieg

Ocwpovpe eva pn kevd ovvoro X . Me tov 6po memepacpérn akorovdia cto X ev-
voobpe pia covaptnon u : {i € N | i < n} — X, 6mov n € N. Zopfoliloope o tétoia
u pe (u(0),...,u(n — 1)). ZopreprhapParovpe oTic Tenepacpéves akolovbieg Ko Tny
Kkevi akoiovBia, tny onoia copPforilovpe pe A. Aoth TpokdnTEL 0md TOV TPONYOOUEVO
opiopod Y1 n = 0 6mov o nedio opiopod {7 € N | i < 0} tng u eivon To kevd cHYOAO.

TopporiCovpe pe X <N 1o sorolo dAwV Tov tenepacpévor akolovOimr 6to X . Eivon
COPES OTLTO TPONYOVUEVO N GTOV OPIGHO TNG TETEPACHEVIS AKOAOLOING eivon Povadiko.
To pikog pioag nerepacpévig akohovdiog u : {i € N | i < n} — X eivon akpifog avtod
70 povadiko n kot copfolileton pe |ul. Etor éyoope

[u =0 <= u=A xu
u= (u(0),...,u(|ul — 1)), yKiOeue XN

INa mropaderypa Exovpe Tig nenepacpéves akorovdies u = (a, b, c) kv = (d, e)
670 cVvvoho {a, b, ¢, d, e} pxovg 3 ko 2 avticTory.

Av éyoope € X koun € N, pe ()" evwoodpe TNy terepacévn akolovdia u
pfKovg n mov givon otabepi oto x, dSnradf tvw : {i e N | i < n} - X : u(i) = .
Onwg npw pe n = 0 €yovpe TNV Kevi) akolovdia.

H mapa®esn (concatenation) tng u € X <N pe tnv v € X <N eivon n akolovBia

uxv = (u(0),...,u(jul —1),v(0),...,v(jv] = 1)).
INa topaderypo av u = (a, b, ¢) ko v = (d, e) TotE
uxv=(a,b,c,d,e) wm vxu=(deab,c).
Eivoun cagéc otiu + A = A+ u = u yi ké0e v € X <N,
Tto cvvoro X <N opilovpe tn Sipehf oyéon C wg €€,
uEv <= |u| < |v| ko Vi < |u] (u(i) = v(i)).
INa mapaderypa (a,b) E (a, b, ¢) ko (a,b) £ (a,c,¢) yia b # c. Eniong A £ u y1x ke
u € X =N (kaBolkdg mocodeikTng pe Kevd medio).
Eivou capég 6T1 1 oyéon E kavomolei TIG TPELS 1d10TNTES TS NrdToéng,
u Eu
(v &VEuU) — u=v
(ucv &vEw) — uCw
Y1 k&0 u, v, w € X <N. To avetnpd pépog tne = eivon 1) oyéon = e
UV <= uCZov&u#v.
TNa rapaderypa (a,b) = (a,b, c). Eivon cagés 61 u & v aw Ko povo av u = v Ko
lu| < |v|. O@a Aépe 6tinu € XN eivon apyued Tpipa tng v € X <N 4 611 v eivon
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EMEKTOON TNG U OV u = v. Oa Aépe emiong 6T 1 u givot YYNGL0 ApYIKé THNHA TG U 1)
o0T1 N v elvon ywiolx emékToeen s uw av u = v. To v eivan dpeon enékTacn TS u o
v =wu=(z)ylkarow z € X.

Abo nenepacpéveg akorovdies u, v Aéyovtan cOPPaTES, cOPPOAKE ul|v avu E v
v & u. TNa mapaderypa (a, e, b)||(a, e) xon —=((d, a)||(d, b, ¢)) Y1 a # b. O pn copfatésg
TETEPACHEVES akolovBieg Aéyovtan emiong acvppfates. Oa coppoiriloope u L v dtow
ot u, v givon acdpPartes, étormov u L v <= —(ul|v).

Ou emikevTpwOoOE oTNY Mepintwon 6mov X = N. To cvvoro N<N givon api@uficipo
obvvolro. T va To dodpe avtod Bewpodpe yia kdBe n € N to cbvoro A,, OV TOV Tene-
PAGHEVOY aKOAOLBIOY amtd PVGIKODE ap1Bpovg pe pikog n. T tapdderypa Ag = {A},
Ay ={(%) | i € N} ko.x. Tote

N<N = UnEN An

Eivou copég 6t1 vmapyer avtiotoryio avapeca oto A, Ko 6TO TETEPAGHEVO YIWOHEVO
N™ yix k40 n > 1. Tote k&e A, eivou apiBpioipo ko enopévog ko to N<N eivon
ap1OUAGIHO GOVOAO.

Eivou xpfG10 Vol GmopoVvAOGODE i GuyKekpipérn amapifunon too N<N. Apyca
Bewpodpe Ty avgovca anapiOuncn TV rpaTor apibuvy

Po<p1 <pe<--<pnpn<...,

Miadn po = 2,p1 = 3, p2 = 5, p3 = 7, pa = 11, x.ox. Opiloope Tn covdptnon
K®OIKomToineng

2.7 NN S Nrw = (u(0),...,u(n — 1)) — (u(0),...,u(n — 1))
pe tov e€fg Tpodmo:
po PZ—l , o avn =1
1, avn = 0.
INo Topdderypo
(4,0,1) = 241 . 30+1 . 5141 — 95 .3.52 — 32.3. 25 = 2400.

Avtictpo@a av mapovpe Tov aptBpd 120 TOTE PTOPOVUE VA TOV PEPOVLE GTT) HOPPH
23 . 31 . 51 kou emopévmg Prémovpe 6T1 120 = (2,0, 0).

Eivan onpavtikd va tpocBéTovple Tn povdda 6Tong ekBiTes TV duvdpemy YiaTi £To1
HUTOPOVHE VO AVAKTHGOVLE TNV apytki akoAovBia. AAMAIDG Sev Ba giyape TpOTO VA YVO-
piCovpe av o apBpog 23 -3 - 51 =23.31.51.70 =23.31.51.70. 119 awricroyei 610
(3,1,1) foto (3,1,1,0) fo70 (3,1,1,0,0) k.TA

Mo T akpifera and 1o OepeMmdes Oedpnpa tng Ap1OunTikng (povadikdtnTa ypa-
PG 0g Ywopevo TpdTov) 1 covdptnon { - ) eivon éva-tpog-éva (Acknon 2.2.1). Ano Ty
AAn n (- ) dev eivon empop@iopde. Na mapaderypa Sev naiprer Ty Tipn 0. MdhioTa
enedn pﬁ“ = 2F+1 = 2. 2% BAérovpe ot mépaw TG povadag n { - ) maipret povo dptieg
Tipég, dnAadn o apBpog (u(0),...,u(n — 1)) eivon dptiog axpipog dtav n akorovdia
u = (u(0),...,u(n — 1)) 8ev eivon n kev axorovdia.

Zopporilovpe pe Seq To GVVOAO OADY TOV TIROY TNG < + ),

Seq={se N | JueNNs={(u0),...,un—1))}.

Av s = (u(0),...,u(n — 1)) Ba Aépe 6T1 T0 s eivon KOOIKOG TNG .
OpiCovpe Tn @ooun arapidunon (u,)sey Too N<N wg npog tnv kodicomoinon (- )
g e&fig:
{(k’o,...,kn_l), (XVS:<ICO,...,kn_1>€Seq,
us =

A, AMDG.
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INa nopdderypa (3,0,1) = Ugz0,1y = U352, Emiong A = uy ywari to 1 eivon
Kmdikog Tng A ko A = us yioti 0nwg eEnyfoape To Tovm 5 ¢ Seq.
o x&0e s = (ko, .. ., kn—1) Ko kGOE i < n opilovpe

Me adha Moy to (s); givon o povadikdg euoikods apldpds k Yo Tov omoio vdpyovy
koy... ki—1 xankiyq, ..., kyp—1 Y@ kdmolo n = 1 étol dote

s = <k/’0, .. .,kifl,k, ki+1, .. .,kn,1>,

ePOGOV PUOIKG LIAp)EL TETOW0G k. Enekteivovjie Tov opiopd (S); Kot 6TIC TEPINTAOCELS
omov s = (ko, ..., kn_1) € Seqko i = n 0 s ¢ Seq B¢tovrag tote (s); = 0.
‘Eyxovope Aowdv

k, owomapyoov ko, ..., ki—1,ki, ..., kp—1 Yt KGO0 11 > %
(S)z: HSS:<k0,...,ki_1,k, ki+la~'~7k77,—1>7
0, oAMkg.

To mopdderypor (22 - 31 - 5% - 72)5 = ((2,0,3,1))2 = 3. Axopa ((2,0,3,1))42 = 0 yroti
42 > 2,0,3,1| = 4 xou (5)42 = 0 yroti 5 ¢ Seq.

Me 71 fonBe1a TV T10 TAV® COVAPTHOEDY LTOPOVLE VX EKPPAGOV|E TPOTAGEIS TOV
QVAPEPOVTOL GE TETEPACUEVES AKOAOVBIES PUOIKOY OPIOU®V 06051 70TE pPEYAIOV PIKODS
€ TPOTAOCELS JI€ TOGOOEIKTEG TOV AVAPEPOVTAL GE PLGIKOVS aplOos. [ Tapaderypa
av (Pp,)nen eivon a axolovBia vrocoroiwy tov N tote 1 TpdTOcn

“vi k&Be n € N to cOvoro P, epiéyel TOLAAYIGTOV N SPOPETIK oToLyein”
eivon 100d0VapN pe TNY
VneN3IseNVi,j<n((s)ieP, & (i #j — (s)i #(s);)),

1 omoia eKPPALETO TPOPAVMOG LOVO HE TOGODEIKTES TAV® GTOVS PLGIKODS APLOPLOVG.

Téhog avapépovpe 6T1 O Oempodpe To 6Ovodo N<N pe tny tomoloyio wov wapd-
yeTou a6 T Srokpri) peTpiki 6mov kéOe rocdroro Tov N<N eivon avoktd. Epodcov
70 N<N givon apibpficipo covoro tpokdrtet 61 eivon IIohwuikog yHpog.

Aocknoelg
Acknon 2.2.1. H covdptnon
NN S Nrw = (u(0),...,u(n — 1)) — (u(0),...,u(n—1))
eilvo HOVopop@IoHOC.
Aocknon 2.2.2. Bpeite évav Gptio apiBpd moo dev Aappdretal og Tipi Thg covap-
mong < - ).

Aocknon 2.2.3. Oswpovpe éva Q = N x N. Exppdote pe tn fondein tocoderktiv
oto N v npodTacn

“yia kB n vrapyoov ki, . .., ko, € N Sropopetikd avd S0

29

pe (n,{(n,k;)) € Q,yuakdbe i = 0,...,2n.
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2.3. Or ywpor tov Baire kon Cantor

Opiopog 2.3.1 (O ydpog tov Baire). Oewpodpe to cvvoro NN drav tov covapti-
ceov and To N oto N (drneipec akorovbiec). ZopPolrifovpe ta ototyeion Too NV pe tar
HIKP& EAAMVIKG Y pappoTa o, 3, 7, . . . kot to obvoro NN pe N, Emiong Oa ypdpovope éva
a € N ag “drepo didwoopa” o = (a(0), a(1),...,a(n),...).

Na o, B € N pe a # 3 0étoope

n(a, B) = o eddyrotog n € N pe a(n) # B(n).

OpiCoope T oovdptnon dy : N x N — R,

{2”(’1’5), ava # [

0, oava = .

dN(CE,B) =

Tote n cvvdptnon dys eivon petpiki oto N (Acknon 2.3.14). O petpikodg ydpog
(N, dn) ovopdletan 0 yopog Tov Baire.

Oa kaloOpe eniong ydpo Tov Baire tov tomoloyiké ywpo mov npokdnTeL and T e-
TPIKN dps.

INa map&derypo av o = (5,6,7,1,1,1,. ), 8 =(56,1,1,1,...,1,...)
kony = (3,6,7,1,1,1,...,1,...) tote n(« ,B) = 2Kmn(a,7 = n( ,7) = 0, onote
dn (e, B) = 272 kan dpr (o, 7) = da(B,7) = 2° = 1.

Opropog 2.3.2 (Ilepartépow Zoppoiicpoi).

Enexteivovpe Toug OpiGHONG TOV * Kol = AVALECH GE TENEPAGHEVES KO GTEIPES
aKoAoLBiES e TOV Tpoav TPOTO,

wxa = (u(0),...,u(|ul —1),a(0),...,a(n),...)
uE a <= Vi< |ulu(i) = ai),
omov u e NN ko av e V.

Mo k&e u € N<N opiovpe tn pasucn meproym Tov ydpov Tov Baire,

(2.8) Ny={aeN|uCa}
={u(0)} x - x {u(lu) — 1)} x Nx Nx ....

Aocpévov o € N ko n € N opioope

(2.9) =(a(1),...,a(n),...) eN

(2.10) | = (a(0),.. ,a(n —1)) e NN

2.11) a(n) ={a(0),...,a(n—1)>eN

(2.12) (@)n = (a({n,0)), a({n, 1)),...,a((n,t)),...) e N

MdaMmoto o1 mo mowve TpdEels opiovr coveyeic covaprioels (Acknon 2.3.18).
INo nopaderypo o u = (3,4,5) ko a = (7,8,9,10,...) = (n— n+7), tote

u*xa=(3,4,5,7,8910,...)

(7.8) C
Ny ={BeN | B(0) =3 &B(1) =4 & B(2) = 5}
*—(8,9,10,...)
ald = (a(0), a(1), a(2),a(3)) = (7,8,9,10)
a(3) =<7,8,9)

(a)s = (a((3,0)), a((3,1)),...,a((,1)),...)
= (a2 3),a(2-3%),..., (2% - 31T1),..))
=2 3+7,24-3247,...,20 30 L7 ).
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Eivon cagég 0t A £ «, |0 = A xon
uEa <> aln=u, Onovn = |ul
1 k&0e u € N<N ko o € .

To emdpevo Mjppa covdéel tig avorktég prdheg tov (N, dyr) pe ta covora N,
uwe N<N,

ANppa 2.3.3. Ocwpodue r > 0 kar n tov eldyioro pvoiko apiBuo pe 2~ < r. Tote
yia ke o, B € N ioyver

dy(a, B) <r < Vi<na(i) = B(i).
Sovemis kdOe avoikth urdda Bg,, (o, ) 1covtal pe to cvvoro N, aln Vi@ kdrowon € N,
ka1 kdOe svvolo Ny, 6zov u € N<N, i6ovtar pe v avoikeij prdda By, (ux(0,0, . .. ), 27 (4=,

Amoderén. Oewpodpe r ko n OTOg 6TNY ekPOnon kot o, 3 € N. Mropodpe va
vrobécovpe 0T v # B alMidg n {nTtodpevn 1Icodvvapia givon Tpopavig.

Avd(a,f) < rtote2 P8 < r Aveiyope n(a, ) < ntote 27" < 27 "(@h) <
r ko Tote 0 n dev Ba TV 0 EAEYIGTOG POOIKOS Pe THY W1oTnTa 277 < 1. Apan <
n(a, B) xon Y1 k&be ¢ < noyderi < n(a, ), enopévog (i) = B(7).

AvtioTpoga av Yo k&be i < noyver ai) = B(i) toten < nla, B) ko dpr (e, B) =
2-@B) < 971 < . Auto Seiyver T {nTodper 1coSvvaia.

O 16 VPICPAG Y10 TIG AVOIKTEG UTAAES €iVat GPECOG OO T TPOTYOOHEVL:

Avr > 0 ko n givon 0 EAY16TOS PUOIKOG He 27" < 7 TOTE ATO MO TAV® EYOVUE

B € By (a,1) < Bln=aln
< ant f

— e Na|n
Y k&Be 3 € N. Apa By, (a,7) = Ny

Emmhéov y1o ke u € N<N naiprovope 7, = 2714~ ko dpa 0 ehdyiotog pooikog

npe 27" < ry givon o m = |u|. Ao Ta TponyodpeVa £xovpe
BdN(u * (O, 0,... ), 27(@‘71)) = Nu*(O,O,... Ym = Na.

AvTd 0hoKAMpOVEL TNV ATOOEIEN. =

Topa propodpe va yapakTnpicovpe Tn 6OyKAIoN akolovBidy 6Tov ydpo Tov Baire.

Mpotaon 2.3.4. Ta kdbe akolovbia (a;)ien otov N kat kdbe o € N éyovue
(2.13) a; 2 0 = V¥n lim o;(n) = a(n)

1—00
<= Vn Ji, Vi = i, a;(n) = a(n).

Amoderén. Topatnpovpe 611 1 Tedevtaia wodvvapio 16yvet yiati to a;(n), a(n)
eivan ouoikoi aptBpoi. Agiyvoope eTOPEVOS TNV TPOTY 1GO0SVVApIL.

, , , dar , , .

INa v evbeia katedOLVON Oewpolpe o; —> a kKou maiprovpe éva n € N. And to
Afppo2.3.3 yier = 27" urdda Bgy, (o, 27™) 1600T01 e To 6OVOAO Nal(n+1)~ Egocov
1 akolovBia (av;)ien GOYKMVEL 6TO @ éxovpe a; € By, (o, 27™) = Niyj(n41) Y10t OMat T
peydda i. Eadikotepa o (n) = a(n) yior Ohat Tow peyda .

Avtictpoga vrrobetovpe oty kdbe n € N oyver lim;o ;(n) = a(n). Oe-
wpovpe 7 > 0 ko N tov eldy1oto guoikd pe 27N < 7. And to Afupa 2.3.3 15)0el
By, (a,7) = Nyn. T ke n < N éyoope lim;_, a;(n) = a(n) kat 6mog éxoope
eEnyfoet omapyet i, € N éto1 hote o k&e @ = iy, 1oyveL o (n) = a(n). Ottoope
1o = max{i, | n < N}, tote 1o k&Oe ¢ > i ko k&Be n < N wyder a;(n) = a(n).

Tovendg Y1 kKabe i > ig éxovpe ai| N = a|N, dnhadn o € Ny iy = Bay (a, 7). o

Mpotaocn 2.3.5. H toroloyia tov (N, dnr) eivan n tomoloyia ywéuevo oto NV,
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AT6d€1EN. APOD 01 AVOIKTEG PTAAES G £V PETPIKO YDPO amoTEALOVV Pdion Yot TNy
Tomoloyia evdg peTpikod y®pov TpokdrTel omd To Afppa 2.3.3 61 To sdvora Ny, u €
N<N, etvon dpr-avorktd kou emimhéor anoterody Baon yio tnv tomoroyia Tov (N, dr).

EmnAéov, a@od ta povoovrolx 6to N amotehovr faon yia Ty tororoyia tov N,
gyoope an6 tny (1.1) oty Eioayoyf 6t ta N, anotedody fdon yia Ty Toxohoyio yi-
vopevo oto NV,

Tovenmg n Torooyintov (N, da) koun Tororoyia ywopevo too NN éyovv piakowr
Baomn ko Gpa givan iceg.

Qg devrepn anddeién avapépoope 6T1 amd T [IpdTaon 2.3.4 611 n Tonoroyia Tov
(N, dy) elvon aoth Tng kotd onpeio cOyKAMong Tov OTOG eivan YLOoTH avTh eivan 1
tomohoyia ywopevo otov NI, o

Ipotacn 2.3.6. O (N, dy) eivar wlijpng kau Siaywpioos petpikds ywpog. Zove-
WS 0 ywpos tov Baire eivat [lolwvikoc.

Amoderén. Or telkd pndevikés akorovdieg
ay = u*(0,0,...) = (w0),...,u(|ul —1),0,0,...) (ueN=N)

AnoTEAOOY vt ApIOPNGLHO Kot TOKVO 6OVOAO Tov (N, dyr) kobhg Exovpe o, € Ny Y1
k&Oe u € N<N, Emopévag o ydpog eivon Staympicipoc.

INa v inpoTnTa Bewpodpe pa das-Cauchy akorovbia (o) en. ZTobepomolodpe
évan € N. Tote omapyet éva i, € N €101 DoTE Y10 K&AOE 7, § = iy ExOVpE dpr(ty, o) <
27", Xovemdyeton 0Tt

(2.14) a;(k) = oj(k) o kdBe k = 0,...,n ko k&Oe i, j = iy.

Edikotepa 11 akohovbio puoikmy aptBpodv (a;(n))en eivon teMkd otadepr ko ion
pe tov apOpod oy, (n).
Enropévwg opiloope

a:N—->N:an)=lim a;(n) = a;, (n)

OmoV 1, elvon OGS MO TAV®.
Eivon cagég amd v (2.14) ot oy (k) = au, (k) = a(k) Yo k&e i = i, kon ke
k=0,...,n Aoty (2.13) tpokdntet oy -2 . o

Ba dovpe apyodTepa (7?7) 6T1 0 Ydpog ToL Baire eivot TOTOAOYIKA 1GOHOPPIKOS HE
Tov [Tohwvikd ydpo Tov dppntowv apldpov.

BOeopnpa 2.3.7. Ta kdbe [olwviké ywpo X vrdpyel Evac GOVEYHS EXUOPPIOUOS
TN - X.

ATéde1En. Oemwpovpe pia KATAAANAN peTpiki d 6T0 X' Ko éva GOVOAO
D={r, | neN}

7oV givan aplBPNGIHo Kot TUKVO LITOGOVOAO Tov X'. Kdbe x € X eivon to dpio piog ako-
Aov0iaG (Tk, )nen TNG (71 )nen. H 188 eivon v mépoope o = (ky )nen € NY kon toTe 0ot
gyovpe T = limy, 00 To(n)- TO TEAEDTOIO Op10 B0t £ivon 1 TIpA TG T 670 .

‘Eva tpopAnpa tov avakdntel eivon g n akoAoUOi (7q (n))nen HTOPEL VL Ny GO-
yrMiver Yo kdBe o € N T v to 10pBdcovpe antd B AUTIKOATAGTGOVLE TNV AKOAOD-
010t (7o (n) )neN HE P10t GAAN, oG TN GLUPOAIGOVHE pE (T4 )nen, N OTOiX GLYKAVEL 1o KGOE
o Ko ) covdptnon a — lim,_, o zo eivan coveyfg. EmmAéor yia o emapkdg peydin
oMoy o € N 1 (2 )nen eV BI0@EPEL OVCIAGTIKE AMO TNV (74 () )neN KL ETOPEVOG
KaOe x € X B happdvetoan og Oplo pog axkorovbing Tng popeng (&) nen -Ba Eyovpe
dnAadn Evav empopPiopod.

‘Exovtag avtd ondyn npoympape 6Ty Kotookeor Tng m. Apyikd opifovpe pia ot-
KOYEVEW (2, ) yen<r (A} OTOLYEIOV TOL X pe enaywyh) 670 piKog |uf too u e NN\ {A}
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Ta [u] = 1 pe u = (ko), opilovpe T, = T(k,) = Tro- YTOOETOLHE OTL YIX KATO1O
n > 1 éyoov opiotei x,, Yo k&Be w € NN pe 1 < |w| < n.
Oewpovpe u € N<N pe |u| = n. ®@¢toope nposwpwd w = (u(0),. .., u(n — 2)) kou
k = u(|u| — 1) éror mov
u=w* (k).
Ipogavag |w| = n — 1 ko and v Erayoyikn Yrobeon £xer opiotei 10 x4. Opi-
Coope
Ty, OV d(Ty,TE) <277,
Ty =
Ty, OAMOC.

‘Etot éyer opiotei n okoyéveia (T ) yen<m A} -
Efvan 6o@éc omd Tov T10 Twm opiopd 6Tt d(zy, 2,,) < 271" dmov u = w+u(|u|—1).
[Tpoxorrel 6T1 Yo k&Oe w & u pe u = w * (ko, - - -, km),
d(l‘w, 1‘“) < d('rwa Jjw*(ko)) + -+ d(xw*(kg,...,lcm,l)y xu)
<9 (wl+1) . .4 9=l
o0
< Z 9—(lwl+k) _ 9—lwl
k=1
Enopévawg yio kBe o € N xou kéBe 1 < n < m oy det
(2.15) d(xahwxa\m) <27
Apa i k&Be o € N 1 akohoobia (24, )nen eivon d-Cauchy. Agod o (X, d) eivon mhijpng
opileton n covdptnon

7N - X:w(a) = lim x4,
n—0ao0

Haipvovtag oplo m — o0 oty (2.15) éxovpe d(xq,, T(a)) < 27" y1 kGO v € N
kot k&Oe 1 € N. Emopévag av 3 € Ny, Snhadn av fln = a|n 1oydet

d(m(a),m(8)) < d(7(), Tajn) + d(zapm, 7(B)) < g—ntl

Yo k&0e o, 3 € N xon kéOe n € N. Eivon tOte dpeco 6t m eivon coveyng (kon pddiota

OMOIOPOPP GLVEYNG).
Télog deiyvoope 0T1 N 7 eivon empopPiopos. Av z € X opifoope to o : N — N wg

ebne:
(2.16) a(n) = o ehdyiotog k € N pe d(rg, z) < 2~ ),

(Mo x&Be n € N vrdapyer tétorog k yiori To covoro D = {ry | k € N} givon mokvod.)
Tote d(ron), z) < 2~ "+ ka

d(,na(n)ﬂﬂa(ml)) < d(Ta(n),z) + d(I,Ta(nH)) < 9= (n+3) | 9—(nt+4) _ 9—(n+2)

Yy k&Be n € N.
IIpoxodnter pe emaywyn 6Tt

Tal(nt1) = Ta(n) YW K&Oen € N.

(Anhadf) yU' avto To a svpPaiver Thvta n TPOTN TEPITTOON TOV OPIGHOD TNG Ty, )

Zovenmg
(o) = lim x4, = lim z = lim r =z
(@) = lim zq, = M 4|1y = 1M 74(n)
Ko 7 eivon ETPOPPISUOGC. o
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Hopatinpnon 2.3.8. H covdptnon 7 : N — X 1tng nponyoduevng anddeiéng emi-
d¢xeton avticTpopn covdptnon. Anladi vrdpyel povopopPiopos T @ X — N pe

m(1T(z)) =2 yuakdbe r € X ko 7(m(a)) = @ yakdbe o € T[X].
H oovaptnon 7 diveton oty aponyodpevn anddeitn and to (2.16),
7(z)(n) = o eAdyiotog k € N pe d(rp, ) < 2~ ze X neN.

Av B¢covpe o = () TOTE 610G Seiape m(a) = x, dNAadh w(7(x)) = = Yo kGOe
z € X. And oaotd TpokdRTEL OTL 1 T Elvot HOVOROPPIGHAG,

T(x1) = 7(22) = 7(7(21)) = 7(7(22)) = x1 = X2
Emimhéov yia k&be o = 7(x) £xovpe

T(r(a)) = 7(x(r(2))) = 7(2) = o
Hoépopa 2.3.9. Kabe [odwvikoc ywpog Eyer mAnbapiBuo pikpotepo 1j ico tov ovve-
yovc.
AnéderEn. And tnv [Mapatipnon 2.3.8 yia kdOe [Tohwvikd ydpo X vrapyer povo-
popeiopog f + X — NV, Apa X <. NN =, R. o

Yrapyoov pooikd ITorwvikoi ydpor mov dev eivon 1cotAnbikoi pe tov R 6nwg yio
mapdderypa o N. O dodpe 6T1 T V0 TEAEVTAIX GOVOAX ATOTEAOVY T1G HOVUDIKES ““TTAN-
BucotnTes” IloAwvikdy YOOV £TG1 TOL 1) TEAELTAIX KAAGT) GOVOAWOV 1kavontotei Ty Y -
Beon Tov Zoveyobg.

Opropog 2.3.10. To 6OVoA0 OA®Y TOV SDASIKOV (ATELP®Y) AKOAOVOLOV givat TO
{0, 1} 1o omoio copPorileran kar wg 2N, Tpogavmg avtod givon vrosHroro Tov N Kat
Bewpovpe GE AVTO TN PETPIKT

dow = dpr|(2Y x 2M).

O x®pog Tov Cantor eivon o petpikds ydpog (2V, don). Xpnoipomolodpe tov 1810 dpo
KOl Y10t TOV TOTOAOYIKO Y(DPO TOL TPOKVOITEL.

Hpotaon 2.3.11. O (2, dyn) eivar ovpmayic petpikéc ypog ko covernds o avti-
OTOLY0S TOTOAOYIKOS ypog eivar TTodwvikig.

Amoderén. Av deifovpe 610 (28, don) elvon copmayng PeTPIKOG YDPOS, 16050V
ot 7o 2N givon ovopmayés vrosHroro Tov N, Ba éyovpe emiong 6Tt To 2N eivan KAe16TO
otov NV. Tovenmc Oa éxovpe 6t1 0 2N givon TTodwvikdg yhpog.

‘Brag tpomog yio v Seifovpe tn copmdyela givon va mapatnpioovpe ott 2N =
[ 1,,en{0, 1}. TvwpiCovpe 0T1 TO KAPTESIAVO YIVOPEVO GUUTXYOY GOVOMMY EiVal GOPTN-
Y€G 6OVOAO (Y10t TOY O YIVOPEVO TOTOAOYIKOV Ydpov yperdletar to Oewpnua Tychonoff
€8k £yovpe OpOG pOVO apBpfcIHo Ywopevo). Agod to {0, 1} eivon copnayég vrocbrvoro
tov N éyovpe 61 70 [ [,,110, 1} givon copmayég vrosdrolo Too NN e tnv Ttomooyia
YWopHEVO. ADTH Op®G givan 1) Tomoloyia Tov yhpov Tov Baire dpa to 2N eivon copmayég
vocHroAo Tov N.

Aivoope pia akopa arddeiln, n oroio oty ovcia e€nyei yiati To ap1BunoIpo ywo-
HEVO CUPTAYDV HETPIKOV YOPOV EiVNL GOPTAYES GOVOAO. Agiyvovpe 0TL K&Be akolov-
Bt () ien oTov 2N éxer cuyKAivovsa vrakolovBia. Oempodie apyikd TNV akolovBic
(;(0))ien. Agod To {0, 1} eivon nenepacpévo vrdpyer vrakorovdia (a0 (0))ien mov €i-
vou otadepi| oo {0, 1}.

Emerra Oewpodpe Ty axorovbia (a0 (1))ien. Tote vmépyer pra mepontépm vrako-
hovBia (a1 (1))en n omoia givon TeMkG otabepry. Zoveyilovtag avadpopikd Ppickovpe
o (pGivouésoc akolovBia

Ly2L2---2L,2...

L,={k|ieN}={kj <--- <kl <...}, mneN,
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anod dretpa vrocvroa Tov N, £tot dote yio k&Oe 1 1) aohovBia (agr (n))ien eivon oTa-
Bepny.

INo k&Be n < m o1 gooikoi apBpoi k' < --- < k' avijkoov 6to 6bvoro L, =
{k{ < - - <kl <...}.Ipokonter 6Tt kI = k7' yix kmoto ¢ = m. Exopévog

m __ 1.n n n
km - kz > km > kn'

Apan (8i)ien = (kb)ien etvon yunocing adEovsa axolovdia GuoIKOY aptOpdY
Opiloope
a(n) = agn(n)

T k60 n € N. Tote o € 2V,

Agiyvoope 6t1 g, — . 'Boto n € N, tote Yot k&Be 7 = n €yovpe

04, (n) = g (n) = e (1) yic xémoro j,
O6moL oTNY TehevTaia 160TNTA Y pnoiponoifcape 6Tt L; S L,,. Exe1df] yio k&0e n n axo-
Aovbia (agr (n))ien eivon oTabdepf éxovpe
agn (n) = agp(n) = a(n).
Apa yie kdBe n € N éyovpe lim;o a5, (n) = a(n) ko and tnv (2.13) &éyovpe

as, 5 a. Agod Ta ;, i € N kau to « eivon ototyeio Tov 2N ko 1 petpikh dov eivon o

d
nepropiopog e das oo 2N x 2N mpokontel 6t g, 25 . o
Oeopnpa 2.3.12. I kabe télero Molwvikd ywpo X vrdpyel Evag coOVEYAS Hovo-
poppiouoc T : 2N — X.

Amoderén. ®étoope I = {0, 1} <N kou sTabepomotodpe pia copfoati petprkh d oTov
X.

Karaokevdlovpe avadpopkd pio owkoyevein (Vy,)yer omd d-avoiktég pnaleg Too
X pe Tig €€ 1010t TEG:

oxtiva(V,) < 271
V) N Vux) =

Y k&Be u € 1.

o apyikd Phua emiéyoope éva o € X ko naipvoope Vi = By(zg, 1). Yrobé-
TOLpE OT1 Y1 K&mowo n = 1 éyovpe opioel V,, 6nwg mo wdvew Yoo OAx tox w € I pe
1< |w| <n.

OpiCoope tat Viyy(iy, @ = 0,1, yre Ohx tax w € I pe |w| = n — 1. Oewpodpe éva
tétoo w. H prndda V,, Sev propei va mepiéyel povo to KEVTPO NG, GAMMOS avtd B fiTow
pepovopévo onpeio tov X. Eropévmg vrdpyoov otoryeia zy, x’ tng Vi, pe gy # xf.
A@od to V,, elvon oworktd 6Orolo, DIAPY oLV aVoIKTEG prdhes By ko B pe kévtpa tal
zg, ) avtictouya, pe axtiveg pikpotepeg 1 iceg ToL 277, TOV IKAVOTOIOVV ENIGNG

Big’mBi}":Q Ko Big"ngEVTU 1=0,1.

Omnore opiloope Viyy 5y = B, ¢ = 0, 1. Eivou cagég 6t1 ikavonoodrtal Tio mdvm
1010TNTEG. AVTO OAOKANPOVEL TNV KATACKELT.

Mo kdle o € 2V n (Vajn )nen €ivan pio @Bivovca akorovbio kKAEIGTOY GOVOADY
Tov onoiev 1 Siapetpog cvykAivel 6to 0. Apoo o (X, d) givon TAfpng, and va yrwotd
Bempnpa Tov Cantor (Apyn Kifwtiopov), n topq

ﬂnEN Va|”

eivan povoovroro. Opilovpe

2N X {r(a)} = ﬂneNm'
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Av ta o # 3 eivan ototyeio Tov 28 ko n eivon o eddyiotog k pe a(k) # B(k) tote
aln=pn xa  a(n) # B(n).

Xwpic Prapn tng yevikotntog Oempodpe a(n) = 0 kou f(n) = 1. Eniong 0¢toope
w = a|n = B|n. Tote 7(a) € Vi (nt1)> T(B) € Vij(ng1), K11

Valm+1) 0 Vi(nt1) = Vus©o) 0 Vxq) = -
Enopévwg T(a) # 7(8). Téhog deiyvoope 6t n 7 givon coveyng. Oétoope
Ty, = TO KEVTPO TNG QAVOIKTHG UTEANG V.
Eoto o € 25, Tote y1 k&Oe n éxovpe 7(ax) € Vg, Kot eTOPEVOS
d(1(a), Tapn) < 2 axtiva(Vy,) <2-27" =277+
Zovendg ov 5 € Ny, SNhadi) av 3|n = a|n tote
d(r(a), 7(8)) < d(1(a), zajn) + d(zajn, T(B)) < 227" =272,
IIpokoOmTer and To mo mhvw 6T N T eivon coveync. =
Onwg eival YVOoTO 1) TPONYOVHEVI GOVAPTNOT T €YEL GOVEYT AWTIGTPOPT. ADTO

16 0e1 Aoym TN copmdyetag Tov 2N, Avagepopacte ektevéctepa oe avTd 6To [opiopa
2.4.4 mo k&tw.

Oocov agopd tnv avtictoryn TAnBupiBpiIKi covénela £yovpe To eENG.
Hoépwopa 2.3.13. Kdabe un kevo téero vmocbvolo evog Holwvikov ydpov Exet tov

wAnbapiBuo tov coveyoic.

Anodertn. Av X eivon [Tohovikdg xdpog ko P givan pun kevd T€Ae10 DTOGOVOAO TOV
tote 0 P pe ) oxetiki tonoloyia eivon télerog Ilohwvikdg ydpog.

Ao To @edpnua 2.3.12 vrdpyet coveyic povopopeiopds 7 : 2N — P kan e181ko-
tepa 2V <. P. Apa

R=.{0,1}"=2"<. P<.R

omov otnv televtain oyéon <. ypnoiponotoape to [opiopa 2.3.9. And to Oehpnpa
Schroder-Bernstein P =, R. o

Aoknoelg

Acxnon 2.3.14. H covaptnon dy eivon petpiki 6to N = NV, Mahota n das eivon
vreppeTpikn (ultrametric), eivon dSnladi peTpiki| ToL 1kavoTolEe

dy (@, B) < max{dy (@, 7),dn (7, 8)}, 1okdBe a, f,y € N.

Aocknon 2.3.15. E€etdote Tig endpeves akorovbies Tov yhpov tov Baire wg npog
TN cOyKAon,

a; = (4,0,0,...),

Bi = (1) % (0,0,...),

v =(0,1,2,...,4,0,0,...),

8 =(0,2,4,6,...,42) = ((=1)") % (0,0,...)
gi = (0,2,4,6,...,2i) % ((—1)%) % (0,0,...),

omov ¢ € N.
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Aoknon 2.3.16. Ta akd6rovBa vrocvvola Tov N eivon kKAeloTd,
A={(n)*(0,0,0,...) | neN},
B={(0)"*(n,1,1,1,...) | ne N} u {(0,0,0,...)}
C={1)"=*(2,3,4,5,...) | me N} u{(1,1,...,1,..)}.

AciEte emiong 6T1 n Paoikh neproyf Ny, 0mov u € N=N extdog and avoiktd eivon ko
KAe16T6 vocHroho Tov N

Aoknon 2.3.17. Kabe N, pe tn oyetiki] Torohoyio eivon Tomoroyikd 160pHopPikd
pe tov N. Bpeite évav katdAANA0 TOTOAOYIKO 1GOHOPPIGHO fry : N —> N,.

Aoxnon 2.3.18. Ot covaptiicelg
s: N —->N:s(a)=a"
f:NxN-NN:fla,n)=aln
;n)
;) = ()n

onwg divovtar otic (2.9) - (2.12) eivan coveyeic. YrevBopiloope 6t1 Bewpodpe To N<N
pe Tn SakpiTh HETPIKT.

2.4. To Oewpnpa Cantor-Bendixson

To endpevo amotélespa divel T GYECT AVEAPECK GTA KAEITTA KO TEAEIN DTTOGVVOAX
evog Iohwvikod yompoo.

BOempnpua 2.4.1 (Cantor-Bendixson). I'ta kdbe kAeioto vrocvvoto C evég [olwvi-
KoV yawpov X vadpyovv dvo covola P, S < C, ue to P téleio (evdeyouévwg kevo), to S
apibuijoipo, P NS = Jxon C =P U S.

Mdhiota n mo rdvw Sidoraocn eivar povadiki, Sniadsh av P, S’ eivar §vo Eéva vro-
cvvola tov C pe to P’ télero, to S' apibuiowo xar P’ v S = C téte P = P xau

S'=S8.

Amoderén. Oewpodpe to khewstd C S X won pio apOpfoipn paon (Vi )nen Y100ty
Tomoroyia Tov X. Opilovpe

P={xeC |¥YnpexeV, t0c0voro V, n C eivon vrepapiBunoipo}
S=C\P

Eivai capéc dt1 PN C = o dt1C = PuS. Agiyvoope 6tito S givan apiBpfcipo
ovvoho. [ kdBe = € S éyoope = ¢ P ko dpa vmapyer n € N étor wote z € V,, kot
0 obvoro V,, n C givon apiBpfoipo. Opilovpe n(x) va eivon o eMdy16T0Gg TETOL0G 1 KL
I ={n(z) e N | z e S}. Tote to I eivon apiBpfioipo wg vrosvvoro tov N. Eniong

ScJVun0)
nel
axpipog yrati z € Vi) yiakdOe z € S = C. Agod to V;, n C' elvon apiBpnoipo ya
kdOe n € I &yovpe 6TL TO GOVOAO S TEPIEYETAL GE Pt AplOpf|GIn EVmoT aptBuncipmy
oLVOL®V. ZOVERMG TO S givan apiBpficipo.

‘Enerta Seiyvoovpe 6tito P givon khe1otd 60voro. Eotw (;)en pio axolovbia péoa
and to P nov ovykAivel oto z € X. Eneid) P < C ko to C eivon khe1otod £xovpe 0Tt
x € C. Ema)léov yia kobe n € N pe x € V,, ondpyeri € N pe x; € V,,. Apod z; € P
éyovpe 6t1 10 cdvoro V,, N C eivon vrepapiBpnoipo. Apa x € P kou to P eivon kheloto.

Eriong to P dev éyer pepovopéva onpeia. @eswpodpe x € Pxoun € Npex € V,.
To cvvoio

VonC=VyanP)u(V,nS)
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eivau vrepapiBpnoipo eved to Vi, N S givon apiBunoipo og vrocHrolo Tov S. Zovenms To
Vi, 0 P givon orepapiBpfoipo kot g101kotepa vmapyet y € V,, N P mov givon Sidpopo Tov
x. Apa To x dev givon pepovmpévo onpeio toov P.
Téhog deiyvoope tn povadikodtnta. Ocwpodpe eva Téleto P’ xon éva apiBpficipo S’
pe P'n S" = @ ko
PuS =PuUS.

Oewpodpe v € P/, apod P’ € PuS = C éyoope 6tix € C. Avéyoope x € V,, to1e,
X PNOHOTOLOVTOG P10t KOTAAANAQ piKpt] avolkTh pndia oo X, propodpe va fpodpe m
¢torwote x € V,, € Vo, S Vi, Tote t0 Vi, N P ivon pn kevd KAE16TH DTOGVIVOAO TOV
Vin 0 P SV, 0 C. And v A0 t0 V,,, n P’ Sev éyer pepovopéva onpeia (Acknon
2.4.8), apa eivan pn kevd téhero cdvoro. Ewdikdtepa eivan vrepapiBunopo (Iopicpa
2.3.13) ko cvvenmg To vraepovroro V,, N C eivon vrepapibunoipo. Eropévog © € P
Ko dpa P/ < P.

Avz e S tote x ¢ P’ xou apod To TeEAEVTOIO GVVOAO givan KAEIGTO LRRdpyeL n pe
zeEVaxaV,nP = JF ApaV, nC =V, nS <5 ko to cdvoro V,, n C eivan
apiBpfoipo. Mpokvntel 6T1 = € S Ko svvenag S’ < S. [coddvopa P = P,

Kotaifyoope 0Tt P = P kon S = 5. o

Opwopog 2.4.2. 'Eotw X Tohovikog yopos kot C' S X kherotd. Oewpodue ta 6O-
vohx P, S 6nwg oto Oedpnpa Cantor-Bendixson. Aniadn to P eivon téleto, To S givon
apidunopo, Pn S =gk Pu S =C.

To povadiko P 6mwg o ndve eivan o Téderog mopnrag (perfect kernel) too C' ko
70 povadikd S énwg To AV gival To dtdcTAPTO PEPOG (scattered part) Too C.

M Gpeon epappoyn Tov Oewprpatog Cantor-Bendixson givon 1) enéktacn too Oe-
wpipatog 2.3.12 otovg vrepapiBunoipons [olwrikods ydpoug.

Hoépwopa 2.4.3. INa kabe vrepapiBunoo lolwviké yaopo X vrdpyel évag ovveyic
povopoppiousée T 2N — X.

Amoderén. And to Oedpnpo Cantor-Bendixson to khelotd cbvoro X Sracmdton
oTov TéAELO TOL Topfva P ko 670 Sidomaptd Tov pépog S. Av eiyape P = ¢ toTe
T0 X = S Bu fitaw apiBuioipo 6HYoAo, ATOTO.

Apa P # . Apo0 to P eivon khe1otd tpokdnTel 0T1 eivon [Tohwvikdg ymdpog Kot
paMota TéAe10g. And To Oempnpa 2.3.12 vrdpyel EVag cOVEYNG ETHOPPICHOS

N PcX.
H 7 eivon n {ntodpevn covdprnon. o

IHopropa 2.4.4. KaBe vnepapiBpnoipog [Tohwvikdg xdpog €xel Evar DTOX®PO TOL
eiva TOTOAOYIKA 1G0HOPPIKOS He Tov ympo Tov Cantor.

Anoder&n. Eivon yvootd 611 aw éxovpe dVo petpikods yopovg K, Y pe tov K ov-
pmayf) kou évaw coveyfy povopopeiopd f @ K — Y 1ote 10 f[K| eivon coprayés (og
cuveyfg KOV GOPTYo1G Guvdlov) kan ) f 1 1 f[K] — K efvon coveyic.

TNo va Sovpe ywari o f[K] eivon copmayés Oempodpe piar oakolovdict (yp, )nen 6TOV
fIK] kou ypapoope y,, = f(x,) 6mov x,, € K yiae k&0 n € N. Ao tn copndayeio tovo K
ondpyel x € K ko onokoAovdiot (X, JneN HE T, — X, OTOTE ONO TN SLVEYEWX TNG f
EXOOHE Y, = f(Tm,) — (x).

Mo ) covéyela g £~ Bewpoope f(z,) — f(z), 6nov x € K xou z,, € K Y1t
kaOe n € N. Av eiyape x, — x toTe B vIAPye o prdha B(x, r) pe x, ¢ B(z,r) 1o
anepa n € N, ko wdM arwd Tn copndyeia Tov K (eQaplocpévn oty vrakoiovdia Tov
TPOKONLTEL 0O LT T Gerpa n) Ba Ppiokape o vokohovdia (T, Jnen kot 2 € K
pe xp, — z ko xp, ¢ B(z,r), eldikdtepa z # x. And ) covéxewx tng f Oa eiyope
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Yk, = f(zr,) — f(2). Enopévag f(z) = f(x) xou apod n f eivon povopop@iopds Oa
mpoékovnte O6T1 2 = &, ATOTO.
[Ipokorter 6Tin 7 Tov [Mopicpatog 2.4.3 emdéyeTan GLVEYT AVTIGTPOPT CLVEPTNOT).

[m]
M &AM epappoyn Tov Oewpripatog Cantor-Bendixson eivon 1) e€fc.

Moépropax 2.4.5. Ta kAciord vroovvola [olwvikdv ywpwv ikavorotody thy YroOeon
TOV X0VEY0VG.

Anoderén. Eoto X [Mohovikdg ywpog kot C' S X khe1otd. Oempodpe Tov TELELO
nopfiva P kou to Sidonapto pépog S tov C.

AvP =g tote C = P u S =5k dpato C eivon apiBpunoipo. Av P # F anod
o Hopiopata 2.3.13 ko 2.3.9 €yovpe

R< P O X <R,
OmOL 6TN SeVTEPN KOl TPITN GYECT < O TAV® X PI|CIULOTOIGALE THY TAVTOTIKN GOVAP-

™on. Ano to Oempnpo Schroder-Bernstein tpokdater 6t1 C =, R. o

AEiler var amopOVOGOLE TOV EENG XAPAKTNPIGHO TOV KAEIGTMY DTOGVVOA®Y [ToAm-
VIKOV YOPOV TOL givat aptBpiGIPa, O 0T0i0g TPOKOTTEL ANO TA EXLYELPHIATA TNG TPON-
YOOpEVNG OmOdEIENG:

Av 70 C' givai kAe1ot6 vmoovvolo evéc Holwvikov ywpov X, tote to C eivar ap1Oui-
OO QU KAl HOVO QU 0 TEAELOS TVPHVAS TOV EiVal TO KEVO 6OVOAO.

Aocxnocelg

Acknon 2.4.6. Bpeite Tov téle10 Topfiva Kot TO SIACTAPTO PEPOS TOV KAEIGTMOV
oOUVOLOV

A=100,1]u{l+2" | neN}
B=Au{l1427"+3"" | n,meN}
C={1}u{l+2™" | neN}L
Aoxnon 2.4.7. Ta pepovopéva onpeia evdg KAEIGTOD DTOGLYOAOL evog TTodmuikod
YOPOL TEPIEYOVTAL GTO IAGTAPTO HEPOG TOL. Ioy e To awtioTpoPo;

Aoknon 2.4.8. Av (X, d) eivon petpikdg ywpog kanto P C X eivon téhero, tote Yo
kd&Oe avoiktd V to covoro V N P givon téhe1o (eVOe)OpEVOS KEVO).

Aoxnon 2.4.9. O télelog nTopfHrog evdg KAEIGTOO vITOGcLYOAOL TloAwrikod ymdpov
eivan To peyahTepo TéAEL0 LTOGOVOAS TOL. AnAadn av o & eivan [Tohwvikds ydpog, To
C < X eivon kK ewoto ko to Py € C eivan téhelo tote 10 Py nepiéyetal oTov TEAELO
mopfiva too C.

Aocxnon 2.4.10. Ta G5 vrocOvola [Todwvikdy yhpov ikavorotody thr Yrobeon
TOL ZVVEYOVG.

2.5. Aévdpa

Opiopéc 2.5.1. Eoto X pn kevd ovvoro. Bva T < X <N givon §évdpo oto X av
eivan un kevd kot KAEIGTO TPOG TA KAT® ®G TPog TN didtaln =, dnhadi av w E u Kot
ueT toteweT.

o mopdderypa to cvvora X <N kou {A} eivon §évdpa 6to X . AAha mapadeiyportar
eivnto T = {A, (a), (a,b), (a,c¢), (d)} knto S = {(a,b)} U {(a)™ | n € N} y1x kbmorx
a,b,c,de X.

Hapatnpodpe 6t 1 kevi) akorovBio A avikel oe k&Be d¢vdpo, yrati A = u yio kéOe
uel # .
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YT00g endeEVOLG 0pIGHOVG Bempobe 0Tt Eyovpe eva dévdpo T'. H pila too T eivon
n kevi] akohovBia A. Ta otoyeioe Tov T ovopdlovton koppor | kKhadid tov 1. ‘Evag
KkOpPoc u Tov T ovopdleton TEPRATIKOS oV Oev €xel YUiolx eméktaon w péca oto T,
NAad yiox kBe w € T pe u E w €YOVHE U = w.

To T eivon khadepévo 1 mepikoppévo (pruned) av Sev €xel TEpPATIKODS KOPPOLE.

Me tov 6po amerpo kAadi tov T evvoodpe pia covdptnon f @ N — X pe v
116t Ta

yia k&Be n € N.

To odpa [T] Tov T eivon To 6OVOA0 OAwY TeV dnelpov kKhadidv tov T'. Eivon cagpég
6T1 T0 Ghpa evdg dévdpov 6To X eivan vrocvroro Tov XV, Aivovpe pepikd mapadeiy-
poto: o) To chpa Tov dEvdpov X <N eivan dhog o ympog XV, e1dikotepa To cwua tov
N<N eivar 0 ywpoc tov Baire N, B) 10 chpa evdg nenepacpévon Svdpov eivan To Kevd
60VOAO F, ¥) TO GCOPA TOL TPoNyodpevov dévdpov S = {(a,b)} U {(a)™ | n € N} eivon
o povostvoro {(a,a,...,a,...)} oo XN

‘Eva 8¢v8po T' ovopdleton Oepehopévo (well-founded) av [T] = & ko pn Oepe-
Mopévo (ill-founded) av [T] # . Eneidf) orobécape 6t1 kdbe 5&vdpo eivon pn kevd
oVVOAO, TpokVTTEL OTL K&Be KAadepévo dEVdpO eivon pn Bepelopévo.

‘Bra 8évdpo S oto X O Aéyetan vmwodévdpo too T av S < T. T k4O v € X <N
opilovpe to VTOdEVIPO T, TV otkoAoVOL®Y TTOV eivon cVPPATES e TO U,

2.17) T, ={weT | ul]|w}.

Me arda Moy w € T, av ko povo av w € T kon gite w E u gite u E w. AvtdG 0
OpPIoHOG €xel peyardTePO evdlpépor otaw u € T, alig to T, anoteleitar pOVo amd
Ta yURow apy ik THApoTa TG u Tov avijkoov oto T, propei va £xovpe T, = {A}.

Eivon edkolo va det kaveig (Aoknon 2.5.18) 6t to T, eivan dévdpo kot Tog Yo K&Oe
u € T mov dev givou TeppaTiKOg KOPPOS Tov T 1) vel

(2.18) Ty = U{Tus(z) | us(x)eT}
(2.19) 1] = U{[Tusw) | w (2) € T}.

Aévdpa kon tomoroyia. Eivon cagéc 6t1 To copa evdg 8évdpov T oto X eivon
vmoctroro tov XV, Av Bewpicovpe 6to X TN Srakpiti Tomoloyia tote 0 XN givon
HETPIKOC ¥hpog. Ommg ko pe Tov yhpo Tov Baire pia féon yia tnv Tomoroyia too XN
eival 1 o1KoyEvEL OAOV TOV GOVOA®Y TNG HOPPNS

{o} x - x{xp_1} x X x X x ...

omov g, ..., Tp_1 € X.

Mia axorovdia (f;)ien otov XN cuykhivel oty f € XN aw kou povo aw yio k&Oe
n € N n akolovBia (f;(n)):eny ovykhivet oto f(n) péoa otov X, 100ddvapa yia kébe
n € N gyovpe f;(n) = f(n) yio Oha Tow peydhar .

Ta chpata Sévdpuv ot éva cvvoro X yapaktnpilovy Ta kKAeoTd cvvoha Tov XN,

Mpétoon 2.5.2. Eorw X un kevé ovvolo ue w Srakpreh petpich kar F < XN, Tore
70 F eivai kAe1oté wc npoc ty tomoroyia ywouevo tov X av kai pévo av vadpyer Sévdpo
T oto X ue F = [T].

Amoderén. o tn evbeia katevBoOVoN Be®@pOovpe 6T1 TO F' €lvon kKAEIGTO DTOGHVOAO
tov XN, Av o F eivon 10 kevd oOvolo ToTe emAéyoope yio T’ éva omoodfmote Sévdpo
TETEPACHEVNG SIAKAGB WO e KeEVO Ghpa, 7). To {A}.

Enopévag vmobétoope 6Tt F # . Avu e X <Nk f € XN ypdpoope u = f dtaw
f(k) = u(k) yiok&0e k < |u|. Opiloope T < X <N g e&fic:

ueT < dfeFucCf.
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Eneidn) F' # & éyoope A € T xon dpo T' # F. Eivon peco and tov opiopéd 6ti to
T eivon d¢vdpo.

Agiyvoope 0t1 F = [T]. Eoto g € F xoau n € N. Eivon Tpogawég 6T1 vrdpyel
f € F pe (g(0),...,9(n)) £ f, coykekpipéva pnopodpe vo mhpoope f = g. Apa
(9(0),...,9(n)) € T yia x&Be n € N ko g € [T]. Avtiotpoga av g € [T] tote Y1 KGOe
n € N éyoope (g(0),...,9(n)) € T kou apa vrapyer fr, € F pe (9(0),...,9(n)) & fa.

H axolovbia (fy,)nen cvYKAVEL 6TO oTOLYEio g. [Ipdypatt Yo k&Oe k € N, maip-
voope ng = k kon yiox k&be n = ng €yovpe fi, (k) = g(k) ywri (g(0),...,9(n)) E fo.

N

Apa fr (k) = g(k) o kaPe k € N kou enopévag fn, X, g. Apo0 f, € F yw kdOe
n ko to F eivon khe1otd mpokonter 60t1 g € F. Apa F' = [T] xou éxovpe anodeiter tny
evbeia katevOLVO.

To Ty avtictpo@n katedBoven Bewpodpe pia akorovbia ( f;) ey oTotyeimv tov [T
n onoix cuykhivet oto f € XN, Aeiyvoope ot f € T. T kGOe n, DRAPYEL 1o £TCL DOTE
Y k&Oe i = ig ko k&be k < n éyovpe fi(k) = f(k). Ewdwkotepa (f(0),..., f(n)) E fi-
EE opiopod (f(0), ..., f(n)) € T. Hpokbdnrer 6t f € [T.

m]

Mopropa 2.5.3. Eva covolo F S N eivar kdeiotd av kai uovo av vadpyet Sévdpo T
oto N e F = [T).

AnoderEn. Epappoloope tn [Ipotaon 2.5.2 yia X = N kou Bopilovpe 6T1 1) TOTO-
Loyia Tov ydpov Tov Baire givan 1) Tomoloyia ywopevo oto NY (TMlpdraocn 2.3.5). =

Ta coprayf cbrvora Tov XV propody eniong va yapaKTNPIGTOOV OO TA COUATN
P0G e191KNG KaTyopiog dévdpmv.

Opwopog 2.5.4. Eotw X pn kevd ovvoro kot 1" éva dévdpo oto X. To T eivon me-
TEPAGUEVNS NAKAAIDGNG av Yia kdOe u € T vrdpyovy To TOAD tenepacpéva w € T
TOV iV APECES EXEKTAGELS TOL U, ONAXDN Y1 kK&Oe u € T vIGpYOLY g, ..., Lp—1 € X
£T01 OoTE

Vo (ux(x) €T <= z€{x0,...,Tn_1})-

To mponyovpevo n pumopei va taiprel 0c0dHmoTe peydres TIRES. Mmopodpe akdpa
va €yoope n = 0, ondOTE GE QLTI TNV TEPITTMOON 1) 1O TAV® 1GOdLVPIN GNHaivel OTL O
kOpPog u € T eivon TEPPATIKOC.

‘Eva KAooo1KO Tapaderypo SEVOpov TETEPACHEVNG OAKAGO®ONG €ivon TO GOVOAO
{0,1}=N 6rov tov memepacpévor Svadikov akolovbiev. Tpopavic 10 coua to
{0, 1}=N eivan o yipog tov Cantor 2.

AfNppa 2.5.5 (To Afppa too Konig). Kabe dreipo 5évépo merepaouévne diakdddm-
onNg Eyel aneipo KAaoL.
Amoderén. Oswpodpe X # F kou éva drelpo dévdpo T oto X mov eivon memepa-
opévng drakAddwong. Opilovpe
P ={ueT | toonodevdpo T, eivon dmerpo}.

Agod Ty = T éyovpe A € P. Toyopilopacte 6Tt yia k&Oe u € N<N,

(2.20) ueP = Jxu=x(x)eP.
Oewpovpe u € P. Apod to 5évdpo T elvon meETEPACHEVNG DIAKAADMONG DI&PYOLY
Zoy...,Tn_1 €T éto1BoTE U* (2) € T oW k0oL pOVO AV 2 € {Z0, . . ., Tp—1 }. EmMmAEOV TO

u dev eivon TEPPATIKOS KOUPog Tov T yuuti to Tr, eivon dmelpo cdvoro. And Ty (2.18)
€yovpe 0TL
n—1
T, = Uu*(m)eT Tus(z) = Uizo Tus(ay)-

‘Eva o6 Tl o mhivem GOVOAX TNG TEXEPAGHEVNG EVAOGTG elvon ATELPO, Y10Ti XAAMDG
7o Ty, Bu fytaw menepacpéro. Apa vrapyel k < n pe u * (zx) € P.
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‘Exovtog anodeiel TNy M0 TOV® GOVETAY®YT UTOPOVUE VA Ppodpe i akolovBia
(1) nen 070 X, 00g €€Nc. Apyikd epappolovpe tny (2.20) yieu = A € P kou fpickoope
xo € X pe (x0) € P. Enerrandh pe epappoyi tng (2.20) Bpickoope éva otoryeio 1 € X
pe (xg,x1) € P. ZoveyiCovpe opoing ko Ppickovpe piar akohovdiat (2, )ney 670 X pe
v dioTnta (2o, ..., Tno1) € P yie k&be n € N.

Edikotepa eyoope (zo, ..., Tn—1) € T Y100 KAOE N KO EROPEVOS N (X1 )nen EivOR
amerpo khodi Tov X.

Znueioon: ESo yiveton ypfiotn tov Aliouaroc Eéaptnuévov Emdoyov (DC), ma
acOevéotepn popem Tov A& ibpatog EmAoyng, n onoia eivon evpémg amodektn 6Ta KANO-
owkd MoaOnpoatikd. [aparépnoope otny Acknon 2.5.27 Y1 teplocOTEPES AETTOUEPELIEG.

m]

poétaocn 2.5.6 (Zopmayi cOvola ko dEvdpa Tenepacpévng dukAddwong). Eotw
X un kevé ovvolo ue ) Srakprri toroloyio kon K € XN, Tore 10 K eivan ovumayéc wc
apoc Ty tomooyia ywouevo tov XN av kau uovo av vrdpyet Sévdpo T oro X memepa-
opuévne Srakladwong pe K = [T).

AnoderEn. Yrnobétoope apyikd 6t To K eivon ocopnayéc. Eidikotepa to K eivon
KAe1oto kou amd N [potacn 2.5.2 vrdpyer éva dévdpo R oto X pe K = [R]. To R
pmopei va eivon dmeipng dStakAGdmong aAld Bo TepECOLLE OE £Vt LTTOGEVOPO TETEPACHE-
NG StokAGSmong pe To 1510 chpa.

Opitoope S < X <N wc e&ng,

ue S < [R, #J.

Av w £ u eivon gdkoro va del kaveic 0Tt k&Be akolovbia oL givon copPati pe
TO u €ivan GOUPTH Ko e TO w, eEXOPEVRS Ry S Ry Apa o u € S ko w = u toOTE
& # [Ru] S [Ru] xou emopévag w € S. Tlpokdmter 0Tt av to S givon pn kevd tote givon
Kol Oévdpo.

H nepintwon S = ¢ 8ev propei va amokieistei: av K = & tote [R] = @ kou S =
3. Ze avtf TNV mepintmon emréyovpe yiu T éva 0mo10dnToTeE SEVOPO METEPATHEVNG
Sroakhddwong mov el kevd ompa, my. T = {A}, onote K = [T.

Y7o e€ig Bewpodpe ot K # & xon ened) K = [R] = [Ry] éxovpe A € S kanto S
eivan 8¢vdpo. Eivou evkoro va emainBedoer kaveig 0Tt

2.21) [Sw] = [Ruy]

vy k&0e w € S. (T copnepaivete oe oxéon pe Ty Acknon 2.5.19;)

Ioyvpitopacte 6T1 T0 S givon Tenepacpévng doukhddwong ko ot [S] = [R], cove-
MG propovpe va mapoope T = S.

Hiootnra [S] = [R] eivon dapeon and tnr (2.21) yiow = A € S. Eropévag Seiyvoope
0T1 70 S iVt TEMEPAGHEVNS NAKAAOWOONG.

Eoto u e S.Ta k&b x € X pe u * (z) € S opiloope

V(x) = {u(0)} x - x {u(lul — 1)} x {z} x X x X x....

Tote nowkoyévewn {V(x) | u#(x) € S} eivon ebkoha avo1kTd KEADUA TOV GLVOLOV
[Su]. Ao Ty [potaon 2.5.2 to [S,,] eivon kAeloTd vITocHroro Tov K kot cuven®s eivon
GUUTAYES. Apat DTAPYOVY Xy, . . ., Ty € X £TCL DOTE

[Sul € UiZo V().

Agiyvoope 6t1 yioe kaBe © € X pe u * () € S ondpyer i < m pe x = xz;. Eoto
w=u=*(x) € S, tote [T,] # &. And tnv (2.21) &xovpe [Sy] = [Ry], Gpa vrapyet
f€[Sw] Tote f(lw] — 1) = w(w| — 1) = a.

And v &M f € [Syw] S [Su] xou dpa vrdpyer i < m pe f € V(z;). EE opiopoo
fw|=1) = f(|lu]) = x;. Zoverog z = ;.

2oyypoupa ce eE€Aién 29 11 Ampidiov 2022 16:13



Enopévag to S eivon menepacpévng dioakAddmong. Avto aroderkvoel Thy evbeia ka-
Tevbovon.

Avtiotpoga éotm 6t1 K = [T, 0mov to T givon 56udpo menepacpérng Sloakhadwong.
Agiyvoope 0t 1o K eivon ocopnayés. ‘Eoto (V;)ier éva avoiktd kaloppa tov K. Av
orapyerip € I pe K < Vi, tote 10 {V, } amotelei Tpopavis Tenepacpévo DITOKGADHHCL.
Enopévwg Bempoope 6Tt K £ V; yiakdBe i € 1.

Opitoope S < X <N g e&ic:

ueS < ueT &Viel[T,]EV,.

And v vrdBeot| pog eyoope K = [T] = [Ta] & V; ywa k&Be i, emopévmg A € S.
Emimléov avw C u € S tote u,w € T xou [T),] S [Tyw], dpa yio kaOe i xovope [T] E Vi,
dnhadf w € S. Exopévmg to S eivan vwodévdpo too T

Yrobétoope Tpog &romo 6TL To S givan dnelpo. Apov to S (Og LVITodérdpo tov T')
eivan menepacpévng drakAddwong, and to Afppa tov Konig (Afppa 2.5.5) vrdpyer Eva
anepo khadi f € [S] < [T] = K. Apo0 to (V;)ier givon kdAhoppa tov K orndpyet ig € 1
pe f € Vi, ko agov to V;, eivan avoiktd vmdpyer n € N pe

{FO)} > x{f(n)} x X x X - S V5,
O¢toope u = (f(0),..., f(n)) € S ko éyoope
[Tu]g{f(O)}xx{f(n)}XXXXngO,

7ov givan &romo yati u € S,

Apa to S eivon tenepacpévo covoro. Maiproope n = max{|u| | v € S} ko F =
{ueT | |ul =n+1}. Tote to F eivon nerepacpévo cbvolo (Acknon 2.5.23). To prxog
Kk&Oe u € F eivon peyaldtepo amd T pikn Tov ototyeiov Tov S. Apa yia Kibe u € F
éxovpe u ¢ S, ko apov u € T 16y vel

(2.22) Jiel[T,) <V,
Bewpovpe To cVLVOAO J OAWV TOV ¢ OGS WO TAV®, SNAAdN
J={iel|JueF[T,] <V},

Ko Seiyvoope 0t1 1) nenepacpéun vroowkoyévewn {V; | i € J} amotelel kdhoppa too K.
Mpaypoti av f € K = [T] tote u = (f(0),..., f(n)) € F xou npopaves f € [T,]. And
v (2.22) vnapyeri € I pe [T,] € Vi. Apai e Jxan f € V.

Znueiwon. H amodeién tng avtiotpopnsg katedOvvong propei va yivel kol pe To
oToLYEIMON TPOTTO YWpPig TNV erikAnon Tov Afppatog Tov Konig. Tote 6pmg Oa npéner va
enovardPoope 6Ty ovcia TNV anddelEn cvToO TOL AMPHATOS. ADTO SV €IV COUTTHOOT).
Onwg eivan yvootd, to Afppa tov Konig kat n avtictpoen katevBovon tnhg TpdTacng
oL POMG anodeifape ATOTELOOV 10000VAUES EKPAVGELS THS 101aC UAONUATIKIG apyiS
(Aoknon 2.5.28).

(]

Mopropa 2.5.7. Eva cvvolo K S N eivai ovunayéc av kat pévo av vrdpyer 5évpo
T oto N merxepacuévng Siaxiddwons pe K = [T.

Amoderén. To coprépaocpa givar dpeco and tny [pdétaon 2.5.6 yio X = N ko
ene1dn n Tomohoyia Tov ydpov Tov Baire givon n Tomoroyia ywopevo oto NY (Ipdtaoy
2.3.5). o

Mopropa 2.5.8. O yawpoc too N Sev eivar o-copmayfic, Snladi yia kdbe axolovbia
(K )nen and ovunayn vrosovoda too N n évwon | J,, o Ky eivai yuijoio vmocvvolo tov

N.

neN
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Amoderén. Oewpodpe par akohovdia (K, )pen amd copmayf) vrocvvola Too N kot
pe eappoyn tov Mopioparog 2.5.7 pa axolovbia (T}, ) nen dEVOpoV Tenepacpévng dia-
Khadwong pe K,, = [T,] ywa k&Be n. Mropodpe va vrobecoope o6t1 K,, # & yio Kabe
n.

Av 1o T eivon 8évdpo memepacévng dtakAddmwong tote yia kK&Be m € N vrdpyoov
70 ol nemepacpéva u € T pe |u| = m (Aoknon 2.5.23). Zovenmg yio kabe n To 6OVOAO
{ueT, | |u| = n+ 1} eivon nenepacpévo vrocdroro Tov T;, Kot AP KOt TO DITOGHVOAO
Tov QUOIKOY apiBpov A, = {u(n) € N | u € T,, & |u| = n + 1} eivou nenepacpévo.
Mdahota to A, eivon pn kevo ywrti K,, = [T,,] # .

OpiCoope o : N — N pe

a(n) =max A, +1
ko deiyvoope 0t o ¢ |,y K-

INa va to odpe avtd Bewpoope n € Nk 8 € K,, = [T,,]. Téte tou = f|(n+ 1)
eivan kOpfog tov 1), pfxovg n + 1 ko covendg o Puoikdg apBpdc u(n) = S(n) eivon
ototyeio tov A,. [IpokdnTel 6T

a(n) =max A, + 1 > max 4,, = 5(n).

Edikotepa éyoope a(n) > B(n) ko dpa v # Sy ke § € K. o

Aévdpa ko coveyeic covaptiocels. O coveyeig ocvvaptnoels petaéd cOpdTOY
SEVOPOV PTOPOLY VA TPOCEYYIGTOOV PHEG® GLVAPTHOEMY HETAED TOV AVTIoTOLY WV OéV-
dpwv.

Opropog 2.5.9. Aivovton dvo dévdpa S ko 1" movm oe £va pn kevd oovolo X kot
o covaptnon ¢ S — T. H ¢ ovopdleton povotovn av yia k&be u,v € S pe u E v
éxoope p(u) E p(v). Oa Aépe 6T @ eivon kKaT@AANATY (proper) av yw k&de f € [S] Ta
pikn tov o f|n) arnoktody ocodfimote peydho pikog, Sniadi yio kéOe M € N vrdpyet
n e Npe[p(f[n)] = M.

Eivon cagég 6t av €yoope pio KatdAAnAn povotovn covdptnon ¢ : S — T tote
Y k&Be f € [S] 1oyver

e((£(0))) € o((f(0), F())) E - E ((f(0), F(1) ... f(n) E ...

KOl TOG 1 EVOOT OA®V ATV TOV KAXSIOY Tapdyet Eva drelpo kKAadi tov T'. Emopévmg
opileton n covdpTnon
@* 2 [S] = [TT: ¢*(f) = Unen #(fIn).

Me Al Moy ) ™ tkavomotet

e*(f)(m) =z < In([e(fIn)] > m & ¢(fIn)(m) =)
k& f € [T], me N,konz € X.

poétaon 2.5.10. Oecwpodue éva un kevo ovvoro X pe wn diakpiry) tomoAoyia kai
5vo Sévspa S kar T oto X, pe 1o S kladeuévo. Téte yia ovvdptnon @ : [S]| — [T eivan
OCVVEYIC QU Kal [OVo Qv DIApYel KatdAnin povdrovn ¢ : S — T ue @ = p*.

Amoderén. Itnv anddeien copPorioope V, = {g € XV | u = g}, 6movo u € X =N
Ta Vy, u e X<N, amotehotdv paon yia tov XN,

Agiyvoope apyikd TNy avticTpo@n KatevOvvon: Bewpovpe o KATAAANAN povdToLn
¢+ S — T xou deiyvoope 6t1n ©* : [S] — [T] eivan coveyhe. N kbe v € X <N ko
k&Oe f € [S] égovpe

P(F)eVy == uC *(f)
— InuC o(fln).

Eropévos (9*) 7 [Va] = (Upex An) 0 8] 000 A, = {f € X | u & o(fln)} 1o

ke n e N.Av f e A, xou h € X pe hln = f|n t6te h € A, covendpg to A, eivon
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avo1ktd vrosHrolo tov XN yio ke n € N. Apa to (p*)71[V,] eivon avowktd chroro
o710 [S] koun p* eivon coveyfig sovaptnon. (lapatnpiote Gt Sev yPICLHLOTOCAE TNV
odbeon 6T1 To S eivon kKhadepévo.)

AvtioTpopa Bewpovpe pa coveyf) covaptnon @ : [S] — [T]. Hdéa va va opicovpe
Y @ hote va éxoope p[V, N [S]] S Vi) 11 kdBe u € S. Apyikd mapatnpodpe 6Tt yiax
KaOe u € S ko wy, we € T aw @[V, N [S]] € Vi, N Vi, T0TE w1 ||wa. AvTo cOpPaiver
yweri to S eivon kKhadepéro ko covendg yio ke u € S gyoope Vi, n [S] # O, dpa
Vi, "V, # &, 10 omoio coppaivel povo dtaw wy | |we. Emmiéov yio kabe u € T omdpyet
w e S pe @[V, n [S]] € Vi, ovykekpipéva w = A.

Yovendg yiox kBe u € S ko ke N € N vmapyer n “peyoddtepn” axorovbio w €
S pe pikog < N xou @[V, N [S]] € Vi, SnAadn n w kavonotei Tig Tehevtaieg dvo
1810t TEg Ko yix kdBe w’ € S mov kavomoiei Tig Televtaieg 800 1816TNTES oY dEL W' =
w. Opilovpe

p: S > T:p(u) =n peyoahdtepn akorovbia w € S pe |w| < |u| ko @[V, N[S]] € V..

Avuy C ug € S tote |wi| < Jur] < Juzl, emadéov OV, n [S]] € @[V, N
(S]] € Vi(uy)- Emopévog to o(u1) € T eivon éva w' mov kavomotet |w'| < |uz| ko
D[V, N [S]] S V. Ad Tov 0piopd tov p(us) éxovpe 6T o(u1) E p(usg).

T va SeiEovpe Tig vrOAOIES 1810TNTES Y10 T @ Bewpovpe eva f € [S] koau m € N.
Eneidn n  eivon coveyng oto f omdpyern € N pe @[V, N [S]] S Vi (f)jm- Mropodpe vat
vroBecoope 6t n = M ko dpa |D(f)|m| = m < n = |f|n|. Enopévog and tov opiopd
Tov ¢(fIn) wyoer D(f)|m = (f|n). Edikotepa n ¢(f|n) £xer pikog TovA&) IGTOV
|[@(f)|m]| = m.

To mo névw deiyver 6T N @ givon kaTdAAnAn kot emmAéov 6Tt * = &, o v Sodpe
70 TehevTAO0, TAPATNPOOHE OTL Y10t KOOE M LIAPYEL N OTWS MO TEAV®, dSNAXdN . = M Ko
O(f)|m = o(f|n). Exedn o(f|n) E ¢*(f) mpoxdmrer 6t O(f)|m & ©* (f) yio k&Oe m
ko oovende D(f) = o*(f).

]

Aévdpo 6to N. 210 e€fig, Kol EKTOG AV AVOPEPETAL FIUPOPETIKA, O G YOLOVPACTE
pe dévdpa 6ToVG PLOIKODG aptBpoDS. [TOAAG ad Ta EXOPEV ATOTEAEGHATA KOl EVVOLES
Thvm o€ dEVdOpal Propovy v StaTurwBodY oe YevikoTepo TAaicto. [ap’ dho avTd 1) TEe-
pintoon X = N eivon enapkng Yo TOLG CKOTOVG HOG.

Opropog 2.5.11 (O ywpog twv Sévdpwv Tr). Oewpodpe To cvvoro Tr O Y Twy Sév-
dpov oto N,
Tr = {T < NV | 10 T eivan 86v8po o7o N}.
Bempoipe eniong pa amapiOunon Too N<N, yio rapaderypa T guoikh (us) ser, TOO
éyovpe ctabepomo)oel 6to 2.2.
Téte oe k& dévdpo T 610 N awtiotoryei to ar € 2V pe
ar(s) =1 < u,eT.
Eivan cagég 61 n covdptnon
F:Tr— 2" F(T) =ar

eivon povopop@iopog.

Oewpodpe o Tr pe Ty tomoloyio mov Aaupdver and tnv F, dSnhadn éva V. < Tr
eivon oavo1kTd aw kou pévo av vmépyet avorktd W < 2N pe Vo = F~1[W]. Avti eivon
eMdyrotn tortoroyio oto Tr wg Tpog Ty onoia N F' eivon cvveync.

Mo copforti) petpikr) otov Tr eivan n

d(T,S) = dyx(F(T), F(5)) = dy(ar, as).

H an6deiEn tov tedevtaion yiveton pe To id10r To EXLYELPTHATO TOV ) PI|GLOTOLO0-
vton ot anddeiEn tng [Ipdtaong proposition being Polish is a topological property.
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O yapokTnpiopog tng cvykiiong otov Tr diveton otny Acknon 2.5.25 .
To cdvoro Tr pe Tnu Tponyodpern Totoloyia eival o y®Pog TV dévdpmvy oto N.

Hpoétaon 2.5.12. O ywpoc twv dévdpwv Tr eivar cvunayic [olwvikoc ydpog.

Amoderén. Bewpovpe Ty anekovion F = (T € Tr — ar € 2V) ko Seiyvoope 6t1
10 6Vbvoro F[Tr] eivon kAe1otd vostroro tov 2N, Ernedn o 2N eivon sopmayfig mpokdntet
ot to F[Tr] eivon coprayég cdvoro, icoddvapa to F[Tr] pe tn oyetikin toroloyia eivon
GUUTAYTG TOTOAOYIKOS ¥dpog. O xdpog Tr eivon Torohoyikd 1GopopPoPikog pe tov Tr
pécw tng F, emopévmg ko o Tr eivon cGopmayfg.

11 cvvgyela deiyvoope 6T1 To sopmAfpwpa Tov F[Tr] eivon avoiktd vTOGOVOAO TOV
2N Botw a € 2V pea ¢ {ar | T € Tr} xou sp € N pe ug, = A. Av a(sg) = 0 tote Yot
k&Oe B € T pe B(s0) = al(sg) éxoope B ¢ {ar | T € Tr}. (AMIGG B = ar kou n kevi
akolovBia dev Ba avike oto T'.)

Enopévwg Bewpodpe 611 a(sg) = 1. Av yra k&Be s pe a(s) = 1 kon k&be ¢ pe uy = ug
woyvet at) = 1, t0te @ = o dmov to T eivon to dévdpo mov opileTon wg e€ng:

T={ueNV|3s(u=u,&a(s)=1)}.

Avtd bpog givon droro yati vrobecape tog « ¢ {ar | T € Tr}. Exopévog vmdp-
xoov s,t pe as) = 1, uy = ug ko at) = 0. Tote yra ke 3 € 2N pe B(i) = a(i)
K&Oe ¢ < max{t, s} &xyoope B ¢ {ar | T € Tr}.

Te k&Oe mepintoon to copmiipopx 2N \ {ar | T € Tr} eivon avoiktd vrocHYOLO
Tov 2V, o

Opropog 2.5.13. Opilovpe Ta GOVOAX
(2.23) WE = {TeTr|[T] = &)}

(2.24) IF = {TeTr|[T] + &)}

TV OepeMopévor kot un OepeMopévor avtictorya dévdpwv oto N.

To endpevo amotéleopa propei va OewpnBei wg n mapauetpixy exdoyn Tovu I[opicpa-
706 2.5.3 ko arotehel pio eEpeTiKd X pNoIUN EQAPHOYN 6TN BE®Pin TOV AVOAVTIKOV KOl
GUVOVOADTIKOV GOVOAOY TOL O HEAETGOVNE GTH GOVEXELX.

Afppo 2.5.14 (To Baokd Afjppa Avarapdotacnsg Kieiotov Zovoimy).

BOcwpovue évav Moiwviké yopo X éva P S X x N kau to 6vvoro N<N ue t Siaxpiri
uetpikii. Tote to P eival kAe16t6 akpifac étav vndpyel éva kAeloté ovvolo T < X x N<N
e g iotnreg o T(z) = {u e N<N | (z,u) € T} va eivon 5évdpo oro N yia kdbe x € X
Kai

P={(z,a) e X x N | ae[T(2)]}.

Anéderén. o pio karebOVYoT vIOBETOLHE OTL TO P €ivan KAEIGTO DTOGOVOAO
o0 X x N kon Bewpodpe o apBpfoipn paon (Vi) nen Tov X. Zopporilovpe pe ¢ P to
copnAfpope tov P otov X x N. Tote

229) P = Uneres Vo < Ny

6mov I € Nxon J € N<N,
Mmropoope va vrobécoope ot A ¢ J. Ze avtifetn nepintoon avtikabiotodpe kdbe
Vi x Ny € cP,ne I, pe ty évoon |,y Vi X N(;). Eneidn

Vn X NA = Vn X N: Vn X UieN'A/(i) = UiEN(Vn x 'A/(l))7
N (2.25) rapopéver alnONG av avTIKATAGTHCOLLE TO J e TO

J'=(J\{A}) v {(d) | ieN}.
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MmropoOpe erniong va vroBécovpe 6T Vo = F. AAMMOG avtikabioToOle THY oKO-
hooBia (Vo, Vi,..., Vi, ...) pe v (S, Vo, Vi, ..., Vy,...). H (2.25) eEakohrovBei va
Tapapével aAnomnc.

Opiloope

(2.26) (z,u)eT < YveJVnelpen<|ul(x¢V, &v & u).

Ene1di kaOe V,, eivon awvorktd odvoro kar to N<N givon epodiacpévo pe tn Stoucpith
HeTpIKT eivon edkoAO v Set kaveic ot1to T eivon kheloté vrochroro tov X x N<N (Seite
v Acknon 2.5.26).

Oewpoovpe x € X kou Seiyvoope apyikd 6t to T'(x) eivon 8¢vdpo. apatnpodpe ot
avn < |A|tote n = 0 xon dpa z ¢ Vo = . Emmhéov v £ A yix k6B v € J enerdn
A ¢ J. Ano v (2.26) éyoope 6Tt A € T'(z) kou enopévag T(x) # . Avu' & u ko
u € T(x) tote o ke v € J ko ke n € I pe n < |u| wyderz ¢ V,, kon v & u, o’
onov wpokdrTel OTL Y1 k&be v € J ko kGPe n € I pen < |u/| < |u| wydverz ¢ V, xou
v & . Zoverdg v € T'(z) xou to T'(z) eivon dévdpo.

Thpa deiyvovpe tn {ntodpevn wodtnTa Yo to P. Av (2, ) ¢ P tote vmapyern € 1
pe x € V,,. Ipokonrel and tny (2.26) 611 k&0 u € T'() Tpéner v £xel pKOG PKpOTEPO
Tov n ko ovvenag [T ()] = . Ediwotepa a ¢ [T'(x)].

Av (z,a) € P tote yia k&0 n € I xou ke v € J éyoope = ¢ V, xou o ¢ N,
onhadh v £ a. Apa

Vte NVuve J (v & alt).
A@od = ¢ o, Vi 1oy0e1
ViVvve J¥nel (v ¢V, &v E alt).

Eidkotepa to Levyog (z, alt) iavonoiei To de€16 okéhog Tng (2.26) xou Gpa |t € T'(x)
yio k&Be ¢ € N, dnhadh « € [T'(z)].

I T avtictpogn katedOvvon Benpodpe éva kKAelotd chvoho T < X x N<N e
P={(z,a) e X x N | a€[T(z)]}. Tote

(z,0) € P < VialteT(z)
— Vi (z,alt)eT.

A@ov to T eivon kAeotd ko 1 covdptnon fr = (a — «alt) eivon cvveyhs (Aoknon
2.3.18), to cbroro P gival kKAe1oTO. o

Aoknoelg
Acxnon 2.5.15. Adote ta napadeiypata dévdpov TO, T, T? xon T2 oo N pe tig
e€ng 1droTnTEG.
(i) To T° eivon memepacpévo chHVOLo Kat £xel TOLA&YIGTOV pia akolovBiot -
Kovg 3.
(ii) To T eivon dmerpo cdVOLO Ko KGOe u € T £yet pfxog To TOAD 1.
(iii) K&Be u € T? éyer akpipidc Tpeic Gueces TPoekTaoels péca 6to 172,
(iv) To T3 eivon memepacpévng Stakhddwong ko yio kO n € N ondpyeru € T3
TOL €xel aKPIPOS N AUEGES TPOEKTAGEIC HESK 610 T3,
Eniong emiéEte u € T2 xou w ¢ T2 pe |u| = |w| = 4 xau Ppeite Ta vrodévdpa T2,
T3,
Acxnon 2.5.16. TN x&0e T mov eivon v amd tar Sévdpa 10, T, T? wou T2 mov
dooate oty Aoknon 2.5.15 Ppeite to copa [T].
Acknon 2.5.17. T k&Be pn kevd cvvora X kou J < X <N 1o

T(J)={ue XN |Jwe Juc w}
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eivon To eAdyioTo 8eVdpo oto X mov mepiEyet to J. Anhadi to T'(J) eivan 8évdpo 6to
X, J € T(J) xon 1o k&g 56v6po S oto X pe J < S éxoope T'(J) < S.
To T'(J) Méyeton To §évdpo mov mopdyeton and to J.

Acxnon 2.5.18. TN kéOe dévdpo T oe éva odvoro X # ¢ ko Yo k&Be u € X <N
70 cOvolo mov opictnke otn (2.17)

T,.={weT | ul]jw}

eivan 8évdpo oto X. EmmAéov ioydoovv o1 1cotntes (2.18) xon (2.19):

T, = U Tu*(r) av To u dev givon TEPPATIKOS KOpPog tov T,
wk(z)eT
wk(z)eT

Aoxnen 2.5.19. TNa k&Be dévdpo T oe éva pn kKevd cdvoro X, To omoio €xel Un
Kevd ompa, vadpyel éva khadepévo dévdpo S S T (dnhadi To S Sev £xel TEPPATIKOVG
KOpPovg) pe [Sy] = [Tu] no k&Be u € T. Exdikotepa éyovope [S] = [T.

Aoxnon 2.5.20. INa kdOe v amd Ta akdA000x KAeoTE 6OVvoAX TG Acknong2.3.16
Bpeite 6évdpo T oto N Tov 0moioL TO CHMPX Eiva TO AVTIOTOLYO KAEIGTO GOVOAO,

A={(n)*(0,0,0,...) | neN},
B={(0)"*(n,1,1,1,...) | ne N} u {(0,0,0,...)}
C={1)"=(23,4,5,...) | neN} u{(1,1,...,1,...)}
Ny, ueN.

Eivan ypficipo v €Enynoovpe y1aTi 1 THPopPETPIKOTOIUEVT €KDO0)T EVOG OTOTENE-
GHOTOG €ivat T 16 VPT Ad TNV ATAT ko) 1. ALTAG eivan 0 6TOY0G TNG EXOLEVNG AOKT-
ong.

Acknon 2.5.21. Xopzrepavete and o Afjppa 2.5.14 Tov YapakTnpicpd TOV KAEL-

6ThV vrocvvdlev Tov N og ta svvora [T] omov to T eivon déuvdpo oto N (Ildpicpa
2.5.3).

Acxnon 2.5.22. Topnepdrete and to Iopiopa 2.5.7 61 to sbvoro 2N eivan copma-
véc vrosdvoro Tov N (Ilpotacn 2.3.11).

Acknon 2.5.23. T kdBe d¢vdpo T menepacpévng drakAddmong kon kade n € N to
ocovoro F,, = {u € T | |u| = n} eivon merepacpévo.

Aocknon 2.5.24 (Aeite [Kec95] - 2.8). I k&Be pn kevd kAelota covora F' < H <
N orapyer pio coveyng covaptnon @ : H — F pe ®(a) = ayuaxdbe a € F.

Acknon 2.5.25. T k&e nenepacpéva sovola I,.J < N<N opiCoope

B(I,J)={TeTr |VuelVweJ (ueT &w¢T)}

Tote 1 okoyévein OAwY Twv cuvdlov B(I, J) arotelei fdon yio Ty ToroAoyia Tov

Tr.

Sopnepdrete Ot Yo kGBe akorovbia 8évdpav (T;)ieny otov Tr kon k4Oe T € Tr
€yovpe

Tll_’—ogT — VueN<N3l0Vl>lo[ueTl «—> ueT].

Aoknon 2.5.26. Eotw X Iohwvikodg xdpog, (Vi )nen prar akorovbia and avoiktd
vrocvvora tov X ko T S X x N<N 1ov ikavomotet tnv icodovapia (2.26),

(r,u)eT < YveJVnelpen<|ul(x¢V, &vEu).
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Tote to T eivon kKAe1otd vrosHroro Tov X x N<N ko n covdprnon f : X — Tr
fa) =T(z) = fue N | (z,u) e T}
OVTIOTPEPEL AOIKTE GOVOAX 6 F; chrvola.

Emniéov av ta V,, eivon kAe1oTd-ovotktd vrocbrvola Too X tote N covdptnon f
efvon coveynge.

To Aéiopa Eéaptnpuévov Emioyov (DC) eivon ) TpodTacn: yia kdbe pin kevd 60-
voho X ko kGBe Q € X x X pe v idwotnra Vo € X Jy € X (z,y) € Q vndpyer
oovdptnon f : N — X pe (f(n), f(n+1)) € Q yia kébe n € N.

To Aéiopa AraprOuntiig Emioyng (ACy) eivon n tpodTaon: yio kdbe pn Kevd
cOvoro X kot k&Be P = N x X pe tnuidivtnta Vn € N 3z € X (n,z) € P orapyet
ocovgptnon f : N — X pe (n, f(n)) € P yiakaBe n € N.

Onwg eivan yvwoto 1oyvel ) ovvenaynyl DC = ACy. To ACy arotelel pio and
T1G 1o BepeMddels popPég emAoyNG ota KAaootkd Mabnpatikd kabhg pog emitpénet
v AMppdivoopie akolovBieg e GUYKEKPILEVES 1O10TNTEG.

Aoxnon 2.5.27. E&nyfote Aentopephs Tny epappoyi Tov Aéiopatog EEaptnpévov
Emiioyov DC ot anddeitn too Afjppatog tov Konig (Afppa 2.5.5).

Aoxnon 2.5.28. Aedopévoo tov Abivpatog ArapBuntig Emloyng ACy deiéte 6Tt
70 Afjppa Tov Konig (Afjppa 2.5.5) eivan 16080vapo pe tny €€ng npdtact: yia kdbe dév-
dpo T' og éva pun kevd covoro X pe tn dwakpith petpiki, oav to 1’ eivon menepacpévng
Sraxhadwong tote to [T eivan copmayég vrochroro Tov XV, (Avth eivan n pia Kated-
Bovon tng [Ipdétaong 2.5.6.)

2.6. KaBoikég ISiotnteg lodwvikdv yodpov

Eidaype 611 k60e [Mohwvikdg ydpog X eivon coveyfig eikova too N ko kabe vrepa-
pOpnoipog Ilodwvikdg ydpog X mepiéyel Evay YMdPO TOL €IVt TOTOAOYIKH IGOPOPPIKOS
pe 1o 2V, Avagepopacte o TETOL0L £1800C 1010TNTEC WG KABoAIKES, AVaPéporTon On-
Aad1| eite oe OAovg Tov [ToAwrikods ydpoug eite

k&Be o1 Iohmvikoi yhpor N kan 2V éyovv Tig € kabolikéc 1816t TeC:
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KE®AAAIO 3

Baocikég kKAXGELS GLVOA®Y KO LEPAPYNGT)

3.1. OepeMmderg TeAeGTES KO 1] EVVOLX TG KAAGNG

Opwopog 3.1.1. Me tov 6po TeLe6TNG GLVOL®Y EVVOOVLE OTTOIONTOTE TPAEN V-
HEGHK O GOVOAM, Y10 TXPAOELY X £YOVLE TOV TEAEDTH TNG VMO OTOL TTaiprel OO 6O-
voha A, B xou diver tnv évwon A u B. [epropilovpe o medio epappoync Tov TeecTdY
pog ota vrocvroia [Todwvikdv yopwv. Eyoope toug e€ic tehectéc.

(I O teheotig g hraevéng v. Av éyoope P, QQ < X opilovpe To oOVOAO TNG did-
Cevéng P v Q € X pe
rePvQ < xzePhreq.

Moapatnpodpe 6t1 to P v Q givon n covohoBewpntiki évoon P U @, y' avtod Ba
amokolovpe tn ddlevén P v Q kou o¢ évoon tov P, Q. H Siapopd avapeca 6e avtodg
TOVg OVO TEAEOTEG €lvon OTL 1] £EVWOT PTOPEL VAL EPAPROCTEL GE CVVOAX TOL OV givon
ATOPAITNTA VTOCVVOAX TOV 1010V YDPOoL. ' TaUPAdETYPO LTOPOVIE VO TAPOLLE TNV
£vmon evOg GOVOAOL TPAYHATIKOV PlOPOV pe £va 6OVOAO cOVOPTHGEDY. ATO TNV GAAN
o teheotig NG d1alevéng opileTaun o€ DTOGVVOAX TOV iSLOV YDPOU.

Edd kdvoope pio pikpr| katdypnotn Tov ooppfoMopod. Onwg £xovpe ava@épel TNy
eloaymyn 0o ¥pno1Lorotode To GOUPOAO Vv VI Vo ONADGOVHE TOV TEAEOTH TNG O1d-
Cevéng péoa oe AOYIKES TPOTAOCELS. X€ ALTO TO GNHELO Y PNCIHLOTOI0E TO 1510 GOUPOAO
Y va opicoope pio tpdén avdpeca oe cdvora. Ioyvel n Tpoporic oyéon

reEPvQ < zeP v zeq.

Ba eivan capég and TO KEIPeVo Ge molx Xprion TOL GUUPOAOD Vv aaPeEPOLAOTE
Kkd&Be popd ko dev Ba Sivovpe teportépm eEnynoeis.

(II) O teleothc g 60LevéNng &. Av éyovpe P, Q < X opilovpe To cOvoro TG 60len-
Eng P & Q < X pe

reP&Q < xePxouzxeQQ.

Mapatnpodpe 6t to P & Q) givan n covoroBewpntiki) Topfi P N Q) vrocovdérmv
TOL id10v Y®pov, Y1’ avTod B amokalovpe T ovlevén P & @ ko g topn tov P, Q).
Ioyvovv o1 avdhoyeg TapaTnpOELS CYETIKA [ie TOV GOPPOMOHO.

(III) O teleotc TOL COPTANPORATOS C. Av P © X opilovpe 10 copuminpopa cx P
tov P wg pog X wg to cvvoro X\ P. Ilpogavig

recyP < —(zxeP).

Otav o X eivon cagng and to keipevo ypaPovpe arid ¢ avti TOL Cx .

(IV) O teleotig TG Amelpnc aprOpnoipng Sidievéng N évwong \/y . Av éxyoope pia
akolovbia covdlwv P, < X, n € N, opiloope tnv dmerpn Sialevén \/ (Pr)nen 0
egne,

€\ (Pu)nen <= IneNuzeP,.
Me dAha Aoy 1) dmerpn S1aCevén \/y (Pr)nen ivon 1 évoon |, oy Pr vmocovo-

AoV tov id1ov ITohwvikod yapov. Otwg kot Tponyovpévas Ba arokaloOpe TNy drelpn
O14levén ko og Evwon).
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(V) O teleotic TG amelpne oaprOpnoipng 6vsevéng | Topic /\y . Av éxoope pia
akolovbBia covorov P, € X, n € N, opiCovpe tnv dmerpn c0ievén /\N (Py)nen ©G

egiig,
z€ Ay (Po)nen = VneNuzeP,.

H dmepn 60levtn Ay (Pn)nen givan 1 toph [,y P 0T060V0A0Y TOD id100 TTo0-

AOVIKOD ¥Dpov, Kot Ba TNV ATOKOAOVHE KO OG TOM.
(VI) O telectic Tov vapélakod mocodeiktn 3Y P vrepdvm Tov V. Av éyovje éva
P < X x Y opiCoope To 6OVOLO
YP={zeXx |3y (zy) e P}
To 3Y P eivan axpiic n mpofolii tov P vrepdvw tov Y, pe dhha Aoyt
3YP = pr[P] 6moopr: X x Y — X : pr(z,y) = x.

[Switepn onpacia éxoov o1 tepinthoeig 6mov YV = N ko Y = N. Etny tehevtaio
nepinTwon £yovpe oTNY ovcia pia &relpn apBpfoiun évoon, oav kot 6nng Bo e&nym-
COVDE GTT GUVEYEIN DEAPYEL LI OVGINCTIKT JINPOPH AVALESK GTOVG dVO TEAECTEG.

(VII) O teheotiic Tov kKaBoAkod mocodeiktn VY P vrepdvm Tov V. Av éxovpe éva
P < X x Y opiCoope To 6OVOLO
VWP ={xe X |Vy(x,y)e P}
Eivan e0ko)o vox Set kaweig 6t1 VY P = cx (3 (c(x xy) P)). Onog pe mpw 1&iodtepn
onuacio £xoovv ot tepithcelg 6mov Y = Nxar Y = N
(VIII) O telecthic TOL @Porypévov vropélakod mocodeiktn 3. Av £yovpe éva 60-
voho P € X x N opilovope to cbvoro ISP < X x N pe
(r,n) € ISP < Im < n(r,m)e P.

IMopatnpodpe 6t1 To 6vroro ISP mapapével viocdvoro tov X x N. Eniong fAé-
moope 6t1 o IVP “mpocopoidler” Ty memepacuévn évoot covdrov. To kouvobpylo
otoyeio givon O6t1 To “pfKog” TG évwong (o Puo1kds aplBpRos n + 1) arotelei peta-
pAnTh.

(IX) O telectic TOL PPAYREVOD KaBOALKOD TocodeikTn VS. Av éyoope P S X x N
opiCovpe To cOvoro VSP < X x N pe
(v,n) e VYSP <= Ym <n (z,m) e P.

Onwg mo névw to cdvoro VS P napapével vrosdvolo tov X x N. Eriong to VS P
“TPOGOUOIALEL” TNV TETEPACHEVT] TOWT COVOAWY OTOL TO “UNKOG” TNG TOUNG ATOTEAEL
petTafintm.

(X) O tedeotiic g memepaspévng évoons \/ < - Av éyoope nenepacpéva To TAN00g
Py, ..., P, € X tote opilovpe 10 6OVOLO
\/S (Po,...,Pn):P()U"‘UPn.

Me & Aoy to \/ (Po,. .., Py) elvon n menepacpévn évwcn Tov GuvOAmY
Py, ..., P,. Areokpwiloope 0Tt T0 n givan TOY®i0G PLOIKOG aptBpdS. AnAadi) To Tedio
eQPaPHOYNG TOL TeEheoTH \/ < €lvon d4eg o1 pn Keveg menepacéveg akolovdieg vTOcL-
VOA®V TOV {6100 XDPOV.

(XI) O teleotig TG memePAGPELNG TOPAS A\ < - Av ¢yovpe merepacpéva To TAN00g
Py, ..., P, € X t6te opilovpe T0 6OVOAO
/\< (Po,...,Pn) :Poﬁ-'-ﬂPn.

Me dAha Adyoeto < (Po, ..., P,) etvoun menepacpévn évoon tov covodov Fo, . .., P,
Kot To medio eappoyfg Tov Telest A < €lvon ddeg o1 pn xevég memepacuéves aKo-
AovBieg DTOCLVOA®Y TOV iS1ov YDPOVL.
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Znueioon: Kdnoleg popés B avapepOPRGTE GTOVG MO TAV® TEAECTES Y10 DTOGV-
VOAX HETPIKDOV XDPpwV X, o0 Sev TpokvunTouy amopaitnTta and ITodwvikovs. O opiopodg
divetou pe Tov TPoPavi TPOTO.

Opropog 3.1.2. Ta kdBe P = X x Y kou k&Be y € Y opilovpe To 6Ovoro

Py={reX | (zy)}

To P, eivon 1 y-topn (section) Tovo covdrov P.

Mropei kaveig va Oempi|oel TNV y-TOUT ©G TEAECTI] € GVVOAN, AAAK dev pag eivan
witepa ypfopun oot n Bewpnon.

E1d1k| mepintmon avtod Tov opiopo? eivar dtav Y = N ondte yiakdBe P € X x N
Aapfdvoope Tny akorovbia (P, ) nen TOV TOP®Y TOL P. Xtnv nepintwon Y = N 1o n oto
deikTn propei va £xel d0O EVVoleg: a) TNV N-TOUN Kot ) TO N-GTO GOVOAO PG SOGHEVNG
akoAovBiag, Bu eivon capég and To Keipevo o€ o otd TIG SVO EVVOLEG AVAPEPOPACTE.
TI'evikotepa, extog av avagpépetai Siapopetikd, o ppovtiloope dtov éyoope P = X x N
ko o akorovbia (P, )pen TOTE N P, va givon n-topi] Tov cuvdiov P £tot mov o1 00
évvoleg v ooppadifoov.

Opwopog 3.1.3. Me tov 6po KAAGT GOVOL®Y EVVOODLE TN GOAAOYT OOV TOV GL-
VOA®V GE PETPIKOVS ¥DPOovg Tov yopaktnpilovtar and pia coykekpipévn diotnta. o
Tapaderypa Bo avapepOacTE GTNY KAKGT TOV avoikt@dy covolwv. Ot kAdoeilg Bo cop-
BoAiovtou covnBwg pe I'. Extoc av avapépetarl StapopeTikd ot kKA&oels covoror Ba
AVOPEPOVTUL GE VITOCVVOAX TToAWVIKOY YDP®V.

INa k&Be [Torwrikd yopo X ko kdBe kKA don covorwv I Bétoope

X ={Ac X | o A avijker ot khéon I'}.

Oa Mépe ot1 éva A € X eivon I vosdvolo too X av A € T'|X.

Enekteivovpe tn oyéon Tov eYKAEIGHOD KOl TIC GTOLYEINOEIS CLVOAODEWPNTIKES
Tp&Eels 0TS KAAGELS yia vTocDroAQ TOV 0100 Yypov: av €xovpe kK &oeig 'y ko 'y opi-
Coope

'y €T’y <= «d&Be otoryeio tng 'y eivou otoryeio tng I'

Toul'y =nxkhdon dhav tov A nov avijkoov otnv [y 77 oty 'y

Ty nT'1 =nxhion 6Aov tov A oo avikoov otny Iy kar oty 'y

o \T'1 = nxhaon 6hov Twv A mov avijkoov oty Iy kat Sev avijkoov otn T';.

Eriong opilovpe tnv évwon Ukén I'x xou Topn ﬂkgn T'y tov xhéoewv [y, ..., T,
pe Tov mpooi Tpdmo. Opowx opilovpe Ty drelpn Evwon kot ATeIpr TOUT KAAGEDY.

Av ® givon évag and Tovg TPONYOoOUEVOLS TEAECTEG, T.Y. O = v, ovoppoiriCoope
pe ®I' Ty kA&on ov PokHITTEL ATO O T GOVOAL TG popeng P 6mov to P
avikelotn I kot epnintel oto nedio epappoyig tov @. O avdhoyog copforiopds diveton
Y10 TOVG TEAEGTES TOL AVAPEPOVTAL G dVO GVVOAX 1) GE pia akoAovBiat covOAwY. T
TAPEOETY LA £XOVLE

cI’ = n ooMoyf 6hov tovcy P = X'\ P émov P e I'| X,
v kdmorov [Tohwuikd yopo X

v =n ovhhoyh OhovTwv A v B = A U B émov A, B e T'|X,
v kdmorov [Tohwuikd yopo X

3T = n ovdhoyn Grav tov VP dmov P e T|(X x V),
v k&morov [Todwrikd ydpo X

Vy IT' =1 ooihoyn 6hov tav \/ (P)ien = Uen Pi
omov P; e I'|X, i € N, yix kdmorov [Tohovikd ympo X.
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Oa Aépe 6t n khdon I eivan kAeroth ¢ Tpog Tov tedest) P av TO AnoTEAEGH
™me epappoyns tov ¢ ota covora Tng I' Tov gpminTovy 6TO TEDiIO EQAPHOYNG TOL Eivan
ovrolo mov avikel otn I, 1coddvapa I < T'.

TNo mapaderypo n T eivon kAe1oti g Tpog Tov tedeoti v av yi kébe P, Q € T'|X
n évwon P v Q avijker otn T'|X, evd eivon KAEIGTN 0G TPOG TOV TEAEGTH IV aw y1 kGO
P eT|(X x N) 7o cdvoro IV P aviker oty I'| X.

Ou avapepopaoTe eniong o€ KAAoN sovapticemv. Me avtd Tov 6po Ba evvoodpe
[0t GLAAOYT] COVAPTNCEDY AVEPESH O PETPIKOVS ¥Dpovg (cuviBwg [Todwvikods) Tov
yopaxtnpilovton and pia cuykekpipévn wrotnTa. Mo mapaderypa €xovpe Ty kKAdoN TV
ooveyav covapticenr. Otav Ba Aépe kidon ywpic va dievkpiloope av mTpoxerTan yio
GOVOAX 1] GLVPTNCELS Ba evvoovue rdvta kAdon covolwvy.

Mia kAhdon I eivon kAe16Th O¢ TPOG GVVEY T AVTIKATAGTOGT OV Y1 KAOE GOVEYT
GOVAPTNON

[ X =Y
ko k&Oe Q € T'|Y éyoope f1[Q] € X|T, 16080vapa to cbvoro P S X mov opileton og
e€ng
zeP < f(x)eQ
avikerotn I

Mo Tapdderypa n KAGG TOV avolkT®Y GOVOAMV €ivai KAEIGTT OG TPOG GLVEYT AVTL-
KTAOTOON Y10Ti 1 avTicTpoPn e1KOVA VOGS AVOTKTOD GOVOAOD PHECH HI0G GOVEYODG GL-
vapTNONG Eiva aVoIKTO GOVOAO.

2116 eQappoyEs o1 yopor X, Y eivan cuvnBwg mtenepacpéva ywopeva X X - - - X X,
Kol Yp X - X YV QUTIGTOLY L.

Tevikdtepa av Exovpe pia kKAdon ard covapthosig IV Oa Aépe otin T eivon kher-
6ti &g wpog IV-avtikatdstacn av yio kdde f : X' — Y nmov aviker oty IV kon Yo
k&0e Q € T'|Y éyoope f~1Q] € X|I'. Eropérng n KAEIGTOTNTA OC TPOG GOVEYH AVTI-
Kotdotoon eivon kAeiototnTa 0¢ Tpog IV -avtikatdotoact orov IV = khdon OAwv Tov
GLVEY MV GOVOPTICEMV.

Hapatinpnon 3.1.4. H kheiototnta pro kAdong I' og tpog ooveyi avtikatdotoom
pag emtpénet va (i) avadiatdEovpe n-adeg petaPfAntov kabng ko (i) va tapaieiyoope
pepikés petafintés yopic va eEEABovpe TnG KAGONG.

Yoykekpipéva yio (i) o Tve: av €yovpe pia kKAdon I' moo eivan kheioth og Tpog
ovveyf avtikatdotaon kot [Tohwvikodg ydpovg X, . .., X, TOTE Y10 K&Oe cvVdpTHON
7:{1,...,n} > {1,...,n}

Ko KOe 6Ovoro Q S X (1) X - - - X Xr () mov awikerotn [, to cbvoro P < Xy x - - - x &),
nov opiletan wg e€ng
(1’1, Ce ,xn) eP — (:E.,_(l), e ;:Cr(n)) € Q
aviket exiong otn I
O 1oyvp1opdg eivan APecog and To 4T1 1) GLVEPTNON

frXix XXy = Xy X X Aoy

f(xla cee 7:1;71) = (x‘r(l)7 te 7xT(n)'
efvan coveymc.

INoa to (ii) mo Tévw: av €yovpe po kKAdon I' moo eivan kAe1oTh) 0 TPOg cvVEYT AVTL-

katdotacn kot [ToAwvikoog ydpoog A1, . .., X, ToTE Yo kdBe cGovapTNon TPOPOANG
pr: Xy x - x &, = X, X0 x Ay,
pr(zi, ..y @n) = (Thyy oy Tk, )

Kot kGBe QQ < Ay, x -+ x A mov aviker otn I' To cvvoro P € X x - - x &), pe

(1,...,2n) € P <= (vg,,...,2,, ) EQ
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avikel eniong otn I'. Avtd copPaiver yiati n covdptnon tng npofoiis pr eivon coveyig
Kou pogaveg P = prt[Q).
Qg mapaderyua eQaApuoOyHRS TOV TPONYOVHEVOV 0G DTOOEGOVHE OTL £YOVE o KAKOT)

T, Tpeig [Mohwvikovg ydpoog X, YV, Z, ko 800 covoha Qo € X X Y, Q1 S X x Y X Z,
nov avijkoov otn I'. Tote T sOvora Py € X x Y kou P € X x Z x Y nov opilovtan
g e&fig,

(:v,y7z) € PO A (xvy) € QO

($7Zay) € Pl A ($7y,2) € Ql
aviikoov eriong otn I'. INa va to dovpe avtd naiproope Xy = X, Xy = Yk A3 = Z
KoL QopROCOVE TNV TAUPATH PO TAIPYOVTHG

pr:oX) X Xo x X3 —> Xy x X :pr(z,y,2) = (z,y)
7:{1,2,3} = {1,2,3} : (1) = 1,71(2) = 3,71 (3) = 2.

21n oovéyeln O epappolovpe THY TOPATHPNCT XOPIG AVAPOPE GTIC AETTOPEPELES.
Q¢ kavoOv €YovpE OT1L PTOPOVHE VO avadIATAEOVUE KAl VA TAPAAENYOVUE UETOPINTES
TAPAUEVOVTAS 6TV KAdOT].

Hapatipnon 3.1.5. Y6 k&noleg tpodnobécers yio tny kAdon I' propovpe va mor-
PUPEIVOVPE GE ATV OV AVTIKATAGTHGOVHE TOV OpO 1 < M HE TOV TO YEVIKO N <
f(z,y) 6moon f : X x Y — N eivou coveynic covdptnon.

Yoykekpipéva Bempovpe pia kAdon I' mov givon kAe1GTH OG TPOG GLVEYT AVTIKATA-
otaon kot Tov teleoth VS, évav Mohovikd yhpo X kot éva covorho P e T|(X x N).

Tote yio ke Modwvikd ydpo Y kot k&Be coveyn ocovéptnon f : X x Y — N o
ovvoho Q € X x Y pe

(r,y) €@ < In< f(z,y) (x,n)e P
ovfiker otn I
Mo v to dodpe avtd Bempodpe To GdVOLO S e

(x,m)eS < In<m(x,n)eP
KOl TOPALT POVLE OTL
(#,y) €@ < In< f(z,y) (w,n)e P < (z, f(z,y)) €S

To cdvolo S avfxer oty kAdon VST < I'. Adyw g khewstotnTog Tng I wg mpog
cLLEYT AVTIKNTAGTOGT £YOVHE 6Tt TO () awfkel eniong oty VST C T,

0 vtapérakog mocodeiktng vaepdro tov N ko n aprOpfoipn éveon. Ot te-
reotég IV ko \/y @atvovton va mepryphpooy Ty idta podnpatikn vvota, Kadhg Ko
o1 800 awa@épovtar oTNY BRAPEN KATOL0D PLCIKOL APIBPOY N M®CTE TO OOCUEVO T VO
avikel o€ éva cOvolo P,. Zoykekpipéva:

Av gyovope pio akorovdio (P, ) pen DT0cOVOAOY KaTolov [Todovikod y®pov kot opi-
covpe

3.1 P={(x,n)e X xN | zeP,}

ToTe givon dpeco tog IVP = Uhen Pr- Avtictpoga av éyoope P = X x N kat opicoope

(3.2) P,={zeX | (z,n)e P}, neN,

tote mih Eyoope NP =, . Pa-

Me &Ala Aoyl PAEmovE OTL O éVaG TEAEOTNG avdyeTtal 6TOV GANO. Aev onpaivel
Ouwe 6T N kAetorotnra o khdong I' og mpog tov évav tehesti| eivar to id10 ue thy
klerototnra g I' wg mpog tov dAhov.

INo va e€nyfioovpe To Televtaio kahOTEp g DTOBECOLHE OTL £yovpe i KAdon I
Tov eivon kKAE16TH w¢ Tpog Tov teheoth IV ko ag efetdcovpe av n I eivan KAeloTH @g
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Tpog tov teheotii \/ . Oewpovpe piax akoroodia (P, )pen dTOGLVOA®Y Koo ITodm-
ViKko0 ympov X mov avikoov oty I'. Zoppova pe 66 TEPLYpaYopE TIO TAV® LIAP)EL
€vac “@PLC10A0YIKOS” TPOTOG VX TPOYMPTIGOVLLE.

Bewpodyie To chrolo P dmag opiletar otny (3.1) étoimov NP = Unen Pr- Avyvo-
pilape 60T1TO P ovfjker otn ' toTE AOYw TG KAeioTOTNTOS TS [ G TPOg T1g aepiBpf|opleg
EVHOEIS DTOGLVOA®Y ToL X O eiyope

U,ex Po =P eT|X.

Edd akpifag evtomiletan n Siapopd avdpeca 6Tovg 000 TeEAECTES. Acr eipaote o€
Oéon va ovumepdvovue 6t to mponyoduevo cvovolo P aviker otn T ywpig va yvwpiloope
K&t Tep1666TEPO Y1x TN Sopi) TG I'. Zovenmdg 0 “@uo1oAoyikds” Tpdmog yia va deiEovpe
0T1 N KAEIGTOTNTA OG TPog I covendyeTOn Ko TNV KAEIGTOTNTA 006 Tpog \/py amoTvy-
yGvet.

MéMota vrdpyovy mapadeiypata kAdoeov I' mov eivan kAe1otéc og mpog I addd
o1 og mpog \/yy . Eva tétoro mapaderypa kAdong I' propei va katackevaotel edkoAx
(Aoknon 3.1.13). To map&derypa givon kdmwg “teyvntd”’ aAA& DTAPYOLY Kot GAAX T
padeiypata tétoiwr kAdoemy [ mov TpokOXTOLY HE O PLGI0A0YIKO TPOTO. AVTEG O1
KAAOELS eIVON AVTIKEIPEVO HEAETNG TG KATACKEDAOTIKHG TEPLY POPIKNG Bempiog cLVOA®Y
(effective descriptive set theory) Tov Sev PaGg dTAGYOAEL GTO TAPOV GOYY PO

O avtiotolyog cvALoyIopOG propei va yivel av adldEovr Bécelg o1 00 TeheoTEG.
YroBétoope 6Tt €xovpe pia kKAdon I' mov eivan KAE1GTH WG TPOG APIOUNCILES EVDOELS KO
g emyelpfoovpe va Seioope 6t N I eivan kAeoTh g Tpog Tov tedeoth 3. Oewpodie
P c X x Nrov awfjker otn I' kon yio k&Be n € N opiloope P, 6mog otnv (3.2) dote vo
gxoope IVP =, oy Po-

Av yvopilape 6t1 ke P, avikel otn I', Aoy g kheiotodHTNTOG TNG TEAELTAIOG
wg mpog \/y O eiyape 61 NP = |, y Pn € . Opwg, 6pora pe mpw, dev eipaote
oe Béon va ovpmepdrovpe 6t1 T cOvorlx P, n € N, awnkoov otn I'. INa v akpipeia
pmopei kaveic va dioer mapadeiypata khdoewv I' mov eivon eivon kAe1oTég wg Tpog \/
oG 0yt wc mpog IV (Acknon 3.1.14). e auTh THY TEPINTOON OPMGS, TX TAPASELY AT
mov yvwpilovpe givon texvntd. ZTig kAdoels I' mov mpokOnaToLY e PLGI0A0YIKS TPOTO,
N KAEI6TOTNTA G TPOg \/y OCUVERAYETAL KOl KAEIGTOTNTA OGS TPOG N Avté yiveran
ERPAVES OO TO EXOUEVO ATOTEAEGHA KO TNV TAPATHPNGT TOL TO AKOAOLOEL.

Hpoétaon 3.1.6. o k&Be khdon [ moo eivon kKAt ©G TPOG GLVEYT AVTIKATA-
otoon wyboov To e€fc.

(1) Avtoovvoro P = X x Y aviiker otn I TOTe yio k&Be y € YV 1 y-Toun
Py={rxe X | (z,y) e P}
aviketl eniong otn I
(i1) IIpoxkOmrer 6T116) Ve N €ENG CLVERAY YT,
I': khewoth wg mpog \/y = I': kheloTh @ Tpog ERR
Amoderén. Ta to (i) Bewpode y € YV kot mapatnpodpe 6T
reP, < (z,y)€eP < axy(z)eP < uwc a}}y[P]
omov
axy: X > X x)Y:iaxy(z)=(z,v).

Eivon cagéc 6t1 01 ay , eivon coveyeic covapthcels. Emopévog amd tny kAe16T0TN TN
g I" wg mpog coveyt avtikatdcTacn tpokdnTel 0T1 TO cOVOIO Py aviker otn I yio kdOe

ye .
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INa to (ii) epappolovpe T1g Tapatnpioels TG Tponyodpevns culftnong yie Y = N
ko 7o (i). Oewpovpe P = X x N mov avfket ot I kou Seiyvoope 6t1t0 6ovoro NP < X
avikel emiong otn I'. [apatnpodpe 6Tt

rePP «— In(z,n)eP

<~ dnxe P,

omov P, eivon n n-topn {z € X | (z,n) € P}. And 7o (i) x&be P, aviker otn I kou and
v khetototnra g I g mpog \/yy £xovpe 6t1t0 cdvoro NP =, .y a}}n [P] awnker
eniongotn I'. o

Hoapatipnon 3.1.7. Eivou Gpeco 6t1 ta copmepdopata oto (i) kou (il) Tng mpon-
yoOpeVnG TPOTAONS 1o vovY akdpa Kot o 1 I eivon KAE10TH 0G TPOS THY AVTIKATAGTAGCT)
and o PiKpr] COAAOYN GUVEXDY GOVPTHGEMVY. LOYKEKPILEVA GTNY TPONYOOHEVT TPO-
Toon apkel va vrobecet kaveig 6t n I eivon ket g mpog IV -avtikatdotact, 6Tov
I eivou n KAGOT OAOV TV GOVAPTICEDY G x , TNG TEAELTING 0TODEIENC.

H xleioromyra we mpoc I -avtikardoraocn eivar to eddyioro mov Oa Oélaue va ikavo-
notel pia evdrapépovoa kAdon U, ovvenac yia t1¢ evdI1a@épovoes KAAoEIS 1] KAELGTOTHTA
w¢ npog \/y ovvERdyETAL THY KAEIOTOTNTA WG TPOG N,

To axo6lovbo arotéAespa pag Pondd vaw COUTEPAVOVIE TV AVTICTPOPT) COVETX-
yoyf tng [Ipdétaong 3.1.6.

Hpoétaon 3.1.8. Ocwpodue pia kAdaon I mov ikavomoiei tyy 1d10tnra:

Yo k6O TTohavikd ympo X ko kdOe akorovdio (P,),en amd
(3.3) ocovoha tng I'| X’ o cbvoro P € X x N nov opileton g enig
’ (z,n)eP < x€P,

oaviker otn I
Avn T eivar emnléov kAeiotii wc apoc IV, 161e eivan emione kAeiothi we mpoc Vi -

Amoderén. Oewpodpe pia akorhovdia (Py,)nen 0td DITOGOVOAX TOL 10V ydpov X
mov avikoov otn I' kot to cbvoro P = X x N mov opileton 6mwg otny (3.3). And tnv
ondBeon to P aviker otn I'. EmwAéov yia k&Be x € X,

z€UpenPn <= Inzebp,

<= dn(z,n) € P.

Enopévag av n I eivon kAeoth g tpog 3N ToTe amd Tig TponyodpeveS 160dvVapLiES

70 6OVOAO |,y P avifker ot I kon dipar 1) Tehevtaiar eivon khetoth) og mpog \/y . ©

H nponyodpevn npdtacn eivon mpoporic vd T0 QS TNG TPONyoOHEVNS oVl TNONG,
anotelei OPOG Eva ypiCIp0 epyareio. Ba dodpe OTL OAEG 01 KAAGELS TTOD LLOG TG Y OAODY
070 TopOV GOYYPAppR tkavonotoby Ty 1d10TNTa (3.3) Kot emiong eivon KAEIGTES WS TPOG
ooveyf avtikatdotact. Me fdon Tig televtaieg 00 tpotdoels coprepaivovpe O6T1 O1
KAEIGTOTNTEG WG TPOG \/y Kot Ny T1c KAdoEIC pog eivon 16080vapeg 1816t TEC. AEilEL
VO ATOLOVAOVOVLE VTS TOV GLALOYIGHO G v EEXWPIGTO ATOTEAEC AL,

Hopwopa 3.1.9. Ocwpovue uia kidon I' mov eivar kleioti wg npog ovveyn avtika-
Tdotaon kai wov avomoieil thy mo ndve 161otnTa (3.3). Tote n 1 eivon kAeioth wg mpog
\/N av ka1 povo av eivar Kieioti we mpoc IV,

Amoderén. Apeon and Tic [Ipotaoeig 3.1.6 xon 3.1.8. =

Télog mopatnpodpe OTL To TPONYOOHEVX 16X VOVY Kot Yot GAAa {edYN TEAEGTAOV TN
0¢on tov (\Vy ,3V).
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Hpoétaon3.1.10. O:llpordoeic 3.1.6 kar 3.1.8 kat ovvenwg to [1opioua 3.1.9 icyvovy
av avtikaractijcovpe 1o (evyoc tedectaw (\/y ,3V) pe onowadinore and ta (35,\/ <)
(va /\N ) kat (vg’ /\g )

H an6deién eivon ovclaotikd 1 id1r — ano@evyovpe v e16EABODIE O TEPAITEP®D
AETTONEPELEG.

Extipnon g molvmiokotntog pe facn tovg tehecTté. Agiyvovpe TOG |ro-
POVUE VA EKTIUACOLLE TNV TOADTAOKOTN T VOGS dOOUEVOD GLVOAOVL pe Baon 1 yapa-
KTHPLOTIKH 1O1OTHTA OV TO OpILEL.

Hopaderypa 3.1.11. Oswpodpe o kAdon I' mov eivon kAeloth) g Tpog covey

AVTIKXTACTOOT Kot TOV TeEAeST TG ddlevéng v. Oempodpe exniong dbo covola Q) <
X x Y, R< Y x Z moo avfikoov otn I' kou opiloope

P={(z,y,2) e X xYx Z | (z,y) € QN (y,2) € R}.

Aegiyvoope 611 to P avfkel otn I'. Bvag tpodmog yia var To kdvoope aotd givon vo
TAHPOVLE TO GOVOAX

Q" ={(z,y,2) e X x Y x Z | (z,y) € Q}
R* ={(z,y,2) e X x Y x Z | (y,2) € R}

KOl TIG COVOPTNGELS
f1:X><3)><Z—>X><:)i:f1(x,y7z)=(m7y)
f2 X X y X Z_’y x Z fQ(xayvza) = (y,z)
Tote
Q*=f'Ql, R*=[;[R]
Ko
P=f'Qlu f; '[R] = Q* U R*.

Ta cvora Q* ko R* awvfkoov ot I' AOy® TN KAEIGTOTNTAG TNG TEAELTAING WG
mpog cvveyn avtikatdotacn. Exeton 6Tt to P avikel otn I ene1dn n tehevtaia eivan
KAE10TN OC TPOG TNV £vcT §00 DTOGLYOA®Y TOV 18100 YMpov.

Mmnopobpe va avadSIaTOTOCOVHE TOV IO TAV® cVAAOYIoNd wg e€ng. TIpdta PAé-
novpe OtL dev yperdleTon va KAVOLPE awapopd oTig cvvaptihoels f1 Ko fo, yioti ta
cvvola

(z,9,2) € Q*F < (z,y) €@
(r,y,2) € R* < (y,2)€R
oavfikoov otn I' and tnv kheroTtoOTNTA OGS TPOG cLVeYT avTiKaTdoToon kot Tny apati-
pnon 3.1.4. Exerta PAémovpe 6Tt
(z,y,2) € P < (z,y,2) €Q* v (z,y,2) € R¥,

oLuVeEn®MG amd TNV kKAeloToOTNTA TNG ' 06 mpog v éyovpe dt1to P awvifker ot I

Sovnbog dev B kdvovpe avapopd oTo sovola Q* kot R* kot £161 Bo propodpe vo
ovpunepaivovpe 6T1 1o cbvoro P avikel oty I' katevBeiov and Tov opiopo,

(x,y,2) € P < (z,y)eQ v (y,2) € R.

Me avti ) uéfodo TaTiLovpE éva GOVOAO Pe TN 661 OV To opiler. H exti-
UNOoN THS TOAVTAOKOTHTAS TOV GOVOAOD UETATPETETAL OE EKTIUNON THS TOAVTAOKOTHTAS
avthic ¢ oyéong. H tedevtaia yiveran péow tov autiotoyywv teAeotdr KAEIGTOTNTAS THS
T" ka1 tqy kAetorotnTa wg mpog ovveyn avtikatdoraoy, nOALES popéc ue ypion e Hapa-
tiipnong 3.1.4, v omoia Oa epapudlovue ywpic i0iaitepn avapopd.

IIpokerton yro proe apketd 16y0pi peBodo, n omoia ovaderkvoer Tny a&ia Tng o€ MO
ovvBeta TapadeiypaTa.
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Hapd&derypa 3.1.12. Ag ndpovpe og devTepo Tapaderypa pia khdon I' oo mepiéyet
Ta KAEIGTR GOVOLX KOl TTOD £ivon KAEIGTH 0¢ Tpog Tovg tehestés v, VY, IV kan coveyn
avtikatdotootn. Oswpovpe 1o cOvoro P = X pe

z€P <« VYniaV¥m (z = fuo(a) v gm(z,a) =0)

oMoV ot fr, gm, m,n € N eivan coveyeig covapticels. Agiyvoope 6t to P awikel 611
I'. Ta cOvoro A,B pe

(z,a,n) e A < == fr(a)
(z,a,m) € B < gn(z,a) =0

eivan KAEIGTA eME1dN 01 cLVAPTNCELS Eivan GLVEYEIS Ko dpa avijkooy otn ['. Zovenmg to
ovvolo C pe

(z,a,n) e C < VYm ((z,a,n) € A& (z,a,m) € B)
avfket ot I ypnoiponoibvrac tnr kheiotoTnTa 0¢ Tpoc v Kat VY. To cdvoro D pe
(z,n)e D < 3Ja (z,a,n)eC
avfkel eniong otn I' AOym kAe1oTOTNTOG O TPOG IV xan oLVEYOVG AVTIKOTAOTOONG (EOM
epappoloope tny Hapathpnon 3.1.4 yiori Exyoope avadiatater TG petafinTtég). Télog
10 P = VYD avfxer ot I and T khetotoTnta wg wpog V.

211 ovvéyela dev B kGvovpe avapopd ota “evdiapeca’” covoha A, B, C, xon D,
€KTOG Kol av ovuvtpéyet Witepog Adyog. O 1ddtnteg kAeiotoTnTag TG I pog k-
otovv ca@ég 6t1 to P awnker otn L. TNa fofBeia propei kaveic va ypnoiponotioet tov
€ENG “Orary pUpHOTIKO” GOALOYIOHO:

x€P < Vn Ja Vm (z = fuo(a) v gm(z,a) =0).

r

vNrer

INTCI

vNrer

Agpfivoope yio doknon tny avtiotoryn “kAacoikn” anddeln pe fdon Tig cuvorobe-
®PNTIKES 100TNTES OTL TO Tporyovpevo P awviker otn I' (Acknon 3.1.15, yia va yivoov
L0 EPPAVEIC 01 S1UPOPES KAVOVUE P PIKPT] AVASINTOTMOT TOL TPOPANHATOS.)

Aoxknoelg

Acknon 3.1.13. Oswpovue v kAdon I' tov povosvvdiwv ce Ilohovikodg ympoug,
OnAadi|
DX ={{z} | xe X}
y1a k&Be Tohwuikod ydpo X. EEetdote T kheototnta tne I g tpog I ko Vi -

Aocknon 3.1.14. Oewpovpe tnv kAdon I' tov vrocovdimv Tlodovikdv ydpov pe
TOVAdY10TOV 6DO oTOLYEIR, ONAXOT

Ix ={AeP(X) | Ja,be Aa +# b}
Y1 k&Be Tohwuikd ywpo X. E&etdote T kheototnta tne I wc tpog I ko Vi -
Acknon 3.1.15. Oewpoovpe évav [ToAwvikd ydpo X' Kot GLVE)EIG CLVAPTICEIS
fn: X >N, gn: X xN —->R,mneN.
Opilovpe To ovovoro P < X wg €€,
xeP < VYniaVm (z = fula) v gn(z,a)=0).

Tote to P ypdpeton og aplOpfoiun topf] covolev mov eivatl tpoforés kKAEIGTOV
GUVOAOV.
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Acknon 3.1.16. Eoto X Modwvikdg ydpog kat T kAe1iotd vrocdroko Tov X x N<N
(6mov oto N<N Bewpodpe T drokpiTi) LETPIKN), £TCL OOTE Yia KGBe x € X 10 6OVOAO
T(z) = {ue NN | (z,u) € T} va eivon 5évdpo. Tote Y k&Be u € N t0 GHVOAO

A, = {x € X | o omodévdpo Ty (x) £xer kOpPovg ocodnTote peydhov pikovg}
avijker oty YYINT, omou T eivan 1) khdon Tov kAeoTor covdrav o TTodwvikodg yo-
povg.

Aoxknon 3.1.17. Erxavalaupdvovue thy Acknon 2.5.26 orov twpa {nreitar ot vrwo-
Aoyiouoi va yivoov pe ypion tov teAeotdv. Zoykpivete tic AVGEIS TWU SDO ACKNGEDL.

‘Eote X TToAwvikog xdpoc, (Vi )nen pioe akohooBio omd avoiktd vrocdvola tov X',
éva ovvoro T < X x N<N nov kavomoiei tnv icodvvapia (2.26),

(x,u)eT < YveJVnelpen<|u|(z¢V, &vEu)
kot 1 covaptnon f 1 X — Tr
f(@) = T(@) = fue NV | (2,u) € T},

Iaiprvoovpe dedopéro 6T1 1) KAAOT TOV AVOIKTOV GOVOA®V EiVl KAEIGTT ™G TPOS TOV
teheoth) V. Tote to T eivon kKAe16T6 6Vvoro ko yiokade u, w € N<N 1o 6hvoro Py .y S
X pe

r€Pyy = uc f(zx)&w¢ f(z)
eivon F,.
Mdahota av ta V,, eivan kKAe16Td-ovo1kTd bTocOroAa Tov X ta P, ., eivon avoiktd

GOVOAL.
3.2. OvkAhdoeig Borel covoimv temepacpévng Taéng

Opwopog 3.2.1. Opiloope pe avadpopi] 6to n = 1 T1g €€fg KAAOES CLVOAWY GE
IMoAmrikovg ydpovg:

2(1) = 1] KAAOT OAOV TOV AVOIKTOV GOVOA®Y

1Y = c=Y = n khdon 6oV TeV KAEIGTOY GoVOADY

Kot
% 9z+1 = \/N 1:12
= 01 aPIOUNOILES EVDGEIS GOVOADY TNG 1:[?1
1:[2+1 =cX 9L+1
= T GOUTAT POHATA TOV GOVOAOV TNG X o 11
Télog Bétovpe

AL =%, 01T,

Eivon peco ot éva P € X avijker ot A9 aw kou pévo av ta sovoha P xon X\ P
aviikoor ot T 2. EmmAéov eivon edkoro va det kaweig (Acknon 3.2.10) ot

g?wrl = /\N 1:12-
Or kMdoeig XY eivon o1 kAdoerg Borel covorov terepacpévng tdéng evim ot I

ko ITO eivon o1 dvikég (dual) kon ap@ionpeg (ambiguous) avtictorya khdoeig Borel
oVVOA®V TTETEPACPEVNG TAENG.

H ovAloyn tov tponyodpever kKAdoemv ovopdietor tepapyic tmwv Borel sovodov
TETEPATPEVNS TAENC.

Hoapatipnon 3.2.2. H k\don 28 anoteAeiton akppog ond To F,; cOVOAX Kail G-
vemag 1 II9 anoteheiton axpipog amd Ta G5 cHvoda.
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Hpoétaon 3.2.3. Ia kdbe [MoAwviké yapo X kai kdbe n = 1 éyovue
TolX e AL X

Kl EMOUEVMC 1OYVEL ETIONS
H,lx = A) X

Amoderén. Aciyvoope pe eraywyn oton = 1 6t
(3.4) EXSEL X ke DX SII (X

T[Ipo@avdg omd TO MO TAV® TPOKLITOLY Ot eyKAeiopoi O] X < AY X

INan = 1, and v [IpoéTaon 2.1.6 k&Be avoiktd vrocOroro Tov X eivon F,; ko Gy,
ondte and v Hapatipnon 3.2.2 wwyver 9| X < BYAX kou I | X < TI9|X.

Bewpovpe 4t Y1 K&moto n = 1 1oyvel 1 (3.4) Kou Seiyvovpe TO OVTIGTOLYO Y1 TO
n+ 1. Eoto A € X2 ,|X. Tote and tov opiopéd vrapyet pio akorovdia (B;)ien and
1Y vroctvoha tov X pe A = | J,y Bi-

‘Eyxovope

X\ BieE)|X 2 ,|X

0oL oTOV TEAELTAIO EYKAEIONO Ypnoiponoticape Ty Etaynyikn YroOeon. Apa B; €
9, |X yia k&Be i € N kou

A=Uien Bi € Vy I | X =20 ,|X.

Emméov av ndpoope A; = A yia ke i € N gyoope 611 A = (), Ai kou A; €

291X yioxkéBe i € N. Enopévag
XNA=Uien(X\A) € Vyy TI) | X =37 X
Ko Gpa A € [Ig+2 |X. Etot éxovpe deiker tny (3.4) yiato n + 1.

Eivan eniong cagég 6t ot eykhespoi 2 |X = A? 41| X elvon dpecot and avtovg
™G (3.4) TaiprovTog TA GOUTAN POLAT. o

2to emdpevo Prpa eEac@arilovpe KEnoles GTOLYEIMOELS 1010TNTES KAEIGTOTNTAG
TOV 70 TAv® KAdoemv. Ot T png AMota pe T16 1010TNTES KAe1oTHTNTOG diveTon o€ PeT]-
yevéoTepo 6Tdd10 6To Bedpnpa 3.2.8.

Afppa 3.24. Ot kidoeic B9, I1O kot A, n > 1 elvar kAewotés wg mpog v, &, kau
OVVEYN QUTIKATAGTAON.

Amoderén. Apykd mopatnpodpe 6Tt 011810TNTES KAEIGTOHTNTOG Yia TIG KAGoeig A
eivon dpeceg and Tig avtiotoryeg Tov kKhdoewy X0 won ITY. Ma mapdderypa yio vor Sei-
Eoope 6t1 N X9 kon n IIY, efvon kheotéc wg mpog v toTe Yo ke A, B € AY,|X
gxoope A, B e X9, |X xon A, B € I1Y;| X xon Gpax

AvBeSHX ALY = Al .

TMapatnpodpe eniong 6T1 N KAEIOTOTNTA OC TPOS GLVEYT] AVTIKATAGTACT| TNG 22
elvon 160d0vOUN pE TY KAEIGTOTNTO 06 TPOG cuveEYT avTikatdotacn tng 11 0yt yio
k&0Oe covaptnon f : X — Y ko kdBe A € Y éyoope

FIvNAl =X\ A
Me dMha Aoy o 1) f avtiotpéget ototyeiotng X2 o oroyeia tng X2 tote avtioTpé-
et ko otoryeio tng IIY oe oroygeia tng I ko avticTpoga.

Télog Tapatnpodpe 6T kKhewstoTnTa TG X w8 mpog v ko & eivon 16080vapn pe
v khetototnTa g IO 0¢ Tpog Tovg 181008 TEAEsTEG Kot awTicTpoPa. AVTO GOpPivEL
AOY® TOV vouwy tov de Morgan,

X\N(AuB)=(X\A) n (X\B)
X\N(AnB)=(X\4) u (X\B).
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o moapaderypo v €xovpe 6tin L2 eivon kheoth wg mpog v kou mhpoope A, B € TI0|X
t6te T VoA cx A = X\ AkoucyB = X\ B avixoov oty X kon covendg
t0 6ovoro cx(A N B) = cxA U cxy B avikel eniong otn X2, Enopévmg to cdvolo
A&B = A n B aviker otn I19 xou dpa n televtaio kKhdon eivon kheloth wg npog &.

0

‘Enerta Seiyvoope pe enayayf oton 6ot L9, IIY éyoov Tig {nrovpeveg 181otnteg
KAE1GTOTNTOG.

INa n = 1 agod n nenepacpévn EVmon Kol 1| TENEPACHEVT] TOPN AVOIKTOV (avTi-
OTOLYQ KAEIGTOV) GOVOAMV EiVoil AVOIKTO (AVTIGTOLY X KAEIGTO) DTOGHOVOAO TODL 15100 Y M-
pov £xovpe 6Tt o1 kAdoelg Y kon ITY eivon kherotég wg npog v kou &. Emiongn Y etvon
KAEIOTH MG TPOG OLVEYT] AVTIKATAGTACT Y1UTi 1] AVTIGTPOPN EIKOVX AVOIKTOD GOVOAOD
HEG® GLVEYOVS GLVEPTNONG iVt AVOIKTO GOVOAO.

Yrobétoope 6Tt o)y OeL To {nTodpevo yio k&moto n € N ko deiyvoope to {nrodpevo
Yo to n + 1. Boto A, B € X mov avfikoov oty X0 ko f 1 Y — X coveync.
TORPOVX pe Ta TPONyoHEV apKet va Seifovpe 6TL Ta shvoda A U B, An B xon f L[ A]
avikoov otn X0 4.

Yrdpyoov axoroodies (A;)ien kou (B;)ien pe A, B; € TI2|X yia kéBe i € N dote

A=;enAi xuu B=J,yBi.
Tore
A U B = UiEN(Ai U Bz)
An B = jen(4i 0 Bj)
FHA = Usen 1A
And T enayoyikn vnodeon n khdon IIY eivon kheoth og npog v, &, ko coveyn
avtikatdotacn. Apa ta covora A; U B;, A; n B xou f1[A;] oTig mo médwe 166tnTES

avijkoor oty I1Y. A@od o1 mo mdve evdcelg eivan apiOpfcipeg éxovpe 6TL Ta GHVOA
AU B, An Bxa f7HA] avijkoov ot B9 | kon éyovpe To {nrodpevo. o

[Ipw mpoympfGOvVHE GTIC VIOAOINES 1010TNTEG KAEIGTOTNTAG €iva YPCIHO VO Y-
pakTnpicovpe TG kKAGoes X0 pe Paon Tov vrapEiakd Tocodeiktn N, Aivoope TphTa
Ké&mowo BonOnrTikd anoteAéGHATA.

Hapatipnon 3.2.5. INa k&Be pookd apBpd n = 1, k&Be [orwvikd ydpo X ko
k&0e A € TY|(X x X) taodvora A; € X, i € N, mov opilovtan og e&ng

r€eA; = (r,i)eA
avfikouv eniong otny khdon 0.
Avté givan dpeco and to (i) Tng [potaong 3.1.6 yuri kdBe A; eivon 1 i-topn tov A

kon 1 B efvon kAewoTh) wg Tpog cuveyh avtikatdotacn (Afppa 3.2.4). ducikd propet
koveic va To anodeifel katevdeiov 6nmg otny [IpodTaon 3.1.6 tapatnpovtag 0Tt

A; = f7A] omov fi: X > X xN: fi(z) = (z,4), ieN.
Hpogavmg 16yvoov ta idia av avti Tng kAdong X9 éyoope Ty II0.

21 oovéyela deiyvoope 6T1 o1 khdoels Borel covdlov menepacpévng Takng tkavo-
nooty Ty widtnta (3.3) tng [IpdTaong 3.1.8.

Aqppa 3.2.6 ([Mos09], 1F.7). Ocwpovue évav pooiké apibuon = 1, évav [oiwviko
xopo X, kai pia axolovbia cvvéiwv (B;)ien mov aviikovy oty owkoyéveia 9| X. Toze
70 ovvoto B € X x N mov opileron wg €énc

(x,i)e B < z€ B

avijkel oty kAdon 2.

Ta mo ndvw 16)bel emiong av avtikaracticovue ty kKidon X0 pe my T19.
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Anroderén. O woyopiopog yro Ty IIY mpokvrter amd avtdv yretny Y nadprovrag
Ta sopminpodpate. It aotd deiyvovpe povo Tov 16y vpiopd yioa tny 0.

OpiCoope ta covora C; € X x N, i € N, wg e€fg:

(x,5)€C; — z€B; &s=1.

INo k&Pe i to oovoro V; = {(z,s) | s = i} eivon TPOPAVOS AWOIKTO DTOGVVOAO
tov X x N ko a6 to Afjppa 3.2.4 avfker oty 9. TId pe eappoyn Tov tehevtaion
Mppatog to covoro C; = B; N V; avikel eniong otn Y.

2T1 GUVEXEIN TOPATNPOVHE OTL

(z,8) € Uien Ci = i (z,s) € C;
<~ Ji(xreB; &s=1)
<~ zx € B
<~ (z,s) € B,
dnradn B = oy Ci-
Avn = 1 tote kabe C; eivan avoiktd cbroro kon dpa to B givon emiong avoiktd

G £Vmon avotkTdv cuvdiwy, dSniadh B € X9 X. Avn > 1 tote yioa k&Oe i vrapyet
axorovBia sovorwv (C1) jen and 19| vmocoroda Tov X pe

Ci= UjeN Cj.
Enropévag
B = Ui,jeN CJZ'
ko &pa to B eivon aprBpunoipn évoon 1:[%71 VToGVVOAWY TOov X', dNAadH B € §2|X .o

Mpotacn 3.2.7 (Icodvvapog opiopds tav khacseov X0, [Kled3], [Mosd7]). la
kabe n = 1 épovue

0 _ gNyg0
gn-&-l - El ];[n
KQl CUVETWS
0 _ yNs0
1:[n+1 =V zjn

Amoderén. Opilovpe Tpocwpwd T1g KAAGELS
37T = n kh&on OA®V TV AVOIKTOY GOVOAMY = fo

I} = n Khdon Grov TV KAeoTOr cuvdrov = I19

Aegiyvoope pe exaywyn cton = 1 6Tt
TolX =37X ko IY =1II7|X.
(ITpopavmg 1 TerevTain 1IGHTNTA TPOKORTEL ONO TNV TPOTEAELTAIN TAIPUOVTAS TA GL-
HUTANPOUATA.)
INan = 1 to {ntovpevo eivon dpeco and Tov opiopd. Oewpovpe OTL Yo KEATO10

n = 1 éyovope To {nTovpevo ko deiyvoope to id10 Y1 To n + 1.

Eoto P = X mov avfker oty £* . Tote omdpyer A € ITE|(X x N) pe P = VA,

And v Eroyoyki Yroeon A € II2|(X x N). Egappolovpe tnv Mapathpnon 3.2.5
Y1 T kAGon IO xan éxovpe 6Tt yia ke i € N to chvoro

A, =A{x | (z,i) € A}
avfiker ot I . Emnhéov
reP < Ji(r,i)e A «— TJize A,

apa P = | ;o Ai. IIpoxonter 6t1 to P avikel ot Z]?L+1|X.
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Avtictpoga Oewpodpe éva P = X mov avfker oty X 41 Kot (B;)jen o akorooBior
otoyeiov tng 2| X ¢to1 dote P = Uien Bi- A6 to Afppa 3.2.6 To cbhroro

B = {(z,1) | x € B;}
avfiket eniong otny I12. Ano tnv Erayeyikh Yro0eon B € I1¥|(X x N). Emléov
zeP < JizxeB, «< Ji(z,i)eB
ko Gpo P =FNB e B* | |X. o

BOeopnpa 3.2.8 (01 Bepehiddeig Id16tnTeg Kherototntag tov Borel kAdoewy me-
repacpévng TéEng, [Kur66], [Mos09]). Or kidoeig X0, I10 kar AY, 6mov n > 1, eivan
KAELOTEC WC TPOC GOVEYT aUTIKATAGTAOH KAOHC KOl ¢ mPoc Tove TeAectéc v, &, 35, VS,

V< kar A\ .

O1 kldoeic XNJ% elval eMAAEOV KAEIOTES OGS TPOS TOVS TEAECTES
Vi IN ket yevikorepa 3¥ 6mov Y eivan apiBuiioypoc Moiwvikéc ydpoc.
O1 kAaoeic I:I% elval EMTAEOV KAEIOTES OGS TPOS TOVS TEAEOTES
An YN kai yevikérepa VY 6mov' Y eivan apri@uiioypog Molwvikoc yopoc.
O1 kAdoeigc A eivar emmléov KAe1otéc wg mPog TOV TEAEGTI TOV CUUTANPBUATOS C.

Amoderén. H kleiototnra Tov KAICEOY ®G TPOG GLVEYT AVTIKATAGTACT KOl MG
TPOG TOVG TeEAeOTES Vv, & amodeiyOnke oto Afjppa 3.2.4. H kheictotnTO O TPOG TOLG
TENEOTEG TNG MEMEPASHEVNS EVdonG \/ < koutopfig A < TPOKONTEL OO TNV KAEIGTOTN T
®G TPOG v Kol & AUTICTOLY! e ETAY®YT 6TO TANOOG TNG TENEPATHEVNG aKOAOVOING
GOVOA®Y TOL DE®POVIE.

And v [pdtacn 3.1.10 n kAewstoTnTatng £ wg mpog I kon VS givan 16080vopn
pe Ty KAe1oToOTN T Og Tpog \/ L ko < ovtioToyQ, (680 PNOIOTOIOVUE PUCIKA TNV
KhetototnTa Tng XY 0¢ mpog cuveyh avtikatdoTaon).

Tt cuvéyela ac)ohOOHAGTE PE TIG emmAéov 1810TNTES KAEIGTOHTNTOG TG L 0. Oc-
wpodpe apykd prar acorovdia (P;)ien DTOcLVOAY TOL X oL avijkel 6T T2 kon Sei-
xvoope 0t évwon P = | ;o P eivon avorktd cdrodo.

Avn = 1 t6te T P; eivon ookt 6OVOAX Kl GOVERMG TO P eivan avoiktd og évmon
AVOIKTOV GOVOAWV. AV n > 1 toTe k&Be P; eivon 1 évwon pia akolovdiog (Q;) jeN OO
I1Y _, vroctrora tov X. Enopévag

P=U;; @
ko Gpa To P eivon apiBpnoun évoon akorovdiag IIY | vrocvvdrmv tov X, Snhadn
Pex?x.

To mo néwe Seiyver Ty kKhetotodTnTa TG L2 0¢ Tpog \/y . And to opiopa 3.1.9
1 KAEIGTOTNTA TNG g?l eivan 160d30vapn pe THY KAEIGTOTNTA OG TPOG EA

INo Ty kherotoTnTO TNG X 91 ®G TPOG 3Y 4mov Y eivan évag appncipog Iodwvikdg
x®pog, Bempodpe i amapiOunon f : N — Y. Apov to N Bewpeiton pe tn dakprei
tomohoyian f eivon coveyfig. Nakdbe Q € T2 |(X x V) éyovpe

reIVQ — Jy(z,9)eQ
< In(z,f(n) e
ko o svvoro 3Y Q avfker oty khdon Y Adyo g khetotdTTAg TG TEAELTAING G
mpoc IV ko covey avTIKATAGTAGT.

O 18otnreg khewwtoTnTag g Y og mpog IS, VS, Ay . v, vY, 6mov Y eivon
ap1Opfoipog [MoAmuikdg ¥ ®Pog TPOKOATOLV ARO TIG AVTIOTOLYES TNG 1:[2 ToipProvTag TOV
TelecTi] TOL GVPTANpGpaTos. IlpokdnTel OT1 N A 9 efvon emiong kAeloThH g TPog IS Ko
VS, Téhog eivon copég 6tin AY efvon Khe16TH 0 TPOG TOV TELEGTH TOVL GOUTANPOHATOG
c. Aoto olokAnpdrel TNV amodelln. =
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H kleototnta g npog 3¥ 7 VY, 6mov Y eivon évag apiOpioipoc Iohovikdg ydpog
oG emTpémel va ypnoiponotcovpe Tov Mohwvikd yopo N<N yopic va ypeiootei va
KATA@OYOLE 08 KAmolx anopibpnot] Tov 6nmg £yovpe kdvel Ty enilocn Tng Acknong
3.1.16. Aeite yio nopdderypa T1g Aoelg twv Ackficenv 3.2.12 kon 3.2.14.

Hopaderypa 3.2.9. Oewpodpe tov Iohovikd ybpo X = RN x R kot To 6dvoAro
P = {((xn)neNm) eX | x, — x}.
Agiyvoope 611 to P eivon II vrosovoro tov X. Exoope
((mn)neN,m) €P < VkIngVn =ng |z, — x| < 2k
— VkIngV¥n(n<ng v |z, — x| <27F).

Me ypfion Tov Sy papPATIKOD GOAAOYIGHOD EKTIHOVE:!

Vk 3ng Vn (n <ng v |z, — x| <27F).
—— -
113 I

l:[‘.i’ KAEIGTOTNT WG TPOG V

o mdvm éyovpe ypnotponotiocet Ty Mpdtaon 3.2.7 (160dvvapog opiopds tov X
pe Baon tov tedeoth IV) kabhg ko T KAeoToOTRTA TG KAGong IIY g mpog v ko
ovoveyf avtikatdotaon (Behpnpa 3.2.8).

Aivoope kanoleg eEnynoeig. Avotnpd Bewpodie Ta covora A, B e

((mi)ieN,x, k,no,n) EA = n<ng
— f((zi)ien, x, k,ng,n) >0
— ((mi)ieN,x,k,no,n) e f71(0,0) nN]
((z:)ien, 7, k,no,n) € B <= |z, —2| <27F
> g((@i)ien, z, k,no,n) =0
— ((xi)ieN,x,k,no,n) e g [0, )],
omov
f((xi)ieNy x, k,no, n) =Nn—"ng
9((z3)ien, @, k,ng,n) = |z, — x| — 27k,
Eivan capég 0Tt o1 o mdivm covapticeis f ko g givan coveyeic. Eneidn ta cdvola
(0,00) "N ko [0, 0) givon kAeotd vrocvvolo tov N kon R avrtictoya, Egovpe and tnv

kAewotoTnTa tng IIY wg npog svveyh avtikardotaon 6t Ta covola A, B eivon KAeGTA.
EmnAéov and ta mponyodpeva €yovpe 6TL

P=vWi"vwW A4y B

Enopévag to P eivon IT§ sovolo.

Onrwg ¢yovpe e€nynoet oty Evotnra 3.1 (Seite ta [apadeiyporo 3.1.11 xon 3.1.12)
dev B kAvovpe cOVHOMG aVAPOpE OTIS IO TAV® GOVAPTNoELS f, g 00TE oTA eVdidpecal
ocbvoha A, B, adl& Oo eappolovpe katevbeiov Tov mo tdvm diory pappatikd ooyl
opo.
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Aocxnoeeig
Aoxnon 3.2.10. TN k&Be n = 1 1oydet
n+1 = Ay Z5 xx 291 = CH%

Aoxnen 3.2.11. Bewpovpe évav [Tohwvikd ydpo X évan = 1 kou pia akorovBia
(B;)ien vrocvvormy Tov X. Av yio k&Be i vmdpyer n; < n pe 1:[9“ T6TE TO GOVOAO
A =,y Bi givan £Y | vrocovodro oo X.

Zounepdrete 0Tl
= n+1 \/N (Uk<n ];‘[0)
Acknon 3.2.12. K&de 29 11 60VOAO pmopet var ypapel oG aptOpfciun Evmon pog
avéovoag axolovdiag I1Y covorwv.

Acknon 3.2.13. Xpnoiponoote Ty kKAewotéTTA TG KAdONS XY 00¢ Tpog EL
Y1 v Seilete 6t o sOvoha A, tng Acknong 3.1.16 eivon I19.

Aoxnon 3.2.14. To cbOvolo OAaV TV déVdpV TerePACHEVNG Sk ddmong giva
I19 vrostvoro tov Tr.

Acknon 3.2.15. Acitte v kheotoTnTa Tov kKAdceov X0 (n > 1) og npog IV
katevBeior and Ty KAEIOTOTHTA TV TeEAeLTAiOV G TPog \/ |y x®pig TV enikAnon Tov
Iopicpartog 3.1.9.

Acknon 3.2.16. Acitte Ty kAeioToOTTA TV KAGsEOY 20 (n > 1) 0g tpog IS kou
VS kateodeiow and TNy KAEIGTOTNTH TOV TEAEDTAIOV G TPOG \/ < xau A\ _ avticToya,
xopic tnv enikinon g [Ipdtaon 3.1.10.

Acknon 3.2.17. To Afppa 3.2.6 amotuyydver y1o Ty khdon X av avtikoracti-
covpe to cOvoro N pe tov Iodwrikd yodpo Y = [0, 1].

MdMota yio k&Be TTohwvikd ydpo X vrdpyet orkoyéve (V) ye0,1] HVOIKTOV dIO-
cOVOA@Y TOL X €101 MoTE TO oVVOAO V € X x ) e

(r,y) eV <= z€V,
dev givail avokTOd VTOGOVOAO TOV X X V.

Acknon 3.2.18. Oswpovpe [Norwrikoog ympovg &;, ¢ € N ko évav puoikd apiBpd
n = 1. Tote yio k&Be axorovdio sovdAwY (A;)ien pe A; € B2 AX;, 6mov i € N, o chroro
[Tien As eivan IIY | vrosdrOA0 TOL YDpOL Y1VOpEVO X = HleN X;.

Erniong y1 k0e m € N 1o chvoro Ag x - -+ x A, efvon X2 vrosovoro tov Xy x
- X X

AlTOn®OOTE TA AWAAOYO GOPTEPAGHATA Yiat akoAoLOiat cVVOAWY (A;)ien pE A; €
I, | ;.

3.3. Or mpofoiikég KAAGELS GOVOA®Y

Opropog 3.3.1 (Opiopodg tov mpoPorikav kKAdcewy, [Lus25c], [Lus25b], [Lus25a],
[Sie25], [Mos09]). Opilovpe pe avadpopr) oto n = 1 115 €€ kAdoeis covormv oe Ilo-
AOUIKOVG YDPOLG:

o =3I
= o1 tpoPorég kAeotav F € X x N vrepave tov X,
omov X' TloAw1ikdg xwpog

l:[% = Cg% = T COPTANPAOUATA TOV 2% oLVVOA®Y
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Kot
% }z+1 = HNI:I;
= o1 tpoPorég I:I}L covolov F € X x N vrepdvw too X,
omov X' TToAwrikdg xdpog
1:1711+1 =cX }H-l
= TO GOUTANPOPATY TOV 2,11 11 COVOAGV.
Me 6Aha Moy évae P < X eivon 1 (3 T} 11) 60VOAO o Kou POVo aw DRApyEL Eva
I19 (h I} avrictora) obvoro Q < X x N £tor dote yia kéde x € X,
re€P < Ja(r,a)eqQ.
Haiprovtag Ta copminpdpata éxovpe 6Tt éva Py © X etvon I3 (R 1 11) cOvoro

av kou povo av vrapyet éva X9 () T avtictorya) cdhvoro Q. = X x N éto1 dote Y
k&Oe r € X,

x € Py = Yo (z,a)€ Qy.
Eivon apketd forikd va B¢covpe

1 _ 170 1 _ 0
I =117 xou X, =37

£T61 TOL
BLoVIL, ok I = WVEL
vy kdBe n > 1.
Télog Bétoope
A, =3, 0L,

av Ko povo av ta covora P ko X'\ P

S+

Eivon dpeco o011 éva P < X avikel oty A
avfikoov ot T L.

O1 kMdoeig T L Aéyovtan TpoPorkés fj allibg khasers tov Lusin evé ot IO kon
I eivon o1 §uikég (dual) kou ap@icnpeg (ambiguous) avticTorya TpoPodikés KAGGELG.

H ocvolloyh Tov mponyodpevey kKAdoewy ovopdletal tepapyio Tov mtpoffoikmv
GUVOAO®V.

To chvola Tng kKAGong X1 ovopdlovton awahvtikd (analytic) kon qvtd TG KAGGNG
I1{ covahoTikd (coanalytic). Ta covoha Tng kAdong A | ovopdlovton ap@r-avadvtikd
(bi-analytic).

Appa 3.3.2. O1kldoeig X L II Lk é}L EIVAL KAEIOTES WS TPOS GOVEYT AUTIKATA-
otao.

AnoderEn. Onwg xon oty anddeen tov Afppatog 3.2.4 tapatnpodpe 0TI 1) KAEL-
GTOTNTA G TPOG GLVEYT AWTIKATAGTHOT TG XL efvon 16080vapn pe Ty khelstoTnTa
g II! g npog cuveyn avtikatdotacn. (Mevikdtepa pa khdon I eivon kAeioth og
TPOG GLVEYT AVTIKATAGTAOT oV Kot ovo aw 1 ¢l eivon kKAE16TH G TPOG GLVEYT AVTIKK-
TdoTOON.)

Emm\éov n kAewototnTa Tng AL 00g TPOg GuVEXH AVTIKATAGTAGT £ivon GHECT) O
v idia 1ot Tov KAdoewy XL won I,

21 ocovéyela deiyvoope 6T o o kAGon I eivan KAe16T 0 TPOG cLVEYT AVTIKA-
taotaon tote kou VT éxer Ty idia 1816t Oewpodpe TTomrikodg ydpoog X, Y,
o coveyn oovdptnon f : X — YV ko éva P S )Y mov avikel 671 INT, dmov n I ei-
van KAE16TH g Tpog cuveyh avtikatdotaot. [pénet va Seifovpe 6T1 0 chvoro f1[P]
avnker oty VT
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Yrapyer Q < X x N mov avikel ot I éto1 dote P = IV Q. Tote yia kébe x € X,
re fYP] — f(x)eP
> Jda (f(z),a) e Q
< Jah(z,a) € Q
— Ja(z,a) e h Q)
omov h(x, o) = (f(x), ). H h eivon coveyng covdptnon kot arnd Tny vrobect pog yio
I" To cbvoro h~ Q] avfker ot . And T1¢ To médvm 1608vvapieg npokdnter f~1[P] =
FVh1Q] kou covendg to fL[P] avikel ot T
Téhog deiyvovpe pe emayoyn 6to n > 1 6tin khdon XL eivon kAeloth ©g Tpog 6o-
veyn avtikardotoon. Nan = 1 éyoope otin ] = NV I19 eivon kAe1oTh wg TPOg GvVEXH
QUTIKATEAGTAOT artd Ta 0 TV ko amd To 6t n kAdon LI éxer avth Ty ot Ta.
YroBétoope 6Tt yia kémoto n = 1 n khdon T2 eivan khewot wg Tpog cvvexh avti-
katdotacn. Eropévog ko n I} éxer tny idioid10tnra kon oamd o 110 méve o 1810 16)0et
ko yletny L, = IVIIL, o
Hpétaon 3.3.3. a xdbe Holwvikod ywpo X kai kabe n = 1 éyovue
TalX S AL lX
KOl ETOUEVWS ICYVEL EMIONG
X s AL X.
Amoderén. Ilpogavag o dedTEPOG EYKAEIGHOG TPOKVLTEL AUTO TOV TPMTO TAIPLOVTOG
TO GUUTARPOPX TOL GLVOAOL. Apyikd deiyvovpe Tn copmepiinyn T LX< I} 1l X
Bewpodpe P = X mov avfiker oty T} ko Q S x X x N mov aviker otn I, éto
wote P = N Q. Oétovpe
R=QxN
Ko 1yopopacte 6t To R eivon emiong I, _ | oovoro. N kéde (z, o, B) € X x N x N
€YOLpE
(z,a,8) e R = (z,0)€Q
ko to R avfker oty IIL | Moy g kheiotoTnTag TG TELELTRING WG TPOG GOVEXH
aUTIKATAOTHOT, Ogite To Afjppa 3.3.2.
Emnhéov i k&Be = € X éyoope
reP «— Ja(z,a)eQ
<« Vp3da (z,a,8) € R.
Apato P aviket oty khdon VVIVIIL | =vWVEl =101 .
Tt covéyewn deiyvoope 611 k&Be Khewotd cvvoro eivan I vrosvroro Tov idov
x®pov. Eotw X [Modwvikdg ywpog ko F' < X xheloto.

To F, og k\ewoto, eivon eniong Gs cdvolo enopévmg vrdpyet akorovdio (V;,)nen

a6 avoIKT& vIToc VoA Tov X pe F' = (1), Vi Oewpodpe To 60voro

V={(z,a)e X x N | x € Vyq)}

Eivou gdkoro va Set kaveig t1 10 V glvon awoikt6 vrosvvoro tov X x N. Emimiéov
Y kK&Be x € X,

re€F < VYnzeV,
— VaxGVa(o)

— Va(z,a)e V.

Tovendg to F eivon VN9 = TI{ covoho.
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‘Eneita deiyvoope pe enaywyn oto n = 1 0T yia kabe Iolwviké ywpo X 16y0et
Sllx c 2}},/“ |X. Me Bdon autd Ko TIG TPOTYOOHEVESG COUTEPIMWELS £YOVHE TO {N-
TOOHEVO.

o n = 1, Bewpodpe vav Morwvikd ydpo X ka P S X mov aviket otn 1. Tote
vrdpyet kKAeloto ovvoro F € X x N étot wote P = IV,

Aeitape 6T1 70 F 0g khewoto eivon IT] vrocvroro tov X x . Eropévwg to P eivan
NI} = 2} vrocvroro oo X.

Yrobétovpe 0Tt yia kdmolo n = 1 ko k&Be [ToAwvikd ymdpo X 16y ver

Z}L‘X = 2111—0—1")(3 1codvrapa 1:1711|X = 1:11114-1")(-

Boto X Tlodovikdg yopog kat éva X} | covoro P = X. Aeiyvoope 6tito P eivan
X1, vmocvroho tov X. Amd Tov opiopd vrdpyet éva I} cdvoro Q@ = X x N pe
P = 3N Q. An6 v Enayoyiki Yrobeon epappoopévn otov ydpo X x N to Q eivan
II!_, covoho. Zovends to P eivon FVIIL | = X1 ., vroctvoro too X. o

BOedpnpa 3.3.4 (O1 Oepehdders Idriotnteg Khelototntag tov kAdcewy too Lusin,
[Sie28], [Mo0s09]). O: kidoeic Zj}v I} ko Q}L n = 1, eivan kA€1otéc w¢ TPog ovveYH
avtikatdotacn kal Tov¢ telectéc v, &, IS, VS, Ve, /\< SN N Vi Ay -

O1 kidoeig B}, eivan emmiéov kletotés wg mpog tov teleoth 3 ka1 o1 I1) we npog
tov VY y1a kdOe Molwviké yopo Y. O1 kldoeic A} eivar emmléov kleiotéc wg mpog Tov
TEAEOTI] TOV COUTANPDUATOS C.

AnéderEn. H kleiotdTnTa @ TPOg cuvE)T AVTIKATAOTACT £)€l OetyBei oTO Afppa
3.3.2.

Q¢ cvvfBug ot 1810TNTEG KAewoTOHTNTOS TOY KAdoewy X1 Sivovy Tig avtictolyeg
T Tig KAGoeig I kon katd cvvéneia ko 1 Tig AL, Emimdéov eivon cagpég ot o1
TelevTaies eivan KAEIGTES WG TPOG TO CVPTANPp. Eropévmg Seiyvovpe tig {ntodpeves
WBotnTeg Y tig T L.

Av 8eitoope 6t1 01 B eivon kheoTég wg Tpog Vyy TOTe Bax gxovpie Kou KAEIGTOTNTA
®G TPOG TETEPAC LEVT EV®GT) (DTOGVLVOA®Y TOD id100 y®POL), Y1arTi TO KeEVO GOVOLO aviKel
oe Oheg aOTEG TIG KAAGELS. Anladi Oa éxovpe Kot Ty KAe1GTOTNTA WG Tpog \/ L Ko V.
Eminhéov and tnv Acknon 3.3.9 n khetototnta g 1pog \/ ko \/_ eivan 1co80vopn
pe TV KAetotoTnTa @¢ tpog I kou IS awticTorya.

Me 6potr GLALOYIGTIKT €xovpe emiong 6Tt N KAewoToTNTA TOY XL wg Tpog Ax
COVERGYETAL KO TNV KAEIGTOTNTA G TPog /\ < Ko & ypnoiporoiwvtoag 6Tt k&be [oAw-
VIKOG ydpog X avfkel oe OAeG aLTES TIG KAGoels. EmmAéor mah amd tnv Acknon 3.3.9
1 KAeoTOTNTR OC TPos Ny Ko /\ < €l 16080vapun pe TNY KAEIGTOTNTA ©OG TPOG v
kot VS awticTotya.

Enopévog apket va deitovpe T kAeiotoTnTa Tov kKAdceov XL og npog IV, VN ko
3, 6mov Y eivan Toyaiog Molwvikog ydpoc.

YrevBopiloope tn covapTnon kodikoroinong (- » and To (2.7) Ko Toug GupPoAL-
GHOOG

a* =(a(l),...,a(n),...) eN
(@)i = (<3, 0)), (<i, 1)), - al(B 1)), .. ) €N
and Ta (2.9), xou (2.12) avtictoya, 6mov i € N ko o € N. Onwg éyovpe mel o1 Govap-
thoeig (a — a*) ko ((i, @) — («);) eivon cvveyeic (Aoknon 2.3.18.)

Mapatnpodpe 6t Y1 k&be axorovdia (a;)ieny amd otoryeia Tov N propodpe va
Bpoope éva o € N pe tnuidiotnta (a); = a; yiukdOe i € N. Mo tétoia emhoyn o eivon
n

a((, 1)) = a;(t) Ko alk) =0, avk # 3, t) yiokdde i, 1.
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Apykd Seiyvoope 6t1 ke kKhdon X ), n > 1, eivan kKAe16TH 0 TPOG V. @ewpodpe
> 1, éva X! covoro P € X x Nxouéva IIL | oovoro Q € X x N x N éto1 dote
= VN Q. TN k& = € X éyovpe

reNP = 3Ji(x,i)e P
> Fida(z,i,a)eQ
= 3B (2,8(0),5%) € Q,
omov mo mdve maipvoope B = (i, a(0),a(1),...). Apod n kiéon IIL ;| eivon khewot
®G TPOS CLVEY T AVTIKATACTAGT TPOKOLTEL IO TNV TEAELTAIN 1G0SVVApIN OTL TO GOVOAO
INP aviker oty khdon IVIIL | = T 1.
Enopévog o1 kAdoeig L, n > 1 etvon kherotég og tpog 3. T Ty kAetotdTHTA 0G
npog VY, Bewpodpe évan > 1 xou P, @ dmwg mo tdve. Mo k&e = € X éyovpe
reVWP «— Vi(z,i)e P

<« Vida (z,i,a) €Q

n
P

> JaVi(x,i, (a);) € Q.

INa v tedevtaio Icoduvapio av yio KAOe i DTAP)EL KATOW0 o = «v; pe (x, 4, ;) € Q
TOTE PROopovjE propodpe v emdéEovpe Evaa € N pe (a); = a; 10 kd0e 7, OTOG EYovpe
e€nyfoet mo tavw. Tote Oa Exoope (z, 4, (a);) € Q ywo kGOe 1.

An6 v tedevtaia 16odvvaptia TpokdTEL 6T1 TO GHroro VN P awfjkel 6Ty KAGoN
=N VYNIIL . Onog éyovpe Seiter mo mdvw n xhdon XL eivon khewoth wg mpog V. (T
n = 1 7o {nrodpevo TpokodRTEL Al T1G 110TNTEG KAEIGTOTNTAS TG KAGong X = XY,
deite to Oeppnpa 3.2.8.) Maiprovtag to coprifpopa n IIL | eivon kheoth ©g Tpog
VN, Enopévag to sovoro VY P aviiket oty khdon IVYNITL | = IVIIL |, = %1

Téhog Seiyvoope Ty KheloToOTNTO TOV X)) G TPOG 3. @ewpodpe n > 1, éva =)
cbvoro P € X x N, xan éva II} | odvoro Q@ € X x N x N. Tote yiu kbe © € X
éyoope

1eIVP «— 3Ja(z,a)eP
> Ja 3P (z,0,5) € Q
= Iy (@, (v)o, (V1) € Q.
Ernopévag to 6ovoro 3V P aviket oty khaon IVIIL | = L. o

Hopropa 3.3.5 (Icodvrapog opiopog Tov kKAdceov X 1) Na kdbe n > 1 5 kAdon
Xj,ll anoteleital akpifas anod TIS GOVEYEIS EIKOVES 1:1,11_1 OVVOAWL.

Anoderén. Kabe ! covoho eivon mpoforn (ko emopévog eivon coveyng etkodva)
evog IIL | cvvdhov, emopévag mpémel va Seifovpe to avtictpogo. Eoto f : X — Y
coveyng kou Q S X 7o omoio eivan I1! ;. Ipémer v Seilovpe 6T1 1 ewxodva f[Q) eivan
2L sovodo. Hpaypartt, yio k&Oe y € Y €xovpe

ye flQ < Jx(reQ& flz) =y)
< Jz (z e Q & (z,y) € Graph(f))

To ypaonpa tng f eivon kAeiotd odVoAO Kot emopévag and tny [pdracn 3.3.3 (ko
v anddeitn tng) efvon I1L_; cvvoro. Anod to Oeppnpa 3.3.4 (IGrotnreg Khewstotntog
Tov kKhdoewmv tov Lusin) n khdaon IIL ;| eivon kheioth g npog &. T nepintmon 6mov
n = 1 aTd TPoKORTEL AN TIG 1O10TNTES KAEICTOTNTUG TOV KAEIGTOV GOVOAWDV.

Me Béon Ty TelevTaio amd Ti6 Mo TV 160duvapieg katahyoope 6ti f[Q] = IR
omov o R etvon éva I1L | vrocvroro tov Y x X. Tovenmg o f[Q)] eivon X} vrosdvoro
ToL V. o

Hopropa 3.3.6. H cvveyiic eiova XL ovvélov eivar T cvvolo.
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Anoderén. Ano o Iopiopa 3.3.5 to doopévo L. cdvodo eivan coveyhg ercova
II._, cvvolov. E@dcov n covbecn coveydy cuvapticeny givan coveyig covdpTnon,
TPOKOTTEL OTL N GVVEYNG KOV TOL Soopévov XL sovdrov eivon coveyhg ewova I1L
cuvdAOL, Ko otk omd To TTopropa 3.3.5 ivon T L sovodo. =

Aoknoelg
Acknon 3.3.7. K&Oe apiBuntiki khdon L2 mepiéyeton ot Al
Acknon 3.3.8. K&be khdon X! eivon kheloth og npog coveyeis eikovec.

Acknon 3.3.9. Eoto I onowdirote and Tig kAdoeig XL kou 1L, n > 1. Tote yia
KaBe axorovBia (Ps)seny amd vrostroia Tov idov IMolwvikod ydpov X' mov avijkovy
otnv ' To cbvoro

P={(z,s)e X xN |z e P}
aviiker oty I'(X x N).
AvtioTpogwg Y kdbe R € T'(X x N) ko k&be s € N to cdhvoro
R;={zxeX | (z,s) € R}
ovfliker oty I

Topmepdrete 01 0 16XVPIGROS Tg N I eivan kAewoth wg Tpog \/y ko \/ < €l
aUTIGTOLYX 1608DVAOG Pe ToV 16)Yvpiopd 6T I eivon kheioth g mpog I ko IS, (6mov
Pzl

6p01oc 0 16)up1opds g N I eivon kKAewot 0 Tpog Ay ko /\ < €lvon avtictolya
16080vaLog pe Tov 15y uptopd otin I eivon kAeoth og npog VY ko VS, (dnov I' = 1L,
IL,).

Aoxnon 3.3.10. Oeswpovpe pio kKAdon covolov I Too nepiéyet ta kAelotd cOVOAQ,
Ko eivan KAEIGTH MG TPOG GLVEYT AVTIKATAGTAOT OTMG EXIONG WG TPOS TOV TEAESTH &.
Ta akdrovBa eivon 16080V

(i) HT eivon khetoth og tpog V.
(i) HT eivon kheoth) g mpog 3V yia 6hovg Tovg Iohwvikods yhpoog V.
(iii)) H I eivon kAeroti) oG Tpog coveyeis eikdveg.

TOpTEPAVETE OTL O 16)(VPICHOG TG N L eivon KAeGTH WG Tpog 3 i k&Oe ToAw-
V1Ko YOpo Y eivan 16080vaptog pe Tov 16y uptopd 6tin XL eivon kheloth og Tpog cuveyeic
ewkoveg, 6moo n = 1.

3.4. T'-petpnopotnta
3.5. Hapapetpikomoinon ko KabBoiikd Zovoio
3.6. ['-minpotnta

3.7. Hidwtnta g opahomoineng (uniformization property)
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KE®AAAIO 4

Borel covoira

4.1. OepeMmoerg 110TNTEG
Opropog 4.1.1. Oewpovpe éva pn kevd ohvoro X ko pia otkoyéveia A 0vToc VO OV
700 X. H A eivon o-Ghypeppa 6to X av ikavomorei Tig akOAo00eg 1310 TN TES.

(i) Ta ovvora &, X avikoov otnr A.
(i) AvAe Atote X \ Ae A

(ili)) Av A, € Ayiax&Oe n e Ntote |, .y An € A

neN

Mepikd tetpippéva tapadeiypata o-alyepov oto X eivon to dvvapoostdvoro P(X)
ko to {J, X }.

Orwg eivan yvwotd av €yovpe va pun kevd cOvoro F and o-dhyeppeg oto id10 60-
voho X TOTE 1 TOPN
NF={Ac X |VAe FAec A}
eivan eniong o-&hyePpa oto X.

Opiopog 4.1.2. Oeswpovpe évay petpikd yopo X Kot 10 cVVoAO F OAV TOV O-
ohyeppav 6to X nov mePE)oLY TO AVOIKTE LTOSHYOAX TOL X, dSNAXDT

F ={A | n Aeivon o-&hyeppa oto X ko yio ke avoktd V € X éyxoope V e A}
Mopaznpodpe 6tT1 P(X) € F kou ovvenwg F # . H o-&hyeppa B|X tov Borel
VO VVOA®Y TOL X €ivan 1) 0IKoyEVELN
B X=F.
‘Eva vmootroro tov X ovopdleton Borel av aviker otn o-ahyeppa Bl X.
Eivon sopég amd ta eporyodpeva 0T 1) owkoyéveia B| X €xer Tig eEng 1810tnteg:

(1) H B|X eivan o-Ghyeppa ko KAPe avoiktd vrocdroro tov X mepiéyetal 6Ty
B| X, dniadh n B| X eivan otoryeio tng mo mhve F.

(2) Av A eivon o-GhyePpa 6to X 100 TEPIEXEL OAX TA AVOIKTE DTOGOVOAX TOL X
tote B|X € A

Me dida Aoyw y B| X eivon np eddyiomn o-dlyefpa oto X mov mepiéyer ta avokrd
ovvola. ZopporiCoope pe B tny kA&en 6 v Tov Borel covdhwv o petpikois ydpoug.

Mepika wapadeiypara Borel covolwv givan OAL T 0VOIKTE GOVOAX KL TOL GUWTAN-
poOpaTd Toug dNAadN T KAeloTd cOvoAa. Ta F,, cOhvora eivon emiong Borel wg ap1Opi-
owun évoon Borel covorwv ko ta G5 givon og copninpopata F, covolov, To onoia
eivan Borel.

Mpotaon 4.1.3. a kabe [Moiwviké ywpo X ki kabe n = 1 icyder
=0|x < Bl
Sniasii ke £ vrocivvolo tov X eivar kar Borel vmoctvolo tov X.

Amoderén. Me emayoyi oton = 1. o
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O opiopodg Tov Borel covdrov pog vrayopedet pio Oepeir@ddn pédodo yio va aro-
derkvvovpe 1010TNTES TOV Borel cuvolmv. Zoykekpipéva ag vroBécoope 6Tt BEAOLE VO
deifovpe o TpdTACT TNG HOPPNS

v kdOe Borel covoro B € X 1oy et n 1816t Q.

Tote Bewpobdpe TNV okoyévela

A={AC X | o Aéyxertnidiotnta Q}.

Av deioope 0T1 To A givon o-GhyePpa TOL TEPIEYEL TA AVOIKTH DTOGVVOAX TOD X
tote Ba gyoope B|X < A ko emopévmg Ba éyovpe anodeifer tny mo ndave npodtacn. Eva
YAPOKTNPIOTIKO TOPAIETY I EQAPHOYNG AVTHG TNG HeBOSOD eivan To enOUEVO amOTENE-
OHOL.

ANppa 4.1.4. H xAdon twv Borel ovvéiwv givar kAelotii wg npog cvveyn avtikard-
otaot.

ATode1n. Oewpovpe petpikods xdpos X, Y ko pia coveyf covaptnon f : X —
Y. Oa Seitovpe 611 y1a k6Oe Borel A € Y 1o cvoro f~1[A] eivan Borel vrostroro too
X. Oewpobpie TNV O1KOYEVELN

A={AcY | f YA e B|X}

ko Seiyvovpe 0Tt eivon o-GAyePPa TOL TEPLEYEL OAX TX AVOIKTE DITOGVLLVOAO TOL Y . Eo-
cov 1 B|X eivon ) ehdiyiotn o-dhyefpa Tov mEPIEYEL TA AWOIKTE DTOGHVOAX TOV Y, TPO-
KOTTEL 0O TO TPonyodpuevo o6t B| X < A mov givon kou To {nTodpevo.

Oewpodpe v avoiktd V S Y. Apod 1 f eivon coveyig covdptnon 1 avtictpon
ewova f1[V] eivon avoktd vrochroro Tov X ko cuvenmg eivon Borel chroro. Apa
V e Axon A nepiéyel OA T avoIKTd DTOGOVOAX TOL X .

21 ovvéyeln tapatnpovpe 6t &, Y € A yuri ta sovoda F, Y givon awoiktd. Av
Ae Atote

FUY VA = X\ f A e BX
6mov mo T ypnoponooape 6t f [ A] € B|X kot 611 n otkoyévew Twv Borel vro-
ouvOhmv ToL X eivan KAEIOTH ™G TPOG TA GUUTAN POHATA 6TO X . =

Oeopnpa 4.1.5 (O Oepehindeis Idotnteg Khewototnrag tng kAdong towv Borel
oovohwv). H kidon B twv Borel covélwv eivar kAcioth
(1) wg¢ mpog ovveyh avtikatdotaon,
(i) wg mpog tovg tedeotés v, & IS, VS, \/ ., Ao, cx, omov X eivan petpixog yarpos,
Kai
(iii) w¢ mpog tovg tedectéc \/, ELRELS Ax» VYN WY, 6700 Y eivan apri@uiioypog How-
VIKOG y®pog.

Amoderén. H kheiotdtnTa g Tpog ocvveyr avtikataotaon eivat to Ajppa4.1.4. H
KAe16TOTNTA WG TPOG Vv kot \/ < €lvon dpeon amd TNy KAEIGTOTNTA WG TPOG Vy - Opowx
1 KA£16TOTNTO OGS TPOg & Kot /\ < €lvon dpeon amd TNy KAEIGTOTNTA O TPOG ACE

O1 kAe16TOTNTEG G TPOG \/(y Ko Cx eivan caeic yiati yio kiBe petpikd ywpo X n
B|X eivou o-6hyeppa. T Ty kheiototnTa 06 Tpog /Ay Oewpodpe vow petpikd ydpo
X xon pa axorovBia (A, )pen Borel vrocovorov tov X. Tlapatnpodpe o6t

X\ mneNAn :UnENX\An€B|X

omov o mhvw ypnoipororioape 6t1 A, € B|X ya kdbe n € N xou 6T1 1 B| X eivon
o-ahyeppa. Apod X \ (),cn An € BIX &xovpe kou 011 (), .y An € B|X.

2tn oovgyeln woyopilopacte Ot yio kdBe petpikd yopo X ko k&Be axolovBia
(Bs)sen a6 Borel vrosovoha tov X to cbvolo B = X x N pe

(z,8)€e B «< x € B
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eivan eniong Borel. H an6dei1én eivon axpifmg n ida pe aotiy tov Afjppatog 3.2.6, pe
B oty 0¢on g T2. (Xpnowonotodpe 611 1 kAo 6Awv Tov Borel cuvdrov mepiéyet
oML ToL AVOIKTA GOVOA Kl €iV0il KAEIOTH WG TPOG CLUVEYT AVTIKATAOTOOT), & KHBMG Kot
Vi)

A@ob 1 B eivon kAe1oTh) ©g Tpog Toug TEAesTES \/ 5 <> FARSRLC1WAN < » TPOKOTLTEL
and ta [Topiopata 3.1.9 kou 3.1.10 671 1 B givon eniong kKAE10TH ®G TPOG TOVS TEAEGTEG
N, IS, N kan VS,

Téhog Bempodpe évaw apiBpnoipo TTodlovikd yopo Y, pio amopiBpnon f : N — Y
kot éva Borel B € & x Y, 6mov X [Tohwvikdg ydpog. Tote yi kéBe x € X,

reI¥B < JyeY (z,y)eB
< In(z,f(n)eB

Kot Opota
reVYB < Vn (x, f(n)) e B.

A@o0 1 f eivan coveyng ko 1) B givon KAE16TH ©OG TPOG CLVEYT AVTIKATAGTACT Kot
toug teheotée IV, VN, mpoxdnTel amd Tic Tponyodueves 16odvvapies 0TI T GHrOAOX
Y B, VY B avfxoov ot B| X. o

Hopropax 4.1.6. I'a kdbe [NoAwviké ywpo X Eyovue
Blx c AllX.

Amoderén. Anod to Oedpnpa 3.3.4 (kou Tny anddeiEn tng [pdtaong 3.3.3) n oko-
yévewr ALY etvon o-GhyeBpa mov mepiEyel T avOIKTE LTOGHVOAX TOL X =

Mpotaon 4.1.7. Av X eivar puetpixoc ywpoc kar to Y eivar éva un kevd vrocdvoio
700 X 10te éva A C Y givau Borel orov petpixd ypo Y av kai udvo av givar the popenc
B nY 6rov to B eivai Borel orov X. Andady

BlY ={BnY | BeB|X)}.

ESikétepa av 10 'Y eivar Borel vmootvolo tov X karto A €'Y eivar Borel otov 'Y
tote 10 A eivar Borel orov X.

Amoderén. Ia evkolia OEToOE TPOGOPIVE
B*|Y ={BnY | BeB|X}.

Aeiyvoope apyika 6t BlY < B*|Y. Apkei va Sei€ovope 61 1) okoyévein B*|Y eivan
o-GhyePpa 6T0 Y mOL TEPIEYEL TA AWOIKTE DTOGHYOAX TOL Y.

Eotw V € Y avoikto oto Y. Tote 6mwg eivan yvwotd vrgpyer U S X mov eivan
avoiktd 610 X wote V =UnY.Tote U € B|X xandpa V € B*|Y, dnhadi n televtaia
O1KOYEVEIN TIEPIEYEL TAL AVOIKTE DITOGOVOAN TOVL Y.

Edikotepa éxoope F, Y € B*|Y yoti to covora &, Y eivon aworktd. N tig dddeg
900 1816TNTES TAPATPOOHE OTL

@.1) Y\(BAY)=(X\B)nY
4.2) U BunY)= ( U Bn) nY.
neN neN

Enopévogov A = BnY € B*|Y, onov B € B| X, tote X \ B € B|X ko pe xpfion
g (4.1)
Y\NA=Y\(BnY)=(X\B)nY e B|Y.
Me ypfion tng (4.2) deiyver dpowx kaveig 6tin B*|Y eivon kheloth wg mpog T1g apib-
pfopeg evioelg brocvrdlmv tov Y. Ipokorter 6Ti N B*|Y givon o-dhyefpa oto Y mtov
TePIEyel OMX T AVOIKTE DTOGOVOAX TOL Y.
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INa va Seifovpie Tov eykheiopo B*|Y < B|Y Bewpodpe tny oikoyéveion DToc0vO Y
ToL X,

A={Bc X |BnYeB|Y}.

Av dei€ovope 6t N A givon o-alyefpa 6To X TOL TEPIEYEL TA AVOIKTE DITOCHVOAX
Tov X tote Ba éyovpe B| X < A ko covenag yia kdOe B € B|X B woyver B n YB|Y,
dnhadn B*|Y < B|Y.

INao va Seikoovpe 6T1 N 1o TGV A Tepieyel Taw avorktd cOvola, Bewpodpe V < X
avoikto6. Tote T0 V n'Y givon aworktd oto Y kou ewdikdtepa V n'Y € B|Y. Ipokonret
omVe A

Onwg tponyovpévag tpokdntet eniong ot J, X € A. Av B € A tote and tnv (4.1),

(X\B)nY =Y\ (BnY)eBnBlY,
omov o Tve ypnoiponorioape 6tt B 'Y € B|Y . Ipokbdrrer ét1 X \B € A.

Opowx pe ypfion tng (4.2) deiyver kaveic 6T1 n A givon KAe16TH G TPOG TIG ap1Opf-
OlJIEC EVAGEIS DITOGVVOAMY TOL X.

Katolyoope 61 BlY = {BnY | B € B|X}. Téhogavto Y eivon Borel vrocdvoro

tov X ko to A givon Borel vrocdroro tov Y tote A = B n'Y i kamowo B € B|X.
Apa to A givon Borel vntocdvoro tov X and tny khewototnra tng B| X ogpog &. o

4.2. Borel-petpnoipotnta

Opopog 4.2.1. Oewpodpe peTprkods ydpoog X ko Y. M covdptnon f : X — Y
eivan Borel-petpfiioipun av avtiotpépel Ta avoiktd vrocHrvola tov Y oe Borel vrtoct-
vola tov X, Snhadn Yo k&be aworktd U < Y éyoope f U] € B X.

[popavmg k&be coveyng covdptnon f : X — Y eivon Borel-petpiiopn yiorti ya
k&0e avorctd U S Y to cdvoro f1[U] etvon avorktd kou covendg Borel.

‘Evog woopopiopds f 1 X —» Y eivan Borel icopop@iopog av o1 covapticeis f :
X - Yku f7!:Y — X eivon Borel-petpioipec.

O petpikoi ydpor X kot Y givou Borel ieopop@ikoi av ongpyet Borel icopoppiopog
f: X—>Y.

O1 Borel-petpnoyeg ocovaptioeis yapaxktnpilovton wg eENg.
Hpoétaon 4.2.2. Ocwpovue perpikois ywpovs X, Y kai pia ovovdptnon f + X — Y.
Ta e&rc eivai 1606bvaua.

(1) H f avaompéper ta avoikta vrocovola tov 'Y oe Borel vmoovvola tov X,
oniadn n [ eivar Borel-uetpiiowun.

(2) H f avuorpéper ta Borel vrocvvoia tov Y oe Borel vrocbvola tov X, 6n-
Aasij yia kdfe Borel ovvolo B 'Y 10 cvvodo f~1[B]. (Mepikéc popéc o opi-
ouo¢ twv Borel-uetpnoiuwv cvvapticewv diveton pe avtii th covdikn.)

Amoderén. Epyaocio. =

Opropog 4.2.3. Oewpodpe dvo [Todavikodg ydpoog X, YV kol EVvov PLOVOLOPPIGHO
f: X — Y. H f Ayetou kaxh6g Borel povopop@iopog ov

(i) eivon Borel-petpioipn,

(i) n ewova f[X] eivon Borel vrosvvolo Tov Y, Ko

(iii) n awvricTpoen covaptnon f~1 1 f[X] — X eivou Borel petphoipn. (Oew-
podpe to f[X] wg peTpikd vrdywpo Tov Y.)

Zyolio. Eivou yvooto 6t kdbe éva-npog-éva Borel-petpiioipn covdptnon ikavorotei
OM\eg 116 Mo AV 1D10TNTESG, dNAXDN eivon kaAdg Borel-povopop@iopos. Avtd dpwg ei-
vou covenel evog d0oKoAoL BewpipaTog, TO omoio dev maiprovpe dedopévo 6To TapoY
oTad10.
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Hapatipnon 4.24. INo k&Oe kard Borel-povopoppiopd f: X — Y ko kdbe
Borel covolo B € X 1o covoro f[B] eivon Borel vrocvvolo tov Y.

Anoderién. Eyxovope
f[Bl =g '[B] omovg=f"": f[X] — X.

Ene1dy n g eivon Borel-petpioipn and tny Mpdtacn 4.2.2 to cbvoro g~ L[B] = f[B]
eivan Borel vrooctvolo tov ympov f[X]. Exedn n f eivon kahog Borel-icopop@iopog
to f[X] eivon Borel vrocovoro tov Y ko and tnv [potacn 4.1.7 to f[B] eivon Borel
VTOGVVOAO TOV V. o

Hapaztnpnon 4.2.5. H c0vBeon kahmdv Borel-povopoppiopmv givon Borel povopop-
PIGHOG.

Amoderén. Oswpodpe kahovg Borel povopopeiopods f : X — Y karg : Y — Z.
Orovvaptioeig go f xkou (go f)~1 = f~Log™! eivon Borel-petpioipes amd tnv Acknon
4.2.16.

A@od to X eivan tpopavig Borel vtoctrolo tov X kai 1 f eivon kaddg Borel povo-
pop@PIopOG €xovpe 6T To cdvoro f[X] eivon Borel vrosdvolo Tov V. Epocov 1 g givon
eniong kahog Borel povop@iopog tpokdnter and tny [apatipnon 6t n ewova

(g0 )X = glfX]]

eivat Borel vtocbroho tov Z. o

ANppa 4.2.6. Ia kdbe vrepapiBuioipo Holwviko ywpo X vrdpyel évag kaldg Borel
povopoppiouse T : 2N — X.

Anoder&n. INvwpiloope and tn Bewpio 6TI LRGP)EL £VOG GLVEYNG HOVOROPPIGHOS
7 : 2% s X. Aeiyvoope 6t1 1) T givon emiong kahdc Borel-povopopgiopdc. Enedn 1
T eivon coveyhg eivon ko Borel-petphoiun. Emmhéov to covoro 7[21] eivon copmayég
(oG ovveyng elkdVa GLPTAYODG) Kot &pa eivon KAEIGTO DTOGVVOAO Tov X'. E1dikdTtepar TO
7[2M] eivon Borel vroctroro tov X. Téhog ) avtictpopn covdptnon 71 @ 7[28N] — 28
eivat ooveyng kou dpa Borel-petpriopun. (Bempodpe yvowotd 6t av o X givon Gopmayng
petpikds yopog kou n f : X — Y eivon ovveyfg kou éva-npog-éva TOTE 1 awtioTpoPn
covaptnon f1 1 f[X] — X eivon coveyhg.) o

ANppa 4.2.7. Yrdpyer ovoveyiic povopoppiouoc p : N — 2N yia mqyu omoia n ovvdp-
mon f~1 1 fIN] — 2N va eivar ovveyiig kau To svvoio fIN] eivan 13 vrocirodo tov
2N,

Amnéderén. Epyooio. o

ANppa4.2.8. INakdbe vrepapiBuioipo [olwviko ywpo X vrdpyel évag kaldg Borel
uovopoppiouoc f: N »— X.

Amoderén. Oewpodpe tn covdptnon p : N — 2N dnwg oto 4.2.7. Eneidn k&0e
cuveyg covdptnon eivon Borel-petphoipun kou ta I1Y covoda eivon Borel npokdntet 611
n p eivon kahog Borel povopoppiopdg.

Am6 to Afjppa 4.2.7 vmépyer kahoc Borel povopopgiopos 7 : 2N — X kot omd T
Hapotipnon 4.2.5 n cdvBeon

f=T0p: N —X

eivan xalog Borel povopopgiopoc. =

ANppa 4.2.9. INa kabe Holwviko ywpo X vrapyel évag kadoc Borel povopoppionoc
T:X — N.
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Amoderén. Oswpodpe pia KatdAANAn petpiki d otov X kou éva apiBpfico D =
{rn | n € N} xon Tokvd vroobrolo Tov X. Oempolpe Tr GOVAPTNON

ue NN\ {A} » 2, e X
oL opileton wg e&Ng:
Ty oV d(rg, 2,) < 274+
T(k) =Tk KU Tyg(k) = {xm w d(rg, z,) = 9—(lul+1)
Onwg ¢yovpe det otnr anddeién Tov Oewpfpatog 2.3.7 Kabhs Ko oty enakO 0O
[Mapathpnon 2.3.8 n covdptnon

TN = X:n(a) = lim x4,

n—0oo0

elvon cuveYNG EXHOPPIGHOS KAl | GLVAPTNON

7: X = N :7(x)(n) = o eAdyiotog k pe d(ry, z) < 27("+2)
eivon LovopopPio oG TOL 1IKOVoRotel

m(r(x) =z, ze X xu 7(n(a))=a, aeT[X].
Aegiyvoope 6T1 1 T eivan kalog Borel povopoppiopos. Apyikd Bewpovpe tny
[ X] - X

Ko opatnpodpe 6Tt Y1 k&be o = 7(z) € T[X] wyver T a) = & = w(a), Snhadn
771 = 7|7[X]. A@od n 7 eivan coveyfig éretan 6T ko T efvon coveyc.

Tt covéyela deiyvovpe 6TiN T AVTICTPEPEL Ta VoK Ta 6OVoAd Tov N 68 9. Ao
ta £ ovvola eivon Borel mpokdnter and awtéd 6tin 7 eivon Borel-petphicipn. T kdde
u e N<N gyovope

T(x)e N, — uC7(z)
<= Vn < |u| u(n) = 7(x)(n)
— V¥n < |u|u(n) = oehdyiotog k pe d(ry, z) < 2~
= Vn < |u| (d(Fu@my, x) < 27D &Vt < u(n) d(ry, z) =27 "F2),

[poxonter 6t1 To cvvoro 7 LA, eivon AY enopévog kon XY vrosdroro Tov L.
Ene1d1 k&0e avoiktd vrosvroro Tov N eivan évnon covdlov tng popeng N, yio K&moto
u € N<N, ¢yovpe anod tnv kheiotoéTnra T 29 wg npog Tov TeAESTN TNG APLOPAGIUNG
£VOOTG OTL T T AVTICTPEPEL AWOIKT GOVOAX o€ 9.

Télog avayvopilovpe To odvoro T[X]. Onwg eibape o Tvw, To 7(a) givon To po-
vodiko x € X pe a = 7(x) Yo kdbe o € 7[X]. Zovenig

aeT[X] = a=r1(n(a))
> Vna(n) = 7(n(a))(n)
— VYna(n) = oehdyiorog k pe d(ry, m(a)) < 27" +2)
= VYn (d(7(a), ram)) < 27 & vt < a(n) d(r(a),r) = 2~ "+,
To mio méww Seiyver 611 to 7[X] eivon IIY vrosHvoho Tov N. =

BOewpnpua 4.2.10 (Schroder-Bernstein yio kahotg Borel povopopgiopong). Ia kdbe
6vo Toiwvikovg ywpovg X kar Y av vmdpyovv kadoi Borel povopoppiouoi

f:X—Y g:Y— X
Tote vrdpyel Borel icopoppiopoc h : X —» Y.
Amoderén. (A. Toapralidc) Epyacia. o
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BOevpnpua d.2.11. Kdbe vrepapiBunooc lolwvikdc yapog ivar Borel-icopoppixéc
e Tov ywpo tov Baire.

Anoder&n. Oempovpe éva vrepapiBunoipo Ilolwvikd yopo X. Amd ta Afpporta
4.2.9 xon 4.2.9 vrapyovv kahoi Borel povopopgiopoi f : N »— X ka7 : X — N.
Enopévwg and to Oehpnua 4.2.10 vrapyer Borel icopop@iopog h: N —» X, D

Hoépwopa 4.2.12. Kabe dvo vrepapiBuiioipor Holwvikoi ywpor eivar Borel i6opop-
QIKOL.

Amoderén. Av X, Y eivon vrepapiBpnoipot Illodwvikoi ydpotr ToTe amd To Oemdpnpa
4.2.11 orépyovv Borel icopop@iopoi

f:X—>»N xu g:N—>)Y.
Eivou dpeco amod tny Acknon 4.2.16 6t1n oovbeon g o f : X — Y eivon Borel 100-
HOPPIOHOG.

Aoknoelg

H éwoia tng o-&hyePpag emdéyeTon SiAPopovs YapakTNpPIGHoVS. Aivovpe Evay and
TOVG TO Y PHICILOVG.

Acknon 4.2.13. T kdOe petpixd yodpo X ko k&Be orkoyévein A vTOGLVOA®Y TOV
X ta akdAovba givat 16030V,
(1) H A eivon o-dihyeppa.
(2) H A mepiéyer ta sovola &, X, givon KAEIGTN OG TPOG TO GOUTAN PO KO
®G TPOG T1G APLOUNCIUES TOPEG.

Acknon 4.2.14 (Xapaktnpiopoi owkoyévelng Borel covorwv). INa k&Be petpikd
yodpo X ko k&Oe okoyévern A and vrocOrolx Tov X ta akdAovba givan 10odbrapa.

(1) H A eivon n oikoyévein tov Borel vrocovdrwv too X.

(2) H A eivoun ehdiyrotn o-Ghyepa 6to X TOL TEPIEYEL TA KAEIGTH DTOGOVOAX
Tov X.

(3) H A eivon n elMdipiotn okoyévela amd drocOrola Tov X Tov TePLEyel T
OVOIKTA DTOGVVOAX TOL X Kot eivan KAEIGTH WG TPOG TIG APIOUNGIHES EVACELS
KoODG Kot TG ApiOpf|GIES TOHEG.

(4) H A eivon n ehdiyiotn o1koyévelx amd dITocHYOAX TOL X TOL TEPIEXEL TA
KAe1oTd vTOGOVOAX TOL X Ko eivan KAEIOTH MG TPOGS TG APIOUTCIUES EVOOELS
KaOmG Ko T1G aplOUCIES TOHEC.

Aoxnon4.2.15. Oewpodye petpikods ydpovg X, Y, Borel-petpioipes covaptioels
f1, fo : X = Y ka1 éva Borel covoho B € X. Tote noovaptnon f : X — Y pe
fi(z), zeB,
{ folz), x=¢ B,
eivan Borel-petpfioipn.
Acknon 4.2.16. H c0ovBeon Borel-petpnoipov covapticenv givan Borel-petpioiun

ovvdptnon. Ewdwotepa ) c0vbeon piag Borel-petpficiung ocovdptnong pe pio coveyi
eivan Borel-petphciun covaptnon.

Aoknon 4.2.17. T kaBe akorovdia ((X,,, dy,))nen OO HETPIKODS XDPOLG Kot KGO
akorovdia (B, )nen e By € B| X, to ywopevo [, .y Br €ivon Borel voctdroro oo

neN
HneN X”
Opowx yo k40e n € N kon k&0 By, ..., B, pe B; € B|X; nai = 0,...,n 1o
ywépevo By x --- x B, eivou Borel vmoovrolo too Xy x - -+ x X,,.
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Aoknon 4.2.18. Oewpodpe petpikovg ywpovsg (X, d), (Y, pn), n € N. Tote 1o
k&Be covaptnon
X = TlhenYn : f(2) = (fn(@))nen
n f eivon Borel-petpfiioin av kot povo av kdbe covaptnon f, eivar Borel-petphioipn.
Opowx v kdBe n € N ko kdbe covapTnon

X -oYyx--xY,: f(x)=(folz),..., falx))

n f eivon Borel-petpficiun av kot povo av ot fy, . . ., f, eivon Borel-petpfioipeg.

Acknon 4.2.19. I'a k&Be petpikod yodpo X ko kdbe Borel-petpnopes covapticeig
f,9: X — R, o1 covapricelg

f+gv fg7 |f‘7 )‘fv (AER)a max{f+g}, mln{f+g}7
eivon Borel-petpriopes.

4.3. O yopog Effros-Borel
4.4. Owv xAhdoerg Borel covoimv vememepaopévng Taéng

Aoknoelg
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KE®AAAIO 5

AVOADTIKAX GOVOAX

5.1. Iwtnteg kot YapaKTNPLIGHOL

YrevOopiloope 0Tt éva cbvoro P S X eivon awarhotikd (analytic) av eivon X1
dnhadn vrapyer éva kKhe1oTo cvvoko F € X x N £to1 dote yio kébe x € X,

x€P < Ja(x,a)eF.

IIpoétaon 5.1.1 (BepeMdderg 1010TNTES TNG KAAONG TOV QUXADTIKOV GOVO V). H
kAdon 1 twv avalvtikev cvvélwv mepiéyer ta Borel cbvola kai eivan kA€ot @ mpog
ovvEYh auTikatdoTaoy, Tov teleoth e mpoforic IV, Tic cvveyeic elkdvec, Tove TedeoTéc
N VN v, &, dnwc exione tov tedeoti e apiluioiunc Sialevénc Vy kai tov tedeotiy
¢ apiburoyns ovlevéns [y -

Amoderén. Or1816tnTeg KAEIOTOTNTOG Eivon Apeses amd To Oempnpa 3.3.4 kKo Ty
Aocxknon 3.3.8 (kAeioToOTNTO 00 TPOG GLVEYEIS EIKOVEG).

IMo va deiEoope 6t1 kdBe Borel cOvolo givon avahotikd Bewpodpe évav [Tohwvikd
Y®po X KOl TNV OIKOYEVEIX GOVOA®Y

A={Bc X | ta covora B xoau X \ B eivon avaA0TIKG}.

Agiyvoope 6t n A eivon o-alyefpa Tov mEpEyel Ta AVOIKTE VTOGOVO X TOL X. ATO
avtd mpokdnter 6Tt kdbe Borel cdvolo nepiéyetan otnr A kou e1dikdtepa kdbe Borel
oOVOAO EiVO AVOADTIKO.

Ipogavig 1 A givon KAEIGTH O TPOG TOV TEAEGTH TOL GUUTANPOUATOG HEGK GTOV
X.Av B, € A, n €N, t6te a0 cOvola By, givan oawaAdTikd Kot AOYm TNG KAEIGTOTNTAG
oG mpog \/y To cvvoro givon |,y Br givar avarotikd. Emmiéov

X\ JBu=J@X\B,) e 4
neN neN

eneldf] By, € A yix kabe n € N ko Adym Tng KAEIGTOTNTAG TNG KAKONG TOV AVOXADTIKOY
oVVOLDY OG TIPS [\ -

O wyvpiopdg 6t n A nepiéyel O To AVOIKTE DTOGVVOAX TOV X givan Gpecog amd
v Acknon 3.3.7, mapabétovpe OPwg To entyeipnpa y&pv TANPOTNTOG TNG ANOIEIENG.
Oewpovpe apykd éva khelotd C € X. To covoro F' = C x {0}, 6mov 0 eivon ) otabdepn
akorovBia (0,0,...,0,...) € N, eivon khewotd vTocOVOAO TOL X' X N Kot TPOPOVDG

reC < Ja(z,a)eF

Y kdPe x € X. Zoveniwg to C' = FVF ivon avadotikd vrosdroro oo X.

KaBe avoikto V' < X eivan apiBpioipn Voot KAEIGTOY DTOGLVOA®Y TOL X, KOt
T wo whvw To V' eivan aplOunoipn Evwon aUaADTIKOY GOVOAMY, ETOHEVMG OVAAVTIKO
cOLolo.

AgiEope Mooy 6t kdBe aorkTd Kot K&Be KAeloTO DTOGHYOAO Tov X eivon avadv-
T1K6, 160dbvapa 1 A tepiEyel OAa Ta AVOIKTA DTOGOVOAX TOL X o

Onwg Ba Sodpe ot covéyeln (Bemdpnpa Tov Suslin 5.2.3)  o-&hyeppa A Tng mo
Thvm anodeitns anoteheiton akpipag and ta Borel cOvora, pe dhia Aoy ta Borel vro-
ovvola tov X gival akpifarc ta avalotikd ocdvola pe avaloTiké couTARp@uQ.
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IIpoywpdpe 6TOVE PAGIKOTEPOLS YOPAKTNPIGHOVES TNG KAAGTS TOV AVXAVTIKOV GO-
VOA®DV.
Hpoétaon 5.1.2. Eorw X évag Iolwvikéc ywpog kan P = X. Ta akéiovba giva
1o0ddvapa:
(1) To P eivar avaAvtixo.
(i) Ymdpyer Holwvikéc yopoc Y kau F < X x Y kletoré ye P = 3V F.
(iii) Ymdpyer Holwvikéc yipoc Y kar B < X x Y Borel uye P = 3V B.
Anodeén. Orcvrvenaywyég () = (ii) == (iii) eivan dpeceg Bewphvtagy = N
kor B = F. H oovenayoyn (iii)) = (i) eivon eniong Gpeon enedn kdbe Borel cbvoro
etvon avalotikd (Ilpotaon 5.1.1) ko n KAGON TOV AvaADTIKOV GOVOA®VY €ivan KAEIGTT|
o mpog Tov Teresti 3 y1a k&Be Molwuikod ydpo V. o

poétacn 5.1.3 ([Mos09], [Kec95]). Eorw X évac Holwvikoc yawpoc kar P = X.
Ta akéAovba givai 1codvvaua:
(i) To P eivar avaAvtixo.
(i) Yrdpyer ovveyic ovvdpnon f: N — X ue P = f[N].
(iii) Yrdpyer ovveyic oovdptnon g : N — X kai Borel B < N ue P = g[B].
(iv) Ymdpyer Borel-petpiioyun oovdptnon h : N — X ki Borel B € N pue
P = h[B].

Anoderén. (i) = (ii). YroBétoope 6T1 P = INF omov F < X x N kheisto. To F
e Tov TEPLOPIG RO TNG ToToloyiog Tov X x N eivon [ToAwrikdg xdpog Ko eTOPEVOS AltO
70 Oempnpa 2.3.7 vndpyel coveyfic enpop@iopds T : N — F. Tote yia kébe x € X,

re€P < Ja(z,a)e F
— 3B (n(B) € F & (pry o7)(B) = x)
— 38 (pry om)(B) = .

OTOL GTIC TO TAV® 100SVVALIES Y proIoTO|oape OTL 1) 7 eival el Kot OTL Toipyet TIHEG
670 ovvoro F. Me pr; = prf’ : X x N — X gvvoodpe 1 covdptnon TpoPoifg
ot npern covtetaypévn. Maipvoope tn covaptnon f = pry o : N — X. H f eivon
coveyfg Kot elvon capég amd Tig To Tave wodvvapieg ot P = fIN].

Ot covenaywyég (i) = (iii) = (iv) eivon cageig naiprovtagc h = g = f ko
B=WN.

(iv) = (i). YroBétoope 6t1 P = h[B], 6moon h : N — X eivon Borel-petpficiun
ko B € N eivon Borel 6bvolo. Oewpodpe pio apiBpfoipn péon (Ns)sen tov X. Tote
Y K&Be x € X,

veP « 3B (BeB&x=nh(p))
«— 3B (e B&Vs(xze Ny, — h(B)eNy))
< 38 (fe B&VYs(x¢ Ny v h(B) € Ny)).

And T [podTtaon 5.1.1 to de€id okélog g TehevTaiog iIcodvvaping opilet éva avalv-
T1k6 vrocHrolo Tov X (Acknon 5.1.6). =

potaon 5.1.4. To covoro IF twv un Ospeiwpévav Sévdpwv eivar avatvtiké vmo-
ovvolo tov Tr.

Anodern. o kade T € Tr €goope

TelF < JaacelT]
— JaVtalteT.
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To ocvvoro F' = {(T,«) € Tr x N | Vt aft € T} givan kheiotd vosdroro Tov Tr x N
Ko o T16 Mo tovw 1oodvvapieg IF = IVF. o

To IF Bewpeitai 1o “To Tp@TOYEVES” AVAAVTIKO GOVOAO KOPIMG AMOY® TOL EXOLEVOV
OTOTEAECHATOG.

Bempnpa 5.1.5 (To Baociko Oedpnpo Avamapdotacns Tov AVaAvTikGy Zovoronv,
Lusin-Sierpinski, [LS23]). Ia kdfe avaivtiké vroovvolo P evéc Iodwvikod ywpov X
vrdpyer i X Y-uetpiioyun oovdpmnon f : X — Tr ue mu 1d16mra

zeP < f(x)elF

omov T € X.
Maliota av 0o X eivan undevodidorarog tote n [ unopei va emideyei dote va eivai
ovveyis cvvdptnon kai dpa 7o IF eivar X 1-rliipes avalvtikd covolo.

AT6de1En. Oewpodpie tva Khelotd cdvoro F pe P = IV F. And 1o Baoikd Afjppa
Avamapdotacng Kieistov Zovodov 2.5.14 vrdpyet éva kheotd covoro T < X x x N<N
pe

(z,a) e F — ace[T(zx

]

)
Y1 k&0 x, o, 6oL T0 cVvvoro T'(x) = {u e NN | (z,u)
f: X > Tr: f(x) =T(x).

And tnv Acknon 2.5.26 n f etvon X 9-petpon kon av o X eivon pndevodidstatog n f
eivon ooveyng. Téhog Y k&Be x € X €yovpe,

€ T'} eivou 8¢vdpo. Opilovpe

re€P < Ja(z,a)e F
€l

T(z)])
> f(x)=T(z) el

AvT6 ohokAnphrver TNy amdIeIEN. =

— Ja(«

F.

Aoxknoelg

Aoknon 5.1.6. Oswpovpe tvav [Modwviko ywpo X, h : N — X ma Borel-petpfioun
covaptnon, koau B Borel vrostroro too V. EEnyfiote yioti to cbvoro P S X pe

reP < 33 (Be B&Vs (v ¢ Ns v h(B) e Ny))

givat avalvTikd cOVOAO.

5.2. Ta Oewpiipota Atay®priopod Tov Lusin kon Suslin

Opropog 5.2.1. Bewpovpe covora A, B € X pe An B = . Bva odvoro C < X
daywpilerto Aandéto Bav A< Ckau C n B = .

IMapatnpodpe 6t aw to C' Surywpiler To A and to B tote t0o X \ C droyopiler to
B ano6 to A.

BOempnpa 5.2.2 (To Osdpnpa Alayopropod tov Lusin, [LS18], [L.S23], [Lus72]).
T kdBe Svo Eéva avalvtikd vroodvola A, B evéc [olwvikod ywpov X vrdpyer éva
Borel oovolo C mov Siaywpiler to A and o B.

Amoderén. Aivoope Ty anddeitn omwg oto [Kec9s, 14.7]. And tnv [IpodTacn 5.1.3
VRAPYOVY CLVEYEIS CLVAPTHCELS

fig:N—>X pe A= | kot B = g|N].
Mo k60e u € N<N 0étoope

Ay = fINu] ko B, = g[N,].

2oyypoupa ce eE€Aién 69 11 Azpidiov 2022 16:13



Mapaznpodpe 6t Ay = fINA] = fIN] = A ko 6powr By = B. Axbdpa givon
EekGBapo amd tov opopd 611 A, S A xar B, S B. Apo0 ta A xon B givon Eéva
npokonTEl OT1 Ay N By = & 100 k60 u, w € N<N, EmmAéov éyovpe yio kébe = € X,

re A, = JaeN,z=f(a)

< ImIa e Nym) = = f(a)

— Imze f[Nyxim)]

<= Imx € Ays(m)
6mov otn SedTepn and TG MO TAV® 16odvvapieg taiproope m = a|u|). Exopévag
(5.1) Ay = Upen Aus(m) ¥ opore By, = ey Bus(n)
Yo k&0e u, w € N<N,

Ioyvpiouoc. Aoopévav u,w € N<N, ov y1a kdOe m, n vrdpyer Borel cvvoro Crn

= Cp,n 700 S1000Piler T0 Ay (m) 00 T0 Byy(n) T0TE DRAp)eL Borel cbvoro C' oo
Sywpiler to A amd to B.

Armobdeiln icyvpiopod. Oempoovpe u, w kot Cy, , OTOG GTNV EKPMLUNGT Kol opilovpe

C= U'rneN mnEN Cm,n-
Ipogavmg to C eivan Borel covoro. Aciyvoope 6t1 A, < C. Eotw x € A, tétE
and Ty (5.1) ondpyer m € N pe x € Ay (). N k&0 n € N ioyver and tnv vwdbeon

(5.2) Ays(m) € Cmn Kor Bysm) 0 Cmpn = .

Apa yi k6Oe n € Nioyover z € Cp, , SNAdH € (), oy Crmn < C.

‘Enerta deiyvoope 6t1 C n B, = . Eotw x € C, t6te vRGpYEL M £TOL DOTE
z € (\eny Cmon- Av giyope z € By, tote and Ty (5.1) 6 vmijpye n € N e € Byy(n)-
Zovenag 0o eiyape x € Cry . N Byse(n) mo0 avtifaivel otny (5.2). Apa x ¢ By, ko dpa
woyverC' N By, = . o (toyvpiopndc)

YroBétovpe npog dromo ot dev vrdpyet Borel cdvolo mov Sraywpiler to A = Ap
an6 to B = Bj. Eappolovpe tov Tponyodpero 1oyuptopd pe u = w = A ko katodn-
yovupe 6t1 vEpPYOLVY Mo, N € N €101 BoTE dev vIApyer Borel ovvolo oo va drxywpilet
TO Au*(mo) = A(mo) oo TO Bw*(no) = B(no)-

Egappoloope Eavd tov To tave 16yopicpo pe v = (mg) ko v = (ng) ko waip-
voope m1,n; € N étol dote dev vndpyet Borel svvoho mov va Sty wpilet 1o Ay (m,) =
Almg,my) 00 TO Buyse(ny) = B(ng,n,)- Zoveyiloope avadpoprkd kot fpickovpe crotyeio
TOL Y®OpovL Tov Baire,

v = (mg,my,...) 0= (ng,n1,...)

¢to1ote Y1 kdde k € N dev vmdpyet Borel 6ovoho mov va S1oyopilet To A g my,....mu_1)
= A'y\k oo TO B(n07n17--<7nk—1) = Bé\k-

Apod A = fIN] xan B = g[N] éyoope ewdikotepa 6t1 f() € A xou g(d) € B.
Eneid) ta A xon B givon Eéva ovvoha Tpokomtel 6ti f(7y) # g(J). Oewpodpe avoikTég
nepoyés U, W < X tov f(7) ko g(d) avtictoryoa pe U n W = .

Arnod 0 cvvéyewn Tov f ko g vrdpyoov u,w € N<N pey e N, fIN,] € U, 6 €
Ny ko g[N,] € W. Mropodpe va vrobécovpe Ot T u, w €yovv To id1o pfkog. [Ze
dapopetiki nepintoon (ag modpe |u| < |w|) TpoekTeivovpe To u 670 U’ KATE PijKog TOL
v dote va gyovpe |u'| = |w|. Tote woyver v € Ny ko f[Noy] S fINL] € U]

E@ocov u E v, w E § ko |u| = |w| ondpyer k € N pe u = |k kon w = J|k.
[IpoxOrter amd T TpONyoLHEVD OTL

Ay =fINJSU xu BynU-=fINg] nUSWnU-=¢g,.

Anhadn o aworkto chroro U daywpilerto A, = A, and to By, = Bj)y, T0 omoio
épyeton og avtibeon pe Ty emA0YH TOV ¥ Kot §. Avtd olokAnpmvel TNy anoddeln. o
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Hopropa 5.2.3 (To Oempnpo too Suslin, [Lus72]). Ta Borel covoia evog HoAwvikod
yopov X givar akpiffic Ta ap@il-avalotikd vroovvoia tov X, dniadn

Blx = Al
Anoderén. Kabe Borel chvodo eivan A | omd to [opiopa4.1.6. Mo tov avtictpopo
eykhetopod Bempodpe éva Al cdvoro A S X kou Oewpovpe to B = X\ A. Tote ta A,
B eivon Eéva avahotikd cOvola Kot amd To Oempnpa Ataywpiopod Tov Lusin (Oempnpa
5.2.2) onapyet éva Borel C € X pe A< Cxan BN C = .

Egocov B = X'\ A eivou Gpeco 0Tt A = C kon enopévng to A eivon Borel vrostrolo
T00 A o

Iopropa 5.2.4 (To ypdenuo Borel-petphioipng covdptnong). [ia kdbe cvvaprnon
f: X = Y ta akérovba eivai 16o8ovaua:
(1) H f eivou Borel-petprioyn.
(2) To ypdonua Graph(f) e [ eivar Borel cvvolo.
(3) To ypdgnua Graph(f) me [ eivar avalvtikéd cvvolo.
Amoderén. Natnrkatevbovon (1) = (2) Bewpodpe mo apBpioun pacn (Vs) sen
TOL Y Ko £YOVpE
(z,y) € Graph(f) <= Vs(yeVe — f(z)e Vi)
— Vs Ve v f(z)e V).
Azd 116 1810TNTEG KAEIGTOTNTAS TNG KA&ONG Twv Borel covdlwv mpokdnTel 6T1 TO
Graph(f) eivon Borel vroctrolo too X x V.

H katevbovon (2) = (3) eivon npogaviic apod k&be Borel covolo givon avoho-
TIKO.

Télog y Ty katevBovon (3) = (1) Bewpodpe éva avoikto U < Y. Tpéret va
Seitovpe 6t1T0 f[U] eivon Borel vrostrolo tovo X. T ke x € X £xovpe

ze fTU] < f(z)eU
< Jy ((z,y) € Graph(f) &y e U).

Ene1di 1 kA&on TV avaAdTIKGY covOMmY eivan KAE16TH @g Tpog Tov Teheoth 3V
£)YOVpE OO TNV MO TAV® 160dvvapian 6T1 To cvvoro f~ U] eivon avodotikd. EmmAiéov
Yy K&Be x € X éyovpe

re fTHU] < f(x)eU
= Yy ((z,y) € Graph(f) — yeU)
> Yy ((x,y) ¢ Graph(f) v yeU).

[Ipokdrter and Ty tehevtaia 16odvVapio (Kot THY KAEIGTOTNTA THG KAAONS TOV
GUVAVOADTIKOY GUVOA®Y ¢ Ttpog V) 6Tt To cdvoro f~1[U] eivon covavadoTiko.
An6 T0 Oeppnpa oo Suslin (Mopiopa 5.2.3) to cdvoro f~1[U] eivan Borel. o

5.3. To Oewpnpa Téherov Zovoiov
5.4. To Oeopnpua Kunen-Martin
5.5. Metpnopnotnta Tov AVeAVTIKOV ZOVOA®Y

5.6. Avaivtika Zovoia ko Opohomoinon
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Avoelg Acknoemr kot Y modeiéerg
Kegpdaioo 2

Aoxnon 2.1.10. Apyikd deiyvoope 0t1 o1 covapthcels p Kot d givon peTpikés. Oc-
opoope x,y € X. Elvu cagég 6t1 p(x,y),0(z,y) = 0 ko nog p(z,y) = ply, ),
o(a,y) = o(y, ).

Emimhéov av p(x,y) = 0 tote p(x,y) < 1 &pa p(x,y) = d(x,y) =0k = y. Av
o(z,y) = 0 eivon cagég 6t1 d(x,y) = 0 kon & = y.

EnadnBedovpe tny Tpryeuiki anicOTNTO Y10 TNV p, THPATHPOOHE OTL av p(z, 2) =
11 p(z,y) = 1716te p(x,y) < 1 < p(x,2) + p(2,y). Enopévag vrobétoope 6t1
p(x,2), p(z,y) < 1, onote éyxoope p(x,z) = d(zx,z) xou p(z,y) = d(z,y). Ze aovti
TNV TEPINTWOOT 16 VEL

p(z,y) < d(z,y) < d(z,2) +d(z,y) = p(z,2) + p(2, y).

H tpryovikfj auicdTnTa 100 Ty 0 TpoKORTEL 0O TO YEYOVOG OTL N cvvaptnon f(t) =
T+ ,t = 0 eivon avEovoa. (Evag tpdémog yia va To dovpe antod givon maiprovtag Ty
In mapdywyo tng f 1 omoia eivon Oetiki.)

Oa gyovpe howov o(x,y) = f(d(x,y)) < f(d(z, z) + d(z,y)) onodte

d(x,z) + d(z,y)

o(r,y) < 1+d(z,2) +d(z,y)
_ d(x, 2) n d(z,y)
1+d(z,2)+d(z,y) 1+d(z,z)+d(zv)
d(z, z) d(z,y)

< +
1+d(z,z)  1+4d(z,y)
=o(z,2) +0(z,9).

"Enerta Seiyvovpe 0T1 01 HETPIKES ivon 160dVVApES. OE®POVE Pt aKOAOVDI0 (X1, ) nen
otov X xauxz € X. Avd(x,,x) — 0 téTe yiar OAx Tox peydha n Oow Eyoope d(zy, z) < 1
Ko Gpat p(zp, ) = d(n, x). Exopéveg p(x,,z) — 0. Avtiotpoga av p(z,,z) — 0
TOTE Y100 Ot T pEYAQ 1 Eyovpe p(p, x) < 1, enopévwg p(zy,x) = d(x,, ) — 0.

INa v o xpnopomotovpe 6t o covaptioes f(t) = 177 t =0, xoug(s) =
%, s € [0, 1) eivon cvveyeic oo 0.

-5

Eneidn n Sixympropdtnta givan Totoloyikn 1910TNTo Kot 01 HETPIKES €iva 160SVVA-
peg givon capég 0tLov o (X, d) givon Srmpicipog HETPIKOG Y DPOG TOTE KL Ol HETPIKOL
xopot (X, p) xan (X, o) eivon Sroywpioipor.

Télog deiyvoope to Lnrovpevo yi Ty TAnpodtnta. Yrobétoope ot o (X, d) eivon
TANPNG HETPIKOG YHPOg kKot Oempodpe piar akoAovBiat () neny 6TOKEIOY TOV X. AV 1
akolovBia eivon p-Cauchy tote vmapyer N € N étor dote yio ke n,m = N 1oydet
P(Tn,Tm) < 1, dpa p(Xp, Tr) = d(Tp, Tp,). ATO 00TO TPOKOITEL OTL 1 AKOAOLOiNK
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(1) nen ivon d-Cauchy xou agov o (X, d) eivon thijpng ordpyer « € X pe d(zy,, ) — .
Onwg eidape mo Tveo avtd givan i1oddvapo pe p(z,, ) — 0.

YroOetoope 6t1 N (24, )nen €ivon o-Cauchy kon Seiyvoope 6Tt givon kou d-Cauchy.
Bewpodpe r > 0, agpod n Tponyodevn covdptnon g eivon coveyng oto 0 vedpyer § >
0 ¢to1 dote i ke s € [0,1) pe |s| < § woyver g(s) < r. T to § > 0 vrapyer
no € N ét01 GoTe Y100 KGOe 1, M = N EYOVUE Spy oy = (T, Tiy) < O, P& G(Spy,m) =
9(0(Tn,Tm)) = d(Tpn,m) < 7. Enopévwg n (2, )nen eivon d-Cauchy ko 6mwg npi,
apov o (X, d) eivou Thijpng, Exoope otrondpyel x € X pe d(x,, x) — 0. Zdppova pe o
nponyodpeve o (z,, ) — 0.

Katalfiyoope 611 o1 petpikoi ywpot (X, p) kon (X, o) eivon mhipeis.

Aoknon 2.1.11. Eivou cagég 0t f eivon éva-npog-éva yratiav f(y1) = f(y2) toTE
p(y1,y2) = d(f(y1), f(y2)) = Oxouy; = yso. Eniong eivon capég 11 yra ke akohovBio
(Yn)nen oTOV KOou kGe y € Y £yovpe

un By = flya) > f(y),

covenhc Toco 1 f 660 ko1 f ! eivon cuveyeic covapTicels.

INo k¢Oe Cauchy akorovdia (yy, )nen otov (Y, p) nakorovdia (f(yn))nen ivon Cauchy
otov (X, d), emopévog av o (X, d) eivon mifpng tote vrapyer € X pe f(yn) Loy =
f(y) xou 6TOE O TAV® EXOVLE Yy > 4.

Aoknon 2.1.12. Av &yoope pia akorovbia (£ )neny otov C([a, b)) moo givon | - [oo-
Cauchy tote Y k&0 x € [a, b] n akolovbio (fr(z))nen eivon Cauchy otov (R, | - ).
Eropévmg opileton n covdptnon

f : [av b} —-R: f(l‘) = lim,_, fn(x)
Onwg eivon yvwoto 1 f eivon coveyng kou 1 (fr )nen 6OYKAIVEL OpotOpopea oty f.

Anhadn f € C([a, b)) ko fp Ileg f. Enopévag o (C([a,b]), | - |«) eivon mAnpng.

Eniong eivon yvootod ot kdBe cvveyfic covdptnon f : [a,b] — R givon To opoid-
pop@o 6p1o akoAovBing TOADOVOL®OY pe pnTOOG GOVTEAESTES. ANAXdT) TO GOVOAO OAWY
TOV TOMOVOHOV HE PNTOVS COUVTEAECTEG, TOL givon aptBPNGILo oOVOAO, givon TOKVO
otov (C([a,b]), ] - |-0).

Katainyoope 611 0 C([a, b]) pe tnv toroloyio tng voppog || - [ givon Iohwuikog
XDPOG.

Acxnon 2.1.13. Eivar yvooto and tn Zovaptnotaki Avaloon ot o xdpog (€7, | -||,)
eivon TAfpNS yia kdBe 1 < p < 00. MdMota yia 1 < p < 00 T0 6OVOAO OADV TOV TEAMKAE
HNOEVIK®Y akoAOLOIDY pnTOY ap1Op®dY

D ={(q0,---,9n,0,0,...) | Vi<ng € Q}

eivon mokvd otov (67, || - ||,). To D eivon optBpfioipo cOroro, exopévng o £P pe Ty Tomo-
Moyia Tng p-voppag | - |, eivon Iodwuikog ympog.

Aocknon 2.1.14. Bewpodpe apyikd apifpnocipa covora Dx < X kou Dy S Y mov
eivon Tokvd 6Toug yhpovug (X, d) ko (Y, p) awtictorya.

Tote ta cdvora ({0} x Dx ) u ({1} x Dy ) kou Dx x Dy eivon apiOpioipa kot Tokvd
otoug yopoug X AY ko X x Y avtictoiya. Eropévmg ot 500 televtaiol peTpikoi ydpot
eivan Soywpioipot.

TNo Ty inpotnta tov X @Y Bewpodpe pio akorovdio ((iy,, arn))nen 0md oToLyEin
To0 X @Y mov eivan dgy-Cauchy, 6mov dgy eivon 1) petpiki otov X @Y mov opicape otny
Ewaywyf.

Tote vndpyel ng €101 MoTE Y1 K&Oe . = ng 160l dgy((in, an), (ing, Gng)) < 1.
Amd Tov 0pIopo TNG dgy EYOVUE iy, = iy, VIO KGOE N = ng.
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Av i, = 0 t0te Y1 k60 n,m = ng EYOVUE iy, = %py, = ipn, = 0 KO GLVETDS
Gp,, G, € X k0ODG KO dgy (905 )5 (i, Gm)) = d(a@n, ). Emopévoc 1 (an)nen €i-
vou Cauchy otov (X, d) ko a@od 0 TelevTaiog HETPIKOG YDPOS givon TAHPNG, LRAP)EL
ae X pea, > a. Apx dg((in,an), (0,a)) = d(an,a) 1o k&Be n = ng Ko GOVERMG
dg((in, an), (0,a)) — 0.

H nepintwon i, = 1 givon opoa. Apao (X @Y, dxgy) eivon TAnpng.

Télog yia Ty TAnpotnta tov X x Y éyoope 6T1 yia k&Be dx « y-Cauchy akorovBia
((Zny Yn))nen, €pOoOV d, p < dx xy, 01 AKOAOVBIES (L1, ) nen KA (Yn, )nen €ivon d-Cauchy
ko p-Cauchy avtictoya. Epocov or (X, d) xou (Y, p) eivon mhfjpeig vrdpyoov € X kou

yeY pezx, imeyn &y.Tére
dXXY((xru yn)7 (I, y)) = d(xn7 l’) + p(y'n; y) — 0.
Aot Seiyver tny minpotnta tov (X X Y dxxy).
Aocknon 2.1.15. Bewpodpe cdvora Dy, n € N, éto1 dote kdBe D,, eivan apiBunoipo

Kol TuKvd DO OVOAO TOL (X, dyy ). Oepodpe eniong Eva 6ToL el (an )nen € | [, e Xn-
Téte To 6OVOAO

neN

Umen Do X -+ X Dy X {@my1} X {@ma2} % ...

eivon apBpfopo ko Tokvd vrostroro tov (] |
Ewsayoyng,

Xn,d), 6mov d givon n peTpikn g

neN

n xnvyn) - iR
27" = n)neN, Y = (Yn )neN-
Z 1+d, (xmyn) T = (Tn)nen, ¥ = (Yn)nen

Avoto copfaiver yroti pia fdon yio Tny Totoloyia Tng d givon 1) 01KOYEVEIX OOV TOV
GLVOA®Y TNG HOPPNICS
V:VOX XVm X/Ym+1 X-)(m+2 X ...

omov m € N ko ta V; eivon d;-avowktd vrocOrolx tov X; yux ke ¢ = 0,...,m.
Enopévog yio k&Be V 0mwg mo mévem, vrdpyovy amd Ty wokvoTnte Tov D; ototyeio
Loy Tm HEX; € Dy, 0 =0, ..., m kot dpo

(Iﬂo, vy Ty Oma1y Am4-2, - - ) € (DO X oo X Dm X {am+1} X {a7,,+2}) NnV.

TNa v TnpoéTnTe Bewpodpe par d-Cauchy akolovbia (Z;)en. T pagpovpe T =
(2% ) pen Y100 K&0e i € N. Ioyvpilopacte 6Tt yio k&0e m € N, 1 akorovdia (¢))er ivon
cvyKAivovsa akolovdio Tov (X, dpy). T va To Sodpe avtd Tapatnpodue apyikd ot

Wiz > @) o O T)
y L 1+ d, (i, 23) L+ dn(xi), i)

Bewpovpe Tn covdptnon oy, = . Ané tqv Acknon 2.1.10 n o, givon peTpiki

dm
1+dn
670 Xy, MOV givan 16080vapn pe Ty dp, Ko 0 (Xom, om) eivan TAMpnG. Eivon cagég and
TNV 0 TAHV® (xmcorntoc ot n akohovBia (22, );en eivon 0., -Cauchy xou covendg vrapyet

Om

Tm € Xop pe 2t T3 2,,. AQOO 01 PETPIKES d,, KO Ty ElVON 1G0DOVAES EYOVUE OTL

i dm

Ty, 3 T (Evoc?»hocm:u(d HUTOPOVUE VO TAPATNPTICOVHE OTL OTWS KO GTNV M)Gn g

m

Aoxnong 2.1.10 (z%,);en givon d,,-Cauchy ko enopévog veapyet &, € X,, pe xt, dry
Tom.)
tn cvvéyera Bewpodpe TNy akoAovdia & = (L )men € | |

meN Xm» OOV Ty, OTWG

o wavw. Tote 1oyder T; 4 Z, divoope o covonTIKN TEPLYPaPT. Apyikd Bewpole
évar > 0 konm € N apketd peydho dote 27 < r/2. H 1d8éa eivon va yopicoope
7o Grepo GOpoispa 6Tov opicpd tov d(T;, T) 670 Tenepacpévo GOporopa and 0 péypt
m kol 670 Gnepo abpotopa and m + 1. To tedevtaio Ba eivon pikpdTEPO 1 60 TOL
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Zfzm 2t=27"<r /2. ZYeTIKQ [E TO TEREPACPEVO AOPOLGHAL Y PT|GIHOTOLODHE OTL

xh ﬂ‘»xn yuwk&en =0,...,m+ 1. Ondte
di dy (28, 20) L 0
2_'”.—”7_ — 27", — =0
nZ::o 1+ dn(at, zp) nZ::o 1+0

Kot Gpo yro OAa Toe peydda i € N Ba éyoope 6T1

N o dn (2, x7)
LR LS LE A 2.
2 1+d,(zt, zy) <r/

n=0 n’

Karolyoope o6t d(Z;, ) < r yio Oha T peydhar i € N.
Acknon 2.1.16. Apeco and tnv Acknon 2.1.15.

Aocknon 2.1.17. Oewpodpe z,y € A kou vrobétovpe apykd ot d(z, A) = d(y, A).

Tote |d(z, A) — d(y, A)| = d(z, A) — d(y, A), ondte npéner va SeiEovpe OTL
d(.]?, A) < d(y7 A) + d(I, y)a 16061’)1’“”“ d(]}, A) - d(l‘, y) < d(y7 A)

Eneidn d(y, A) = inf{d(y,z) | z € A} apkei va deikovpe 6Tt 0 apBpog d(x, A) —
d(z,y) eivon k&t Epaypa tov covdrov {d(y, z) | z € A}. Oewpodpe homov z € A xou
deiyvoope 6TL

d(SL‘, A) - d($7 y) < d(y7 Z) 100601/(!”“ d(SL‘, A) < d<x7 y) + d(y7 Z)

Ao z € A éxovpe and Tov opiopd Tov d(x, A) 6T

d(z,A) < d(z,2) < d(z,y) + d(y, 2),
on’ 6mov TpokORTEL TO {NTovuELVO.

H repintoon d(z, A) < d(y, A) avtipetonileton avéhoya. Evag Siapopetikog Tpo-
710G eivon vow ToOE OTL AVTH 1) TEPITTWGT TPOKVTTEL AT TNV TPONYOVHEVT EVOAAXGGO-
VTOG TO I HE TO Y: PE 0TH TNV EVaAlayf) £x0vpe amd Ty TpdTn Tepintwon ot |d(y, A)—
d(z, A)| < d(y, ) an’ 6mov To {NTOdHEVO EiVON TPOPAVES.

Acknon 2.1.18. Eyovpe 6111 f eivon coveyfig 6to z € X aw kot pdvo o
Vr > 036 > 0Vy e Bx,q(x,0)y € Bry,p(f(x),r)
(x1) — VYneN3keNVye Bixa(z,27%) y € By, (f(z),27").
H televtaio icodvvapia eivan pio yopaktnpiotikn pEBodog Yo va Teprdpe oe apid-

pfoipeg Topés fi/kan evacels. Xpelalopaote pia tedevtaio avadiatdmoon. H (x1) eivon
16030V pE TNV

Vn 3k Yy, z € B(x,q)(, 278 p(z,y) <27

©¢tovpe V,, = {z € X | 3k Vy,z € Bix.a)(,27%) p(z,y) < 27"} nia xabe n € N,
£TG1 TOL GOUPOVX LLE T TPOTYOOLEVX EYOVE

f:ooveyfigotor <= Vnxz eV,

dnhadh To Ghroro Tev onpeiny covéyetns g f eivon To (), oy Va-

Enopévog apxei va dei€ovpe 6t1 k&Be V,, givan avoiktd cOvoro. Bewpodpe Aoitdy
z € V, xau k € N éto1 dote yia ke y, 2 € B(x,q)(z,27%) 1oy0e1 p(z,y) < 27"
Aeiyvoope 6t1 B(x q)(z, 27k) < V,,, tote Oa £xovpe 6TL TO T eivon EGOTEPIKO oNpEID
700 V,, ko emopévmg Ba £yovpe TEAEIDOEL.

Haipvoope =’ € B x,q)(z, 27F), ene1di) To tedevTaio GHYOAO eivan aVOIKTO LREGPYEL
k' € N pe Bix ay(a,27F) € Bx ay(2,27%). Sovendg yio ke y, z € B(x a)(a’,27%)
gyovpe v,z € B(x,a)(x,27") ko am6 Ty emhoyf Tov z, k oxver p(z,y) < 27", Avto
deiyver 6t 2’ € V,, xou éyovpe tereidoEl.
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Hapaziipnon. H avtikatdotacn tov d > 0 pe 1o 27F otnu (1) Sev eivon amapaitnTn
yoti TEPaAV TG aPIOUNGIUNG TORTNG WG TPOG N X PELCOPAGTE POVO Vo Yvmpiloope OTL TO
V., glvon avoiktd 6Ororo. AvTd PTOPOOHE VX TO S1XTIGTOCOVHE AVeEAPTNTR OO TO AV
xpnoponotcovpe to & > 01 to 27F.

Aoxnon 2.1.19. Eyoope
(0,1] = Mese(0,14277) ko [0,1) U {3} = My ((-277,1) U(B=277, 34277)),
omote ta sovora (0, 1] ko [0, 1) U {3} eivon G5 vrocsvroha Tov R kot cvverdg [Todwvikoi
YOPOL [LE TN GYETIKN TOTOAOYIL.

Avto Q x (R\ Q) fizaw Molwuikdg vrdywpog Tov R? tote O fraw G5 vrochroro
tov R2. To cbvoro R x {v/2} eivan khe1otd, ko emopévog G5 vrosdroro Tov R2. Apa
KOl 1) TOpA

(@xR\Q) N (Rx {v2}) =Q x {v2}
Ba Ntaw Gs.
Av ypéogoope Q x {+/2} = MNyeny Un 0m00 Tt U, €ivon avoiktd vrochroia Too R?
ToTE
Q = ﬂneN{x € R | (l’, \/5) € Uﬂ} = ﬂneN fﬁl[Uﬂ]ﬂ
omov f : R — R?: f(z) = f(z,/2). Ipogavig 1 f eivou coveyig kou &pa Tar OHVOA
F7HUL), n e N, etvon avorktd. A ToTe To Q Bax fiTaw G5 5Hrolo mov eivon dromo.
Apato Q x (R\ Q) dev eivan TTohwrikdg vrdympog Tov R

Acknon 2.2.1. Eoto u = (ug, - - -, Up_1) Kot (Vg, - - -, V1) € NN pe
<'LLO, N ,un,1> = <'Uo, N ,’Um,1>.
Av 70 u givon 1 kevi) akohovBia Tote {ug, ..., Uun—1y = 1. Exedf n covdptnon (-

Aappdver dptTies TIPES GTIC PN KEVES 0KOAOVBIES £yOVpE AVAYKACTIKR OTL KO TO ¥ €ivon
1 Kevi akolovBia, dpa u = v.

Avu # A tote Omwg mo mavw v # A. Apan,m = 1. Av eiyope n # m, ag Todpe
n < m toTe, EPOGOV 0 OPOG p;’}")“ # 1 eivon ntapdyovtag otov apiBpo (vo, . . ., Vm—1),
Oa fitaw eriong mapayovtag otov aplOpd {ug, . . ., Un—1y. ATO TNV GAAN €€ OPIGHOD O
TEAEVTAIOG APIOPOG EYEL Y10 TAPEYOVTEG SVVAUEIS TWV Py, - - - , Pr—1 KO OTO TN HOVXOL-
KOTNTA TOL QVATTOYRATOG OE YIWOHEVO TPAOTOV APIOP®Y £YeEL ovo AVTOVS TOVG ToPdL-
yovteg. Karaiiyoope Aowmdv ce dromo. Eropévog n = m ko

uo+1 Up—1+1 _ _wp+1 VUn—1+1
Poo -Pp—1t =Po  --Pn-1 -

[T amd T HoVadIKOTNTA TOL AVATTOYHATOG GE YIWOUEVO TPOTMVY APIOP®Y £YOVE U; =
v; Y1 KEOE ¢ < n Ko ApoL u = .

Acknon 2.2.2. O apiBpdc 10 = 2 - 5 eivon évag dptiog apiBpog mov dev AapPdvetan
og Tipf g - ). T v €ovpe o 5, Tov €ivon 0 TPiTOg 6TN GEPE TPHTOG APLONOS, KOG
napdyovta 670 {ug, - . . , Up—_1 » Ot TPEREL TO PiKOG TNG akoAovBiag u = (ug, - - -, Un—1)
va eival TOLAGYIOTOV 3, OMOTE Kol 0 aptBpog pil”‘*'1 = 3utl = 3.3% Qq eivon kou
auTdg Tapdyovtag Tov aplOpod {(ug, . . ., Un—1). ANAadf to 3 B Tpémer v Sroupei Tov
(ugy -« -y Un—1). AQOD Opwg To 3 dev Sronpei to 10 éxovpe (ug, ..., up—1y # 10 =25
Y1 k&Oe u = (ug, ..., Up_1) € NN,

Aoxnon 2.2.3. H doocpévn npodtacn eivon 1codOvapn pe tny
VnasVi,j <2n ((n,{(n,(s)) eQ& (i #j — (s)i #(s);))-

Aoknon 2.3.14. Eivon cagég amd Tov opiopo ot da (o, 8) = 0, dar(a, ) =0 <
a = B ko ot dp(a, B) = dar(B, @), yio k&Be v, B € N. Etn cvovéyeia deiyvoope Ty
OVIGOTNTA TNG DXEPUETPIKNG.
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Bcwpodpe a, 8,7 € N. Av a = B tote dy(a, 8) = 0 < max{dy(a,7), dr (7, 8)},
eved av o = v tote max{dy (o, ), dn (v, 5)} = dar(y, 8) = dn (e, ). Oporx n avico-
TnTa eivon Tpogarig av B = -y, enopévmg vIoBETOLHE OTL T (v, 3, 7y elvon drapopeTikd
avd bo. YrevBopilovpe tov puoikd apBpo n(a’, 8') and tov opiopd tng d,

n(a/, ) = o eldyrotog pooikog k pe o’ (k) # B'(k), oo/, 8 e N pe o’ # f3.
Avn(a, B) = n(a,y) tote

dn (e, B) = 27@B) < 27 = (o, v) < max{dn(a, ), dy (7, B)}-

Oewpoovpe rowmov ot n(a,y) > n(a, ). Tote o puoikds apBpds n(a, B) eivon
HIKPOTEPOG TOV EAEYIGTOD (PLGIKOD GTOV OTOI0 SLAPEPOLY TA v, 7Y, COVETDS EXOVLE
a(n(a, B)) = v(n(a, B)). Exedh a(n(a, 8)) # B(n(e, B)) éxoope y(n(a, B)) # B(n(a, B)).

Ipoxbdrter 11 0 ap1Bpos na, 8) eivan Evag PootkdS 6ToV omoio Sragépovy ta [, 7,
EMOPEVOG givan PeyaAdTEPOG ] 160G TOL EAGYIGTOD TETOOV PLGIKOD N (S, ). Anhadf
wyver n(a, §) = n(B,7), ondte dpOIX PE TPW

da(a, B) = 27™@B) < 278 = (B, 7) < max{da(a,7),dn (7, B)}

Aot deiyver TNy amcoTnTo TG LREPpeTPIKiS. H Tpryoviki avicotnTa eivan cové-
neln TNG TehevTaiag, £181koTEPA N dpr givon peTpiki) oto N

Aoxnon 2.3.15. Epappéloope tnv woodvvapia (2.13) n onoia yopaxtnpilel tn 60-
ykhion otov N

Av 1 (@) ien NTow cvykhivovoa ToTe kou 1) axolovbia puoikmv apBpmdv (;(0))en
Ba fitav coykiivovoa. Avtod dpwg givan dromo Yot o (0) = i — oo.

oty (5;)ien Topatnpodpe 6Tl

Bi =(1,1,...,1,0,0,0...)

omov to 1 epgavileron To Thvw i-popéc. Agiyvoope 6t 5; — (1,1,...,1,...). o va
70 dodpe avtd Bewpodpe n € N kou napatnpodpe 6T1 yia kGOe i = n 1oyder f;(n) = 1.
Enopévag B;(n) - 1.

Mopopowx deiyvoope 6t1y; — (0,1,2,3,...). @ewpodpe n € N kon napatnpodpe
ot Y100 KGO § = n 1oyveL v;(n) = n. Exopévag v;(n) - n.

H (6;)ien dev eivon cuykMvovoa yati §;(43) = (—1)% yix k60e i € N kou dpa
akorovBia pooikdv apBpdv (J;(43))en dev eivon cuykhivovoa.

Téhog N (€;)ien ovyKkAivel oto (0,2,4,6,...). H anddeiln eivon 6nwg ko pe tny
(Bi)ien. Haipvoope n € N ko nopatnpodpe 6t1 yioo kGBe ¢ = n woy0el 20 = n Ko

enopévag £;(n) = 2n. Apag;(n) L on,

Aocknon 2.3.16. ExainOedoope 6t1 Tar Soopéva cOVOAX givon KAEIGTA e TN XpHon
GLYKAMVODG OV akolovBihy. Oewpodpe pia (v )ien € AN mov svyKdivel oe kémoto v € N
Tote yua kdOe @ eyoope a; = (n;,0,0,...) yux kawowo n; € N. Epocov 1 («;(0))ien
eivanl coykhivoooa vrapyet n € N pe n; = n yx O a ta peydia i. Emopévog a =
(n,0,0,...) € A.

Tt covéyeto Oewpodpe pia akorovdia (B;)ien € BY pe B; — B € N. Tote 1o kGOe
i &qoope f; = (0)™ = (my,1,1,1,...) yua karoo ¢ € N. IMapatnpodue 6t1 B;(n) = 0
otow m; > n.

Avn (m;)ien €xer ynoing advEovca vrakorovdio (my, )ien TOTE Br; — (0,0,...) €
B. Tha va Sovpe to tehevtaio Bewpodpe n € N kot 79 > n, EMOPEVROS My, = ki =1 > n
ko &pat By, (n) = 0.

Avn (m;)ien 8ev €yl yunoing adEovoa vrakorovbia Tote £xel vakolovdia (M, )ieN
mov eivon otabepr o€ kdmoo m € N. Xe avti] TNV TEPinTOon £Yovpe ﬁmli = Bm =
(0)™ % (m,1,1,...). Apa 8 = B, € B.
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Me o6poto Tpoémo pmopei kaveic va det 6T1 K&Be cuykAivovoa akorovbia oo C' Eyel
Y Opio gite kdmolo onpeio Tng popehg (1)™ = (2,3,4,5,...) eite to (1,1,1,...). Ze
KG&Oe mepinTwon to 6pio avikel 6to C, ondTE TO TEAELTAIO GVVOAO Eivon KAEIGTO.

Téhog maiprovpe u € N<N kou Oewpodpe pio akorovdia (J;)eny 610 Ny pe 6; — 6.
Tote i kaBe k < |u| kou k&e i € N éxovpe ;(k) = u(k), dpa §(k) = u(k). poxdnter
ot 6 € Ny xou emopévag to N, eivon kAe1oto.

Aocxnon 2.3.17. Evag KatdAAA0G TOTOA0YIKOG IGOHOPPIGHOG Eivat 1] GOVAPTNON
fusf:N—>N,: fla)=uxa.

Eivon sagéc 6T f eivon éva-npog-éva. Eniong eivon empop@ipog yori kéde 8 € N,
wavornotei u £ S ko covendg 8 = u * a 6mov a = (B(|ul]), B(lu| +1)...).

INo va dei&oope 6t 1 f eivon coveyng epappoloope Ty Apyn g Metagopds.
Oewpodpe a € N ko i akohovBiar (o) jeny 6t0 N pe o; — . Tote (k) — alk) o
Kk&Pe k € N, an’” 6mov eivan sagég o6t (u * ;) (m) — (u* a)(m) yio kdBe m € N. Apa
flai) = f(@).

H avtictpopn covaptnon tng f divetarl and mo mivw,
Ny =N 5B = (B(lul), B(lu] +1)...),

1 OToio OHOLA |LE TPOTYOLHEVMG €IVl GUVEYNG.

Acknon 2.3.18. H covéyeia 0 oV tov docpévmv covapthceny propei vo detyOei
e0KoA e TNV Apy1 TG MeTapopds ¥ pnoIHLOTOIOVTOS TOV YUPAKTNPIOHO TNG CVYKAIONG
akorovbv otov ywpo tov Baire (2.13).

INo nopdderypa yio tqr s = N — N @ s(a) = o¥, av éyoope o; — o 10TE Y10
K&Be n 1oyvel o (n) — a(n), emopévmg Yo k&Oe n woyvel a;(n + 1) — a(n + 1). Avto
onpaivet 0T Y1 K&Oe 1 1oy deL af (n) — a* (n) ko Gpa of — a*.

Aivovope kot évay SeHTEPO TPOTO TOL ¥ PNOIHOTOLET TIG AVOIKTES TEPLOYES TOL YDPOL
tov Baire. Zoykekpipéva Oeopodpe u € NN ka1 o € N pe s(a) = a* € N, ko
Seiyvoope omapyer v € N<N pe o e N, xou s[N,] € N,.

IMapatnpodpe dtrow 5(i) = a(i) i kdBe i < |u| tote B(i+1) = a(i+1) yro kabe
i < |u| xou emopévwg B* (i) = a* (i) Y k&Be i < |u|. Epoocov a* € N, 1oyveru = o*
apau = B*. Av B¢covpe ooy v = | N omov N = |u| + 1 éyovpe 6t s|N, | € N,,.

Io TG VROLOITEG GLVAPTNGELS TAPATNPOOHE OTL Ot Pacikeg meptoyeg Tov N x N
eivon tng poppiic N, x {n} émov v e N<N xoun € N, evd o1 facikég neproyég too N<N
eivon Tng popeic {u} omov u € N<N,

Mo va deioope tn ovvéyeiw g f : N x N — N<N . f(a,n) = aln Beopodpe
u,a,n pe fla,n) € {u} xu Ppickoope v € N<N pe a € N, xan f[N, x {n}] € {u}.
‘Exovpe dnhoadi| f(a,n) = u kon BEhovpe v Ppodpe v €Tl dote v = « Ko Yoo Kabe
B e N, vaoybver f(8,n) = u.

Egocov f(a,n) = aln = u éoope u E o xon n = |ul. [aiprvoope v = u C «, toTE
Y k&Be 8 € N, woyderu = v = ko dpa f(B,n) = Bln = B||u] = u. Avto deiyver T
ocovéyela g f.

ot covdptnon g : N x N - N : g(a,n) = a(n) = (a(0),...,a(n — 1)),
Bewpodpe m, o, n pe g(a, n) € {m} kou Ppickoope v € N<N pe v € axon g[N,, x {n}] €
{m}. L

Egocov g(a,n) = a(n) = m éxoope m = {a(0), ..., a(n — 1)). Haiprvoope ooy
v = aln E a, tote 1o ke B € N, 1601 B|n = v = an ondte

9(B,n) = B(n) = <B(0),..., B(n—1)) = (a(0),...,a(n — 1)) = m.
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Avto deiyver T covéyerx TG g. (Evadloktikd propodpe vo Topatnpiicovpe 0T ¢ =
(Yo f,n f eivon coveyfic kou n ¢ - ) 1 NN — N eivon coveyig wg covdptnon opi-
Opévn o€ SakpiTd HETPIKO ¥DPO - EXOPEVDG 1] g ™G Eivon GOVEYNG WG GOVOEGT GLVEY MY
GOVOPTHCEMV.)

Téhogyitnvh : N x N — N: h(a,n) = (), Oeopodpe u, a,n pe hia,n) € Ny,
kou Bpickoope v € N<N pe o € N, xou h[N, x {n}] € N,.

Egpocov h(a,n) = (a((n,0)),a((n,1)),...) € N, égoope u(i) = a((n,i)) y
KaPe ¢ < |ul. Maiprvoope cvow @uoikd apilBpud N > max{{(n,i) | i < |ul}, (ywa tn
GOYKEKPLLELT GOVAPTNON KOSIKOToiNonS ¢ + ) TO TPONYOOREVO maximum enTOYy AveToL
670 i = |u| — 1), kou B¢tovpe v = a|N. Av |u] = 0 maipvoope N = 0, napatnphote
ot oe aoti T nepintoon N, = My = N kon T0te 6Mx Tar v eivan KatdAnlo -y
N = 0 égpoope N, = Ny = N. llpopaviag a € N, kon yix k@0 B € N, 1oydet
a(j) =v(j) = B(j) nakdbe j < N, erdikodtepa

u(i) = a((n, i) = B((n, 1))

Y k&Be i < |u|. Emopévag u £ (B((n,0)), 8({(n,1)),...), dnhadf h(B,n) € Ny. Avtd
deiyver tn covéyela g h.

Aoknon 2.4.6. ZopporiCoope pe P4, Pp, Po, Sa, Sp ka1 S¢ tov Téhero mopira
tov A, B, C ko to Sidorapto pépog tov A, B, C' avtictoryo.

Apyxd napatnpodpe ot o [0, 1] eivon Télero covoro konto A\ [0,1] = {1+27" |
n € N} elvon apiBpnopo. Ano tn povadikdtnta tng Sidcnacng Cantor-Bendixson £yovpe
Py=1[0,1 xSy ={1+2"" | neN}.

Opowxyato B = Au{14+2""4+3"" | n,m € N}. To [0, 1] eivon TéAer0 vrocHVOAO
tov B,evbto B\ [0,1] ={1+2" | neN}u{l1+2"+3"™ | n,m e N} eivou
apiBpfoipo. Exopévag P = [0,1] ke Sp = {1+27" | ne N} u {1 +27"+ 3™ |
n,m € N}.

Télog napatnpovpe 6Tt To C' givon apBPcIHo GOVOAO, GOVETDG TAAL 0T TN POV
dwcotnra tng didonaong exoope Po = Gk S =C ={1} {1 +27" | ne N}.

Acknon 2.4.7. Oswpodpe évav [Todmvikd ydpo X ko kiewotd C' S X pe téhero
nopfiva to P kot didomapto pépog to S. Av to x € X givou pepovopévo onpeio too C'
tote vmdpyer r > 0 pe B(x,r) n C = {z}. Avitoaw z € P gpdoov to P givon télero Oa
vrnpxe y € Ppey # xxony € B(z,r). Epocov y € P < C ntopn B(z,r) n C Ba eiye
TovAdyioTov dbo drapopetikd onpeia, Ta x, y, Tov givon Grono. Apax € C'\ P = S.

Il'evikd to dSidomapto pépog mepiéyet ko pn pepovopéva onpeia. Eva napdderypa
eivon to obvoro B = [0,1] u{l14+2™" | ne N} u{1+2™+3"™ | n,m e N}
™¢ Aoknong 2.4.6. Zoppova pe avuth TN doknon to dikonapto pépog Sp tov B eivat
tooovoho {1 +27" | ne N} U {1+27" + 3™ | n,m € N}. Bva otoygeio tov Sp
eivoan to 1 + 270 = 2. And tnv &AM To 2 Sev eivon pepovopévo onpeio tov Sp kabhg
2# 142043 ™meSpyakdPemeN, ka1 +270 43" 5 2 Mahota pe Ty
19100 amdde1En PAémovpe 6T1 kdBe 1 + 27" givon oTotyeio TOL MkoTAPTOL PEPOLS TOL B
oL Jev givon pepovmpévo onpeio Tov B.

Acknon 2.4.8. Eivou tpopavég 6t1 o cbvoro V N P eivon kAeloto. Agiyvoope 0T1
dev éxer pepovopéva onpeia. Eoto y € V i P xon r > 0. O Bpodpe va oToiyeio y
tooV nPpey € Bly,r) xouy # y. Apody € V n P &yoope

By(y,7) n (V.nP)=(Bgy,r) nV)n P # .

Enopévag vrdpyer z € P pe z € U = By(y,r) n' V. Apod to P givon Téle10 ko to
U givon oworktd ondpyerw € U n P pe w # 2. Tote éva and ta w, 2 elvon didpopo tov
y. To {ntovpevo ¢ eivon éva amd T w, 2 AVAAOYA e TO TOLO ivait S1APOPo TOL Y.
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Aocxnon 2.4.9. Eoto P kot S o télertog mopirag Kot to didomapto pépog tov C'
avtiotolya. o k&Be tédero Py < C 1o P u Py eivan edkola TEAEI0 DTOGOVOAO TOV
C'. Mpogavig to cdvoro So = C'\ (P u Py) € C'\ P = S givou apiBpfiopo. Arnd
povadikoTnTa TG dirdomaocng exoope P = P u Py xou dpa Py < P.

Acknon 2.4.10. Eoto G é¢va G5 vmoovrolo Tov [Todwvikod ydpoo X. And o Oedm-
pnpa 2.1.8 To G pe tn oyetikn Toroloyia givan [Modwrikog yopog. Av to G givon vrepa-
PIOpAGIHO GOVOAO £xovpe amd To TTopiopa 2.4.3 évav coveyh povopop@iopd 7 : 28 »— G.
Enopévog

R=.2"<.G<.R

omov oty Televtain oyéon <. ypnoiponooape to [opiopa 2.3.9. And to Oehpnpa
Schroder-Bernstein éyoope G =, R.

Aoxnoen 2.5.15. Tlaipvoope
T° = {A,(0),(0,0),(0,0,0)},
T' = {A} U {(n) | neN},
T? ={0,1,2}"" = {A} U U1 {(ko, - -, kn) | ki =0,1,2,i =0,...,n},
T3 = {A} U {(0)} U {(0,0), (0,1)} U {(0,0,0),(0,0,1),(0,0,2)} U ...
= {A} O Uen{(0)" % (k) | E=10,... 0},

Eivan edxolo va det kaveig 6Tt Ta T, T, T2, kou T3 eivon dévdpa oto N. Eidikd yia
70 T° onuerdvoope 61 k&0e (0)™ yion = 1 hapfdreton wg (0)" 1« (k) yi k = 0.

Ot emimhéov {nrodpevec 1810tNTeg 1o Tar T9 xon T eivon mpogoveic. Mo to T2 ma-
potnpodpe 6TL kGO u € T2 éxerl akpiPOS TPEIC GUECES TPOEKTAGELS Péca oTo T2, Tig
wx (0), w* (1) kon w * (2).

INa to T3 mapatnpodpe 6T kéOe u € T £yel nenepacpévec To TA00C APEGES TPOE-
kTdoelc 6to T3, Toykekpipéva 1) kevi] akohovBia éxetl yio dpecn tpoéktact oto 1 tnu
(0), n (0) 715 (0,0), (0, 1) ko yevikoTepa k&be (0)™ T1g (0)™ = (k), yuwo k = 0,...,n. O1
Televtaieg akolovbieg eivan teppatikeg 0tav n = k = 1. Exopévag yix n = 0 ondp-
xer axorovBio u mov €xer 0 dpeceg mpoekTAoELS, ONANOT elvon TEPPATIKT -HI ETAOYT
eivunu = (0,1). T n > 11 axohooBia u = (0)"~! € T3 éyer akpipoc n Gueceg
npoektdoeis, Tig (0)" L« (k) yiok = 0,...,n — 1.

Mo to televtaio {ntodpevo emréyovpe to u = (0,0,0,1) € T ko éyovpe 611

TS = {A7 (0)7 (07 0)7 (0’ 0, 0)7 (07 0,0, 1)}a
Snhadn to T2 eivon GAa TaL apy KA TRARATA TO U, KAOOS TO TEAELTAIO elvon TEPPATIKS
oto T3. Av emiéEovpe v’ = (0,0,0,0) € T3 tote
T3, = {A, (0),(0,0),(0,0,0),(0,0,0,0)} U Uns41(0)" % (k) | k=0,...,n}.
Eminhéov emiéyoope w = (0,0,0,2), TotTe
T, = {2,(0),(0,0),(0,0,0)},

Snhadn to T2 eivon Gha T )ik THARATA TOL W TOL KoLV 670 T3, Av emAéEovpe
w' = (1,2,3,4) tote T3, = {A}, yrati 6heg o1 pn kevég axorovbieg Tov T éyovv Y1
TPOTO 6p0 TO 0.

Acknon 2.5.16. Eyoope [T°] = & yrarito TY eivon nenepacpévo. Eniong [T1] = &
Yot k6Be u € T £xer pikog To ToAD 1.

To copa tov T? eivon to cdvoro [T?] = {a € N | Vn (a(n) € {0,1,2})}. Té-
Mog éyovpe [T3] = {(0,0,...,0,...)}. Zyetikd pe To TeAevTAiO Elvon GAPES OTL TO
(0,0,...,0,...) eivon dmerpo kKAadi Tov T2 evid Y1 k&Be u € [T3] pe u(i) # 0 Y1 k&moto
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i < |u| B éxovpe amd Tov opiopd Tov T3 6T i = |u| Ko &pa TO U eivan TEPPATIKO GTO
T3. Emopévog av éyovpe a € [T3] tote a(i) = 0 yi kdOe i € N.

Aoknon 2.5.17. Apykd Seiyvoope 6tito T'(J) givon 8évdpo. Oewpodpe w € J # I,
apov A = w éyoope A € T'(J). Av éxoope v = u xon u € T'(J) tote vndpyer w € J pe
vEuCw,dpaw S we JkxuveT(J).

Eivon ooupég ot J < T'(J), eiyvoope 011 to T(J) mepiéyeron oe kabe dévdpo S pe
J € 5. @ewpoope éva tétoro S ko v u € T'(J). Tote ordpyer w € J pe u & w ko
agpod J < S éyoope w € J. Zovenhg u = w € S, apov To S givon dEVSPO TPOKOTTEL OTL
u € S. Karahfjyoope 6mi T'(J) < S.

Aocknon 2.5.18. Agiyvoope apyikd 6t to T, givou dévdpo. ‘Eyoope 6Tt A E u eno-
pévog A € T,,. Oswpodpe Ot éyovpe v E w € Ty, kon Seiyvovope 0tLv € Ty, SNhadh) v |u.
Ioyber ul|w, v w E u toTe v E 1 ko dpa v||u. OndTE TOiprovpe TN epintoon u £ w.
Ye quTi) TNV TEpinTmon Tapatnpodpe Ot yio kabe ¢ < min{|ul, |v|} 16y0er

u(i) =w(i) (notiu S w)
=v(i) (pativ C w).

Av |v] < |u] tote and To mo ndvw Eyovpe 6T Y kGE § < |v| wyver v(i) = u(i)
Ko dpar v E u. Av Ju| < |v| ToTe Yo k&Be i@ < |uf woyder u(i) = v(i) xou dpo u E v. Ze
KGOe mepintoon Eyoope ul|v ko dpa v € T,.

‘Ererta Oewpovpe u € T mov dev eivon TEPPATIKOS KOPPOS Kot deiyvovpe TNV 160THTA
T, = Uu*(m)eT Tys(x)- Hoipvoope w € Ty kon Oewpodpe Ty nepintwon w E u. AQoo
70 u dev givon teppatikd oto T ondpyer éva x € X pe u = () € T. Tote w E u * (x) ko
agod w € T éxovpe w € Tyy(y). ZTNY TEPITTOGN OOV U & w Taiprovpe Yoz = w(|ul)
onoTe u* () = w Ko £YOOHE TIM W € Tyye() - AVTICTPOQA AV W € Ty () PE U () € T
Konw & u* (z) tote w e T ko w & u, emopévog w € T,,. Avu * () E w toTe U = W
eNOPEVDG 10 VEL TAM w € T,

INo v wotnta [Ty, = Uu*(w)eT [Touse(x)] €xovpe o k60e f € XN ot

fell] < vn(f(0),...,f(n)) €Ty
< Vn > |u| (f(0),...,f(n)) e Ty (apod o T, eivon 5¢vdpo)
= Vn > |u|uz (f(0),..., f(n))
< 3z (ux*(r)eT &Vn > |u| (f(0),...,f(n)) € Tyux@) )
= o (ux(r)eT & f€[Tyww))
— fe€ Uu*(m)eT [Tus(a)]-

Hoapatnpodpe 6T1 €30 dev ypnoiomo|cape OTL TO u dev givan TEPHATIKOS KOPPOG
700 T, eTOPEVMG 1) O TAV® 100TNTA 16 VEL Yio K&Oe u € T'. Avtd dpmg dev eivant ovoix-
OTIK YEVIKELON Y10TL oV TO U €lvon TEPPATIKOS KOPPOS Tov T’ TOTE TA CVVOAN KO OTIG
000 TAeVPES TNG 160TNTAG Eivon KeVA.

Aoknon 2.5.19. Opitoope S = {u € T | [T.] # O} Upogawvag A € S < T.
Emndéov av u € S kon w E u tote F # [Ty,] € [Tw] Gpa w € S. Enopévag to S eivan
orodévdpo tov 1.

Avu € S tote vmdpyer f € [T] pe u E f, edikdtepa v = u * f(Jul) € T. Eivon
cogés otLv E f apa f € [T,]. lpokonter 6t1 v € S xou emopévng kGbe u € S Exer
yviowx exékTact 6to S, dniadn to S eivon kKhadepévo.

Télog deiyvoope 011 [Sy,] = [Ty] vy k&Oe v € T. Zrabeponorodpe v u € T, givon
capég 011 [Sy] S [Ty], enopévwg Bewpodpe f € [Ty,] kon deiyvoope 611 f € [S,]. Eotw
n € N, tote f|n € T, xon dpa f|n||u. Emmdéov f € [Ty, ], emopévag fn € S. Exooue
Aowov fln|lu ko fln € S, ondte f|n € S,. Kataiyoope 011 f € [Sy].
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Acknon 2.5.20. I'a to A naipvovpe to d&vdpo
T4 = {A} U {(n) # (0)™ | n,m e N}.
INa to B maiprovpe to 8évdpo mov mapayetan (deite tny Acknon 2.5.17) and to
ovrolo
JB = {(0)" % (n) * (1)™ | n,m € N}.
Anhodn
TP = {(0)* | ke N} U {(0)" * (n) * ()™ | n,m e N}.
INa to C maipvoope To dEVSPO TOL TAPAYETAL ATO TO GOVONO
JC={1)"%(2,...,m) | n,meN&m > 2}.
AnAadi
T ={()* | keN} U {()"*(2,...,m) | n,meN&m > 2}.
Téhog yia ta NV, maiprovpe to

T ={weN | w|ju} =T, o6mooT =NV,

Aoknon 2.5.21. Taipvoope évaw ororodnrote [odwrikd ywpo X (m.y. X = {0}, N, R)
kol otabeponolodpe Eva xg € X

Bewpovpe éva khewoto F = N xou opioope P = {(z,0) e X x N |z =20 & a €
P}. Me ypnion coykAwousdr akorovbidr propodpe va dovpe 611 to P givon khelotd
VocHYOA0 Tov X X N. Amd to Afjupa 2.5.14 vrépyet éva kheiotdo T < X x N<N éto1
wote Y kébe x € X 1o T(z) = {u e NN | (z,u) € T} eivon 5évdpo kau P = {(z, ) |
a € [T(x)]}.

Maiproope T = xo ko éyovpe o € F < (zg,a) € P <= « € [T()] y1ot k&
a € N. Eropévag F = [T'(z)].

Avtictpoga Bewpodpe éva dévdpo S oto N kou Seiyvovpe 6t1 to [S] givon kAeloTo.
Opilovpe To cOVOAO

To={(z,u) e X x NN | (z =20 &ueS) v (x#z0&u=A)}.

Téte to Tp eivon edkoha kKAel5TO LIosHLOAO Tov X x N<N kan yi k4Oe 2 € X to
To(z) eivon gite 0 S (dtav & = xg) gite to {A} (0tow = # (). Apa k&Oe Tp(x) eivon
dévdpo. pokvnTel amd To Afppa 2.5.14 611 T0 cOLYOAO

Py ={(z,a) e X x N' | a € [To()]}
eivan kKAe16T6 vrocHroro Tov X x N. Apa kot 1o cOvolo
Fy ={aeN| (zg,a) € Py}
eiva kKAe16T0.

Ano v GAAn épovpe o € Fy <= (zp,a) € Py <= « € [Tp(zo)] yrio ke

a € N.Ereidn To(zo) = S &xovpe 611 Fy = [S] kon dpa o [S] eivon kheiotd vrocdrvoro

Too N.

Acknon 2.5.22. Eivon cagég 6t1 2N = [T 6moo T' = {0, 1}<N. Eneid# to 5¢vdpo T
eivon memepacpévng SrakAddnong éyovpe and to [lopopa 2.5.7 dtito [T eivon copmayésg
vocBroAo Tov N

Aoxnoen 2.5.23. Aeiyvoope to {ntovpevo pe eraywyf oto n. [Ipopavag to Fy =
{A} eivon Temepacpévo ovvoro. Eivon eniong dpeco ot
Fopi=U{u*(z) |ze X &ux*(z)eT &ue F,}.

Apa av To F, eivon menepacpévo, eneldn to 1 eivon nenepacpévng dStokAddwong to
F,, 11 eivon emiong menepacpévo cOroAo.
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Aocknon 2.5.24. An6 tnv Hpotaocn 2.5.2 vrapyovv dévdpa S kou T pe [S] = H kou
[T] = F. Me epappoyh tng potacng 2.5.10 apkei va Ppodpe piar KatdAAnAn povotovn
v : S — T pe p*(a) = a yia xdBe o € F. (Tlapatnpiote OTL YpnoIHOTOI00HE THY
avtictpoen katevBovon tng Televtaing tpdTaong, émov to S dev yperaleton va givon
KAxOENEVO.)

Mmnopobyie va vmobécoope 6tiT < S, ahMag avtikabiotodpe to T peto T'nS < S,
tote yia ke o € F = [T] € H = [5] xou yie x&Be n woyder ajn € T n S, dapa
F=[T]=[TnS&S].

Ano6 v Acknon 2.5.19 propodpe eniong va vtoBécovpe 6T To T eivon kKAadepévo.
(To S Ba propPOHOALE VX TO AVTIKATAGTHGOVHE od TNV apyf 1e Eva KAXOEPEVO DTODEY-
3po Tov, aAAG OTTmG eENYHCUpLE TTIO TAV® LTO dev givan arapaiTnTO.)

OpiCoope ™ ocovdptnon ¢ : S — T pe enaywyf 6T0 pikog Tov u € S. ApyiKd
opiCoope p(A) = A. YroBétoope 6T1 Y1 kémoo n € N xon Yo ke u € S pe |u| = n,
70 (u) éxer oprotei, aviker oto T ko 1oy der p(u) = u dtoaw u € T. Tote Yo kaBe i € N
pe u * (i) € S opiCoope

@(u*(i)):{u*(i)’ owu*(z:)eT,
o(u) = (k),  ovux(i)¢T,
omov k givon 0 eEAdy16T0G PUGIKOGS ap1Bpds pe p(u) = (k) € T. Ildvta vrdpyer éva TETO0
k yori p(u) € T kou to dévdpo T givon kAadepévo.

Eokola PAémovpe o0t o(u) € T yia kdPe u € S, p(u) = u Yo kdOe u € T, kou y1x
KaBe u & v 1w0y0e p(u) = o(v). Apan @ givon kataAAnin kon povotovn. Emmdéov yo
kaOe « € [T] éyovpe p(aln) = p(aln) nio k&Be n, eropévag p*(a) = a.

Acknon 2.5.25. @ewpovpe v F : Tr — 2V . F(T) = ar and tov opiopd tov
xHpov Tov devdpwv. Apyikd deiyvoope 6T Ta cdvola B(1, J) eivon avoktd. Otav too-
Adotov éva oo ta I, J eivon pn kevd to B(1, J) givon tenepacpévn Topt GovOA®Y TOv

éyoov pia and T1g €€\G HOPPES,
Vu)={TeTr|ueT}, Ow)={TeTr|w¢T},

omov u,w € T. Trnv nepintaon o6mov I = J = f to B(I,J) eivon €€ opiopod 6Aog 0
x®pog Tr kou enopévmg eivon avorkTd GOVOAO.

Onote apkei va Sei€ovpe Ot ta o névo V (u) kon O(w) givon awoiktd. Maiproope
AoV u = ug Kot w = Uy, 0mo0 s, t € N kou €yovpe yio k&Be T € Tr,

TeV(u) < ueT < ar(s)=1
— are{0,1} x {0,1} x --- x {1} x {0,1} x ...
> F(T)eW;

omoo Wy = {0,1} x {0,1} x --- x {1} x {0,1} x ... ko to {1} Ppickeran oTn Oéon s.
Ene1dn to chvoro W eivon avorktd vmocvroro tov 2V éxovpe otito V(u) = F~1[W,]
eivat avoiktd vrosvrolo tov Tr.

Opota PAémet kaveig 61 O(w) = ag ' [W/] 6moo W/ = {0,1} x {0,1} x - - x {0} x
{0, 1} x xou to {0} Ppickeron otn O¢on t. Emopérvng to O(w) givan Ko avtd auoikTd 6Tov
Tr.

211 ovveyela Bewpovpe éva oavorktd V < Trkou T € V. Apxei va Bpoope I, J <
N<N e T'e B(I,J) € V. Apod to V eivon awoktd vrdpyet éva aworktd W < 2N pe
V = F71W]. Tacovora N, n2N, énov v € {0, 1} <N anoterody Baon yia tnv tomoroyia
o0 2N, ko ot F(T) = ar € W ondpyet éva v € {0,1} <N pe ar e N, n 2N < W.
Enopévog yia kabe i < |[v| woyder ar (i) = v(i).
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Iaipvoovpe Ta cOvola
I={u, e NN |s<|v|&ar(s)=v(s) =1} xm
J={u, e NN | t < |v| & ap(t) = v(t) = 0}.

Tote avu = ug € I ggoope ar(s) = 1 ko dpaus € T. Opowx av w = ug € J éxoope
u ¢ T.ApaT € B(I,J).

Aeiyvoope 6t B(I, J) € V. @ewpovpe éva S € B(I, J), tote ag(s) = 1 yia kabe
u; € T xon s (t) = 0y kGOe v € J. Aoto onpaiver 0t ag (i) = v(i) Y k&be i < |v|
ko dpa g € Ny, n 2N < W. Anhadiy F(S) e W xkon S € FHW] = V.

Ta wponyodpeva deiyvoov 6T1 Tae sovora B(I, J) arotelody faon yia TnY TOTOAO-
yia oo Tr.

ZyeTikd pe Tov yopaktnpiopd tne oOykiong otov Tr: yia tny evbeia katedOLVON o
éxoope T; — T epappoloope yia k&Be u € N<N tov opiopod tng cvykliong naiprovtag
Yot avo1KTO 6Ovolo oo nepieyer to T eite to V(u) = {S € Tr | u € S} (aw u € T) eite
0 0(u)={SeTr|u¢S}(wu¢T). Tatnuavtictpopn katedBovon Bewpodpe Eva
B(1,J) pe T € B(I, J) xon epappolovpe tny vrdbeon oe kdbe Eva amd Ta oToryeio Tov
I u J.Egocov to tehevtaio cOVOAO givon temepacpévo propodpe vo fpodpe va ig £To1
hote Yo K&Be © = 1, k0Oe u € I xou kdbe w € J woyveru € T; xon w ¢ T;. To televtaio
onpaiver 6t T; € B(1, J) yio k&Oe i = 1.

Aoknon 2.5.26. Oewpovpe pa axorovdio ((z;, u;))ien otoryeiov too T ko (x, u) €
X x N<Npe (25, u;) — (2,u), hadh z; — 2 kou u; — u. Enedn oo N<N éyoope
Srokprti] peTpikn €yovpe 0Tt u; = u TEMKE Y OAa T ¢ € N, ondte ywpic PA&PN Tng
YEVIKOTNTAG PTOpovpe Vo vtobécovpe 0Tt (z;,u) € T Y k&be ¢ € N.

Agiyvoope 011 (z,u) € T. Boto v € Jkoun € I pen < |u|. Enedny (zg,u) € T
éyoope v & u. [péner va deilovpe 6t x ¢ V,,. Ao (z;,u) € T éxoope x € X\ V,, 1
kdOe i € N. To sovoro X \ V,, eivan khe1oto, ko dpa = lim; o0 z; € X\ V.

211 oovéyela deiyvovpe 0TI

f:X5Tr: f(z)=T(z)={ue NN | (z,u) e T}
QUTIOTPEPEL AVOIKTR GOVOAX o€ F ;.
Apkei v Seifovpe 0TL Y100 KEOE Ug, . . . , Uy, Wo, - - ., Wy, € NN 1 avtioTpopn erkova
TOL GLVOAOV
B(uo, ..., Um,Wo,...,wy) ={TeTr | Vi<mVj<k(ueT &w;¢T)}.

péow tng f eivon F, vroovrvolo tov X, yrati and tny Acknon 2.5.25 ta w10 nédve cOvolo
anotelodV Paon yia Ty Totoloyia Tov Tr kot n apBpnoun évwon F, covdrov sivon
eniong F, ovroro.

OePOVUE Ug, . - + , Uy, W0, - - -, W € NNkat B = B(ug, . .., U, Wo, . . . , W) OTOG
mo ntdvw. Tote Y10 k&Be x € X,

fx)e B <= Vi<mVj<k(ueT(x)&w; ¢ T (x)).
Av Bécovope
P,={zeX|ueT(x)} x Qu,={reX|w¢T(z)}
omov u, w € N<N, éyovpe and Ta mponyodpeva 6Tt

fﬁl[B] = migm,jsk(PUi N ij)-

Ene1dn n nenepacpévn topn F, covdrov eivon F,, cOvolo, apkei va dei€ovpe OTL yia
k&g u, w € N<N 1o sovora Py, Q. givon F,.

Mo v akpifeion k&Be covoro P, eivon kAerotd yiati to T eivon kAeiotd 6OVONO:
av (z;)en evon akorovBia oto P, xou x; — x tote (1;,u) € T yr ke i € N xou
(zi,u) = (x,u). Apa (z,u) € T dnhadf x € P,. Hapatnpovpe 6t Q,, = X\ Py, ko
apa To QQ,, eivan avoKTO.
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IIpogavmg k&Be kKAeroTd cdrolo eivan F,; ko amd Tnv [IpdTacn 2.1.6 k&Be avoiktd
ovvoho eivon eniong F,,. 'Eto1 £yovpe o {ntovpevo.

Télog deiyvoope 0T av ta V;, eivan KAEIGTA-AVOIKTR GOVOAR, TOTE TA WO TAHV® GO-
vola P, eivon oawoiktd. Ao Ta TPOTYOOPEVR TPOKOTTEL OTL 1] AVTIGCTPOPT EIKOVX TOV Por-
GIKOV cOVOAOV B(ug, - . ., U, Wy, - - . , Wi ) VAL TEXEPAGHEVT] TOT AVOIKTMOY GOVOADV
Ko givan cuven®g avotktd covoro. Etopévag oe ot Ty tepintoon 1 f eivon coveyng.

Oewpovpe Aomdv 6T kdBe V,, eivon kAeioTO-avoikTO Koz € P, yiakamoto u € N <N,
Av dev ondpyern € I pen < |u| tote P, = X (kaBolkdg m0c08eikTNG DIEPAV® TOV
Kevoy 6LVOAOL) Kol &pa To Py, givon awoiktd cdvoro. Av vrdpyern € I pe n < |u| tote
Y1 kGOe TéTO10 N (VRAPYOLY MEMEpacpéV TETOW) o) DEL € X\ V. T sopminpodpata
X\ V,, elvon aworktd OVOAX Kot GOVERMS LITAPYEL VL AVOIKTO GOVOAO G e

reG <) X\ V).

Eqocov x € P, ¢yovope 0T1 Yt k&Be v € J woyder v & u. [Ipokdnter otz € G < P,
kot to P, eivon avoikto.

nel,n<|ul (

Aoknon 2.5.27.

Aoxnoen 2.5.28. H evbeia katevBovon eivon dpeon and tny anddeien tng IpodTaocng
2.5.6 6mov éyovpe ypnoiponoricet To Afjppa Tov Konig yia va dei€ovpe 6Tt T0 chOpA
Kk&Be SEVOpOL TenmepATHEVNG SaKAGDWONG Elvon GLPTTAYEC.

Avtiotpopa Bewpoope X # ¢ xon T éva dmerpo d€vdpo 6to X TOL TEREPACHEVNG
drakAadwong. Oa deitovpe 0T1 [T] # . Apod to T eivon dnelpo TpokOTTEL OO THY
Aoxnon 2.5.23 611 yua ke n € N ondpyer u € T pe n < |u|, kon wepropilovtag to u
KT, PTopodpe va vtoBécovpe 6TL n = |ul.

Ano to ACy vrapyet pat akohovdia (U, )nen ototyeiov Tov T pe |u,| = n y1o kébe
n € N. Ilaiproope éva xg € X ko opilovpe

fo : N> X f,, = uy, * (x0,20,-..).

Agiyvoope 6t Ta fo, €ivon oTol el EVOG SEVOPOL TETEPAGHEVNG SrakAddwong. Opi-

Coope S < X <N wc eéng:
weS < weT v JueTw=ux*(xg,...,20)-

Mropei kaveic va de1 edkora Tt To S givon 8évdpo oto X memepacpévng SrakAd-
dwong. Ipopavag f,, € [S] Yo kdBe n € N. Ano v vndBeo pag to [S] eivon copmayésg
Kot &pat 1 (i )nen €x€l pro vakoAovdia ( £, )nen TOL GVYKAIVEL 6€ Kamoto f € [S].

Télog deiyvovpe 6t1 f € [T]. Eotw m € N, tote vrdpyer n > m £161 doTE yio kdOe
k < mwybder fs, (k) = f(k). Ioyoerm < |us, | ywozi |us, | = $p = n > m. EmnAéov
fs, = us, * (o, g, ...) Koy kdOe k < m < |ug, |,

f(k) = fs, (k) = us, (k).

Enopévog

(f(0),..., f(m)) = (us, (0),...,us, (M) Eus, €T
ko &pat (f(0), ..., f(m)) € T yux k4Oe m, dnhadn f € [T)].

Kegpaioro 3

Aoknon 3.1.13. Av éyovpe évaw Modwvikd ydpo X ko P € T'|(X x N) tote P =
{(w0,710)} Y1 k&nowx 79 € X ko ng € N. Enopévog NP = {0} € T'|X xoun T eivon
k\eloTh g tpog 3.

Am6 Ty &M eivon capés 6t n khdon I' Sev eivan kheot) g mpog \/ yiaTi 1
Amelpn EVmGCT HOVOCLVOA®Y TPOPAVMOG UTOPEL VoL TEPIEYEL TOLAK)1GTOV SO GTOLYEia.
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Aoknon 3.1.14. Av éyovpe évav Iodwvikd xdpo X kot (P, )nen Hio akohovBio vio-
cLVoAY Tov X Tov avijkoor ot I' ToTe T0 P ko svovenmg n évaon |, o P tepiéxoov
TovAdylotov dbo ototyeio. Anhad |, o Pr € T'|X kann I givon kAe1oth wg mpog \/jy -

Tt covéyeln taiprovpe X = R ko P = {/2} x N € R x N. Tote 10 P éyet
TovAdyioTov 800 otoryeia ko cvvenmg P € T'|(R x N). Ano tnv GAin

rePP = =12
BAénovope howov 6t1 to I P amoteleiton amd akpifdg Eva GTOLYEIO KOl ETOPEVDG
Sev aviket oty T'|R. Apa n T Sev eivon kheroth) g wpog I,
Acxnon 3.1.15. Oeopodpe ta covora A, € X x N ko By, € X x N, n,m € N pe
(z,0) € A, <= z = fp(a)
(z,a) € By, <= gm(z,a) =0.
Hapatnpodpe 6T170 A, givon to ypdpnpua g f,, ko to By, eivan to sovoro g, [{0}].
Apa ta A, xon By, givon kAeiotd odvora. EmmAéov yio kdbe x € X ko n € N,
Vm (z = fula) v gm(z,a) =0) < VYm ((z,a) € 4, v (z,a) € B,,)
< Vm (z,a) € A, U By,.
Enropévwg opilovpe yix k&Be n € N to cdvoro
Cr = nen(An U Bi)
£761 TOL
Vm (z = fula) v gm(z,0) =0) < (z,a) € C,,.
popavag ta covora C,, eivon kAelotd. Enerta Bewpodpe tn covdpnon tng npo-
Boagpr: X x N — X : pr(z, o) = x xou yovpe
Ja (z,a) € C,, <= x € pr[Cy].
2t covéyeta broloyilovpe
2€P <« YniaVm (z = fu(a) v gn(z,a)=0)
— VYnda(zr,a)eC,
< VYnz e pr[C,]
> z€( ),y PriCnl.
Me Ao Aoy
P = ﬂneN pr[C]

dniadn to P eivon apiBpfcipn Topf) covolmy oo gival TpoPorég KAEIGTOV GOVOA®Y.

Aoxnon 3.1.16. ' kdOe = € X €yovpe

zeA, < Ynw(lw =n&weT(x))

& (x,w)eT).

Ene1dt To ovvoro N<N givan apiBpnfioipo pmopovpe va Bewpijcoope 6Tt to “Jw” mar-
panépmner otov teheoth 3. Mo T akpipeion Oewpodpe T Yootk amapiOunon (Us)sen
o0 N<N, Téte cOppova pe T 010 mévm éxovpe

xe A, = VYnis(us| =n& (z,us) eT).

| >
< VnIw (Jw| =n

¥1n oovggelo Tapatnpovpe Ot o1 oovaptioes f = ((x,n,s) — |ug| — n) ko
g = ((z,n,s) — (x,uy)) eivon cvveyeic. Eropévng to covolo

C = {(x,n,s) e X x N? | |uy| > n} = {(x,n,5) € ¥ x N* | f(x,n,s) =0}

givan KAE167TO.
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Opowx To cOvoAo
L={(z,n,s)e X xN? | g(x,n,s) e T}

eivan kKAe16T0o.
ZoppoAiloope pe I' tny kAdon Tov KAEIOTOV GOVOA®Y, 1) OTOix €iVot KAEIGTH WG TPOG
&. Extipodpe Ty ToATAOKOTNTA TOV A, S100y poUpUaTIKE e BAoT Ta TPONYOOUEV,

red, < YnIs (Jus|=n & (z,us)eT).
— —_—

kiewoto =T kiewoto =T
>

r

ELIN

~-
VN3N

Apa to A, avijker otn VVINT

Acknon 3.1.17. Ocwpodpe TN Puoikh amapiOunon (u,)sen Too N<N. Tote éyovpe

(x,u)eT <= YveJV¥nelpen<|u|(z¢V, &vEu)
«— YoVn<|ul(vgJ vné¢l v (x¢V,&vEu)
= VsVn<f(n)(us¢J v (¢ V, &us £ u))
omov f : NN — N : f(u) = |u|l. Apod ot yopor N<N kou N eivon Sroucprroi n f eivon
coveyng.

ZoppoAiloope pe I'y xon I' T16 KAdOEIS TOV KAEIGTOV KOt F,, GOVOA®Y AvTiGTOLY .
A@o0 n avticTpogn e1kéVR KAEIGTOD GLVOAOL PECH GLVEYODG CLVEPTNONG Elvat KAEIGTO
ovvolo, éyoope 6t N [y eivon kAe1oTh) oG Tpog covey avtikatdotacn. Me ypfion tng
Hapatipnong 3.1.5 vroloyilovpe droypoppaTiKe

(z,u)eT < Vs Vn< f(u) (us¢J v (x¢V, &us Eu)).

o

V<I'gcTo

VNT'hCTg
Apa to T aviker otny khdon 'y dnAiadi eivon kierotd. INa ta cOvoAa P, 4, Exovpe
x€Pyy = ue f(z)&wé f(x)
= (r,u)eT & (z,w)¢T ,
— R

kiewot6 =Ty € I'y avoiktd SF,=I"1

I8

OTODL T10 TAV® YproipoTomoaje 6Ti 1) Topf dvo F, covdiwv eivon F,, cdvolo.

Téhog Bewpovpe ot ta V;, elvon kheiotd-ovorktd ko deiyvoope 6t1 k&Oe P, ,, eivon
AVOIKTO GOVOLO. ATO TOV TL0 TAV® DTOAOYICHO apkei Vo Seiovpe 6Tt Y1 k&e u € N<N
70 cOhrolo

Gy={zeX| (z,u)eT}
eivon awoikto.

O mocodeiktng Vv € J otov opiopd tov T’ givon TpoPfAnpatikds 6oV agopd To
va dei€ovpe g to G, givon awoiktd cdroro. Ao TV GAAN OpOG TapaTnpodie OTL O
HETAPANTES T KOl v EUTAEKOVTON OE SIPOPETIKA onpeia TG c0LeVENG GTOV OPIGHS TOL
T. And avtd mpokOmTEL OTL

(z,u)eT < YveJvEu & Vnelpen<|ulzé¢V,.
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Apa yix 6talepd u € N<N gite ) covdikn Yo € J v & u Sev ikavomoteiton kot qpa
G, = O mov givan avoikTd GOVONO, €1TE 1) TPOTYOOHEVI GLUVONKT IKXVOTOIEITOL OTOTE

xe€G, = VYnelpen<|ulze¢V,
— Vn< f(n)(n¢l v xeX\V,).

Agov to X'\ V,, elvon avoiktd cdvolo mpokdntel and Tny televtaio icodvvapio 6Tt
10 G4, eivon awoikto.

Acknon 3.2.10.
Acknon 3.2.11.
Acknon 3.2.12.

Acknon 3.2.13. Onwg éxovpe del otn Adon tng Acknong 3.1.16 1oy det
xed, = Yniw(luw=n&(z,w)eT).
H oy¢on péca otig napevdéoeis opilet éva I1 chvoro, covenms To A, avfiket oty
KAGon
LAENE | CRSRAERIS SEEE A0 S 1

6mov To TEV® Ypnoiponocaje TN KAeloTOHTN T TNG KAdons X9 wg mpog ELI

Acknon 3.2.14. ‘Eyovpe 6t éva 8évdpo T' € Tr eivon memepacpévig SrakAadwong
oV Kot HOvo o

VueT Ing,...,np 1 YWeT [uCv&|v|=ul+1) «— Fi<kv=ux(n;)]
< Yudng,...,np1 Vo |[u¢T v véT
v wEv & =ul+1) e Fi<kv=ux(n;)]
— YudwWo[u¢T v v¢T
v WEv & =ul+1)— Ti<|w|v=ux(w())].

Eivon edxoho vou 8e1 xaveic Oti 1) oyéon péca oTig aykvreg opilel éva kAeioTd 60-
VoM. ZOVETDG TO GOVOLO OA®MY TOV SEVDPMV TETEPACHEVNG IUKARIMONG AVKEL GTNY
KAdon

VN<N3N<I\!VN<N]:[(1) _ VN<NHN<NH? c VN<NHN<N28 _ VN<NE(2) c vN<N

IT5 = 103,
Acknon 3.2.15. Ta kde X0 cvvoro Q < X x N éyovpe
reQ — Fi(z,i)eQ
— JizeQ
omov Q; = {x € X | (x,i) € Q} € T2|X and v Mopatipnon 3.2.5. Apa P =
Usien Qi € 29| X and v khewstotnta tng X8 wg npog \/y -
Acknon 3.2.16. Ocwpodpe P = X x N mov avikel otn khéon X0 ko y1o kéOe
i € N opilovpe ta cdvorx P;, Q;, R; < X pe
P,={zxe X | (x,i) € P}
Qi = Ujgi P;
Ri = ﬂjgi Pj.
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And v Hapathpnon 3.2.5 ke P; avijker 6t 2. And Ty KAE1GTOTNTA TNG KAG-
onc XY wg mpog memepacpéVn EVmOT KoL TEREPAGHEVT TORR £)0UpE OTL To GOVOI Q;,
R; avfjkovov eniong otn £V And o Afppa 3.2.6 ta cdhvora Q, R € X x N pe
(£,i)eQ — 2€Q; xu (x,i)e R < x€R;
aviikoor oty kKAdon 9. Emnéov
(z,i) € ISP <= Jj<i(x,j)eP

<
<’LLEEPJ

— Jj
= x€Q;
— (z,1) € Q.
Apa ISP =Q e X2|(X x N) kou opowx VSP = Re L2|(X x N).
Aoknon 3.2.17. T kéBe y € [0, 1] opilovpe to cdvoro

X, avy<27!,
V. =
O, adag.

Eivan cagpég 6t kdBe V,, eivan oavoikt6 vmosdrvoro tov X'. And tny &AAn av tépovpe
TO 6OVOAO

(z,y) eV <= z€V,
TotE
V=ax[0,27"]

nov dev givon awo1ktd vrocvroro Tov X x [0, 1].

Acxnon 3.2.18. T kdOe () ien € X = [ [, Xis
(xi)ieN € HiGN Az = VY4 T; € Az
= Vipr;((vx)ken) € Ai,

onov pr; : X — &; eivon 1 covdpTnon TG TPoPoing oTNY i-covTETAYHEVH. APOD KGDE
A; etvon Y cdvoho mpokdrtel and Ty TelevTain 1G0SVVAIX 6TL TO GOHVOAO [ Tien Ai
avikel oty kAdon VIE0 =110 ;.
And v &N av kdde A; eivon IIO cbvoro toTe amd Ty Televtaia icodvvopia To
[Tien Ai aviiker oty kAGon VNITO = I19.
INo Ty mepinTmon Tov TETEPAGHEVOL YIWOUEVOL £YOVpE OTMG TPV
(X0y- - m) € Ag X -+ X Ay, <= Vi <mpr,(xg,...,Tm) € A;.

Onote av k& A; eivon X9 cdvoho To memepacpévo ywopevo Ag x -+ x A, €i-
vou emiong X0 Moyw tng kAeotoTnTag tg X wg npog Tov ppaypévo kabolkd T0G0-
deiktn. Edd kdvoope xpfion tng Hapathpnong 3.1.5 pe f(xo,...,Tm) = m (ctabepf|
cuvdptnon). Opota av k&de A; eivon IIY covoho tote T0 Ag X - -+ x Ay, eivon eniong
)

Acknon 3.3.7.
Aoxnon 3.3.8.

Aoxnon 3.3.9. Oricodvvapies peTald TV TEAESTOV KAEIGTOTNTAS EIVOL GLEGES ATO
7o [Topiopa 3.1.9 xon T [Ipdtaon 3.1.10. O 10yvpiopog yio ta cvvora R ko R, givon
eniong dpecog and tnv [Ipotaon 3.1.6. Xe OAx qLTE ¥ pNOILOTOIOOHE TV KAEIGTOTNTA
TOV KMIGEMV WG TPOG CLVEYT] AVTIKATATTAOT).

Amopéver va deryBel o TpaTog 16YvPIGROS. Agiyvoope To {nTodpevo pe emaymyr
oton = 1. Tan = 1 Bewpodpe évav Molovikd yopo X, pa akorovbia (Ps)sen omd
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E% vocOroAN Tov X kot piat akohovdia (Qs)sen KAEIGTOV vTocLVOAWY Tov X X N pe

P, = IV Q, yia k&Be s € N. Oewpodyie eniong o 6Ovoko P Tng ekpdvnonc.

Azd to Afjppa 3.2.6 To

Q={(z,a,8) e X xN | (z,0) € Qs}
eivan kAeotd ovvoho. EmmAéov yio ke z, s,
(z,5) e P < x€P;s
— Ja(z,a) € Qs
< Jae (z,a,s) € Q.

Apa o P eivon X1 cdvoto.

Yrobétoope 6Tt yia kdmoto n = 1 éyovpe 0Tt yia kdbe ITohwvikd ydpo X ko kK&Oe
akorovdia (Ps)sen amd XL vrochrora tov X to 6Vvoro P Tng KOOGS AVAKEL GTNY
kAdon X L. Aeiyvoope to 1810 yre to n + 1.

‘Boto X Hohwuikog yopog kot (Ps)sen pro axohovbia amd X ) 41 DROGOLVOAX TOV
X. Haiproope o axolovdia (Qs)sen ord l:[}L vrocovoha X x N pe Py = ENd Qs Y
KkdOe s € N.

Ano6 v Enayoyiky Yroleon epappoouévn otov Iohovikd yhpo X x N kot oty
akorovBia X, sovdrav (X x M)\ Q) T0 60v0h0 Q = X x N x N pe

(z,0,5) € Q — (v,a0) € Qs
eivon I1 . Onwg mo mdvm yio k&Oe x, s £xovpe
(r,5)e P < w€eP,
— Ja(z,a) € Qs

> Jae (z,a,5) € Q.

p ; 1 ;,
Apa to P eivon X5, | cdrolo.

Acknon 3.3.10. H xatevBovon (iii) = (i) eivon capfig agos ot Tpoforég eivan
OLVEYEIG GLVPTHCELS KOl AP oV ot KAGOT €ivon KAEIOTH WG TPOG OLVEYEIS e1KOVES
eivon TOTE KAEIGTH KO OOG TPOG TOV TEAECT) ENE

INa v katedBovon (1) = (ii) Bewpoovpe évav ITodwrikd ydpo Y kan Evav covey
empop@iopd ™ : N — Y. Tote yia k@0e P = X x YV mov awfkel ot I, (6mov X
IMoAmuikdg yhpog), ko kdbe x € X €yoope

rePP «— y(z,y)eP
<~ Ja(z,7(a)) € P,

6oL oTnY TehevTaia 1I6odvvapia ypnoiporomcape 6TL N T elvot ETHOPPIGHOG.

Ao n I eivon kAe16TH OG TPOG GLVEYT AVTIKATAGTACT TPOKOTTEL AT TIG 1O TAV®D
1608vvapies 6T1 To cdvoro 3¥ P awfkel oty khdon IVT < T

‘Ereita acyolovpacte pe tnr katevbovon (i) = (iii). Oewpoovpe I[Tormvikovg
xopovg X, Y, wa coveyfy covaptnon f : Y — X ko éva odbvoro P € T'|Y. Tote
k&Oe x € X €yoope

z€ f[P] < yeP fly) ==
< Jy (ye P & (y,x) € Graph(f)).

To P aviker ot I' and v vroOeon ko to ypdonpa Graph(f) tng f eivon kheiotd
obrvolo a@os 1 f eivan coveyng. And Tig 1810tNTES KAeroTOHTNTAG TG ' TO GOVOAO @ pe

(y,2) e Q < ye P& (y,x) € Graph(f)

avijket otn I ko To ovvoro f[P] = 3VQ avfker oty YT < T
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O 16(VPIGPOS GYETIKG e TNV Zl,ll givon GpPEGOG 0O TA 1O THV® apov 1 X L mepigyer
T KAEIGTA GOVOAQL, KO €1V KAEIGTTH) G TPOG GLVEY N OVTIKATAGTHGT Kot &, 6mov 1 > 1.

Kegpdaioro 4

Aoxnon 4.2.13. [Ipéner va dei€ovpe 0TI 1 KAEIGTOTNTA WG TPOG TNV APLOPACIUN
£€vmon vTooVVOA®Y ToL X givan 1IG0JVVAN HE TNV KAEIGTOTNTA ™G TPOGS TNV APIOUGIHN
Topf] (VTOGVVOAWY TOL X ) THPOLGIN TOV AAA®Y dVO 1010THTWY TNG T-AAYEPPAS.

Oewpoovpe 6t1 1 A givon o-Ghyeppa ko Taiprovpie pio akoAovdio (A, ) pen 0o vTO-
obvola Tov X mov aviikoov oty A. Tote

X\ Mnen An = Upen X \ 4,

Aot A, € Aéyoope 6m1 X \ A, € Ay kafe n € N, ko a6 Y KAEIGTOTNTA O
npog apiBpnopn éveon éxovpe 0t J, o X \ Ay € A. TIpokonter 6Tt X \ [,y An € A
ko &pat(),cn An € A. Katodijyoope 6111 A givon kKAE16TH 0C Tpog Ty aptOpfcipn Top
VTOGLVOAWY TOL X .

H avtiotpogn xatevBoron arodeikvdeTon Opota.

Aocknon 4.2.14. Opiloope T15 okoyéveies Fi, Fa, F3, Fu oG €€NG
F1={A < P(X) | n Aeivou o-Ghyeppa ToL TEPIEYEL TA AVOIKTE DTOGOVOAX TOL X }
Fo={Ac P(X) | nAeivan o-ahyeppa mov mepiéyel Ta KAEIGTE vTocvvola Tov X }
F3 ={Ac P(X) | nAeivan khe1oT| @g Tpog aplOpoIHES EVOGELG/TOPES Kot
TEPIEYEL TA AWOIKTH LITOGHVOAX TOL X }
Fy={A < P(X) | n A eivon khe1oT] 0G TpOG APIOPNCIHES EVOCEIG/TOPES KO
TEPLEYEL TA KAEIGTE DITOcOYOAX TOL X }.

[pémer va deitoope 0t (| F1 = (| Fa = () F3 = () Fu. Eivan e0xoho vax der kaweic
OT1 1] TOpM) K&Oe piog amd AVTES TIG O1KOYEVELES IKOWOTOLel THY awTioTolyn 1910TNTA TNG
owoyévelag, dnhadi woyver (| F; € F; o kéde i = 1,2, 3, 4.

Kd&be o-dhyefpa A 610 X TOL TEPIEYEL TA AVOIKTE COVOAX TEPLEYEL EMIONG KL TX
KAeloTd. Avtd copPaiver yioti K&Be kKAeloTd cOvolo eivon Gy kot e1dikdTEpa givon apio-
pfown topt ototyeiov tng A. H A wg o-Ghyefpa eivan kAeloth) og Tpog Tig aptOpf|oipes
Topég (Aoknon 4.2.13).

Emopévag ke otoyeio tng Fi eivon ko ototyeio tng Fo. Avtictpoga av n A givon
o-GAYEPPO TOL TEPIEYEL TA KAEIGTH GOVOAN, TOTE TEPIEYEL KAL TA AVOIKTA, YoTi kdOe
avokto cvvolo eivon F,; ko Gpa apibunoipn évoon otoryeiov g A. Tlpokonter ot1
F1 = FoxkoanGpo [ F1 = [ Fe.

Me tov 810 axpipodg Tpomo deiyver kaveig 6t1 Fz = Fy kou emopévag (| Fz = [ ) Fa-

Amopéver va deifoope ot1 (| F = [ | F3. And v Acknon 4.2.13 k&be o-dhyeppa
eivan KAe16TH ©G TPOg APIOUNCIHES EVDGELS Kol aptOpOIpes TOpES, dpa Fi & F3 ko
enopévag [ F3 S (| F1 = B|X. Mo v avtiotpogn copmepiinyn Oempodpe Tny oiko-
Yévei

.Aozﬂ]:g, ﬂ{AgX | X\AE.Fg}

ko deiyvoope 6t Ap eivon o-GhyePpo mov mEPIEYEL TA AWOIKTR GOVOAX. Amd avTd
npokontel 6t1 B| X < Ap kou dpa

ﬂ]:l =B|X < .Ao < ﬂ]:g.

Av 1o V givon avorktd vmochroro tov X toTe Tpoavmg avikel oty [ | Fs. Emi-
nmiéov to C' = X \ V eivan kheiotd oOvodlo kou Gpa G, dSnAadf apipnoun topf avot-
ktdOv cuvohov. Eidikotepa to C eivan apiBpfioiun topn otoyeiov tng (| F3 ko apod
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(Fs € Fs3 (ewdixotepa 1 (| F3 eivon kAeioth 0g Tpog aptOpnoipeg Topég) Exovpe OtL
C=X\Ve)Fs Zovenog V € A.

Eivon cagég 6tin Ag eivon khe1oTi og Tpog 1o GOPTAN PO Kot 6Tt Toe 6Ovor &, X
(0g avoktd) avikoov oty Aj. Oewpodpe pio axolovbia (A, )nen oTorygiov Tng Ayp.
péner va Sei&ovpe 0t1 |, An € Ao.

‘Eyovope A, € [ F3 yiakdbe n € N ko epdoovn Tedevtaio o1koyevela eivot KAEIGTH
wg mpog apdpnoipes evioels xovpe |, An € () Fs. Emmhéov X \ A, € () F3 1
kdBe n € N ko eOGOV 1] TEAELTAIX O1KOYEVELX EiVOL KAEIGTT WG TPOG APIOPTCLUES TOPES
gyoope

mnENX\A” = X\ UneN A” € ﬂf?’

A@od | J,,eny An € (N Fs kat X\ U,eny An € [) F3 €xovpe |,y An € Ao. Katodi-

yoope 6t1 1 Ag givon o-Ghyefpa oL TEPIEYEL TA AVOIKTA DITOCHVOAX TOL X .

Aoxnon 4.2.15. T kdBe cbvolo U € Y éyovope
FHUl= (/71U A B) v (f2' Ul n (X )\ B)).

Av 1o U eivon awoiktd tote o svvoha f1 H[U], f5 [U] eivon Borel vroctvora oo
X. Emmhéov epodoov to B eivon Borel kon 1y B| X eivon o-Ghyeppa xovpe 6T1 To 6OVOAX

X\B, fi'UlnB, fi'Uln(X\B),
(fi'U1nB) U (f;' U]~ (X\B)) = f'[U]

eivar Borel.

Acknon 4.2.16. Oswpodpe petpikodsg yopovs X, Y, Z ko Borel-petphoipeg co-
VOPTHOELS
f:X->Y g:Y—>Z
Tore yio ke avorktd U S Z 1o cdvoro g~ L[U] eivon Borel vmostvoro Tov Y ko
and tnv [lpétacn 4.2.2 n avtictpoen ekdva
e Ul = (ge /U

eivon Borel vtostvolo Ttov X.

Acxnon 4.2.17. T k&Oe () ien € | [;on Xi £xovpe

(xi)ieN € HB,* — Vn In € Bn — Vn prn((xi)ieN) € Bn
ieN

omov pr,, : [[,en Xi — X, givon n wpoPor) (2;)ien — Tp, N OTOIX Eivo TPOPAVHSG
coveyng.

Amo v kAerotoTnTO TG KAdONG Twv Borel cuvdhmv wg Tpog coveyn avTIKATR-
otaon kot Tov teheoth) VY mpokhnTel To {nrodpevo.

H oan6dei&n tov 16yvpiopod yio nenepacpéva to tafjfog Borel cbvora By, ..., B,
eivon opoa.

Aoxnon 4.2.18. Oswpodpe Tig TpoPforég
pr, : HYi — Y, (Yi)ien — Un
ieN
omov n € N éto1 Tov yia k&Be covapTnon
[ X — HYn cf= (fn)neN
neN

éxovope f, = pr, o f yio kéOe n.

Avn f eivou Borel-petpiioiun tote and tny Acknon 4.2.16 k&Be cvvbeon pr,, o f =
fn etlvon Borel-petpfioun.

2oyypoupa ce eE€Aién 93 11 Ampidiov 2022 16:13



Avrtiotpo@a vtobétooje 6T1 kdbe f,, eivar Borel-petpfioyin covdptnon. Oempodpe
éva Paoctkd avoiktdo W < [], .y Yn. E@ocov to U eivan avoiktod, vrGpyovy avoikTd
oovoh U; € Y;, v = ..., n (yuxxarowo n € N) dote

W=Uyx - xUpxY¥Ypy1 X Yppa X - X....
Tote Y1 k&Be x € X €yovpe
ve fW] = (ful@))new e W
< Vk <n fr(z) € Uy
= z€( g, fi U]

E@ocov k&de fy, eivon Borel-petphoiun o covora fy U], . - ., fi  [Uy] eivon Borel.
[poxbdrter amd Ta Tponyodpeva 6t To f~H[W] eivon eniong Borel.

Avtapato W eivan Toyaio avorktd vrocdroro Tov [ [, Yy, TOTE givon apibpfioiun
évmon Pacikdr avorktdv covorwv Wi, i € N. Eropévmg To cdvoro

FHWV) = 7 Uiew Wil = Uiew £ W]
eivon Borel.

H anédeiEn tov wyvpiopod yia covaptices tng popeis f = (fo,---, fn) givon
opol.

Acknon 4.2.19. Av o f,g : X — R eivon Borel-petprioipeg tote and tny Acknon
4.2.18 n svvdptnon
H:X —R*: H(z) = (f(x), 9(x))
eivon eniong Borel-petprioyn.
Ene1df n covéptnon tng npoécbeone + : R? — R eivon coveyic, T and Ty
Aocxknon 4.2.18 éyovpe 6t1 1 60V0e0N

+oH: X >R:z— f(x)+g(x),

dnhadh n covaptnon f + g, eivon Borel-petpfioipun. O 16)0pIopHOG Y10 T HETPNOIULOTNTA
TOV DTOAOITOV GOVAPTHCEMY ATOdEIKVVETAL Opota. Y tevBopileton 6Tt

f+g+|f—d f+g—U—gL

max{f,g} = 5 , min{f, g} = 5

Kegpaioto 5

Aocknon 5.1.6.
Aoxnon ??.
Aoxnon ??.
Aoxnon ??.
Aoxnon ??.
Aoknon ??.
Aoknon ??.

Aoknon ??.

Aoxknon ??.
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Aoxnon ??.

Kegpd&iono ??

Aoxnon ??.

Kegpd&ioro ??
Aoxnon ??.

Kegpd&iono ??
Aoxnon ??.
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